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almost topological theory: depends on the geometry through p = vol X

» invariant under simultaneous rescalings of € and p
one effective adimensional coupling € once we set p = 1.

A lattice formulation of the theory can be easily shown to be invariant under
subdivisions of the lattice: the continuum limit is trivial!

The partition function on a genus-g surface X reads [Migdal '75; Witten '92]

Arsfan = Z (dim R)272g e @R
RElrreps(G)

This provides a strong-coupling (or low-energy) expansion of the theory.
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Puzzle: The perturbative expansion truncates, yet Z is not a polynomiall

The partition function is a trans-series:
-5
Zpert. = § : e YM\mE :Cln,g,m e
mer/w

where a sum runs over the critical points of the Yang—Mills action Sym ~ 1/e.

These are (unstable) instantons [Goddard, Nuyts, Olive '76], labelled by their
magnetic-charge vector m (I is the coroot lattice of G, and W the Weyl group).
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An equivalent supersymmetric formulation of the theory is obtained by
introducing auxiliary Lie-valued fields ¢ and :

z= 1 D¢ e st s "wz)/ DA Dy e 72 Sz wnition
vol G Lie(G) A

Supersymmetry is generated by

A supersymmetric infinite-dimenional version of a certain localization formula
in symplectic geometry was used in [Witten '93] to show that Z localizes on the
critical-point set of Sym:

Z = Z Inst(m,e€) .

mer/w

» The contribution from the absolute minimum Inst(0, €)
computes the intersection numbers of M.

» The contribution from higher critical points (i.e. m # 0)
scale as Inst(m,e) ~ e “YMlm,
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There are various fundamental questions we would like to answer:

Q1. Is our trans-series ansatz

e}
2 : —5 2 : n/2
e YM | m an,g,m € /
mer/w n=0

correct? Can we explicitly compute the coefficients an,g,m?
Q2. Can we explicitly compute Inst(m,€)? Can we do it from localization?

Q3. Can we apply localization to describe (a protected sector of) the theory
in terms of an effective finite-dimensional quantum theory?
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Let us consider the case where G ~ SU(2):

» Irreducible representations are labelled by a single positive integer £.

» Instantons are labelled by a single non-negative integer m.

Our goal is to derive the equality

oo oo
Z= 262_2g el = Zlnst(m, €), Inst(m,e)= e e Gg(m,e) .

We can use Poisson summation,

ST =~ F(0) + 5 FO) + 3 Fm),

0>1 m>1

When g > 2, f(¢) diverges at £ = 0, and its Fourier transform does not exist in
the usual sense. However, we can regard f as tempered distribution, and use a
distributional generalization of Poisson summation [Duran, Estrada, Kanwal]:

> f(e)_Acﬁ';l( > f(m)—/ dm f(m)) ,

e€z\{0} m|<A || <A
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The SU(2) theory

We find
g—1 j -1 -2
Sy Vo G2
Inst(O, 6) = 2 i <(2g -2- 2_/) e+ W & 3/2 ,
Inst(m,e) = e ™ ™/ P(m, e) + [erf(rm/v/e) — 1] Q(m,e),  m#0,

An asymptotic expansion for ¢ — 0T gives

Inst(m,e) = e*”2m2/€ Z ay €2675/2+k 7
k=0
_ ﬁ(2g - 2)2k
A = ~ k.
22k (—r2m2)e—1+k kI

For any m and g, the series in k is Borel summable and reproduces Inst(m,¢).

The same technique can be applied to determine the full trans-series expansion
of any observable in the theory!
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Localization of the SU(2) theory

A protected sector of the theory (the cohomology of a fermionic charge Q)
is described by an effective action on some finite-dimensional bosonic moduli.

The bosonic moduli is given by the solutions of dax F =0, da¢ = 0.
For SU(2), xF = 27mios, ¢ = 27w2iosdo, and we expect

+oo )
Inst(m,e) :/ deo e*e¢02727'rlm¢0 A, (¢o,m) .

—o0
Using the torus gauge [Blau, Thompson '93] yields a non-integrable model:
A _ 2—-2g
g(Po,m) = o™ .
Yet the solution must be “morally correct”.

A bona fide localization computation gives the correct answer:

1 d4%—3

1 .
By(G0sm) = = g5 s (Vo i sn(m) 6(60) )

It is easy to check that A, reproduces the Inst(m,¢€) previously computed!
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» For g > 2, the perturbative expansion about each SU(2) instanton
is asymptotic and can be obtained from the strong-coupling expansion.

» Localization can compute individual instanton contributions and leads
to one-loop determinants that are necessarily distributional in nature.

Outlook

» We have results for other gauge groups and for various observables.

» Can we understand other forms of singular effective actions and contour
prescriptions from a distributional perspective? (e.g. JK residues)
» Natural generalizations:
» Non-simply-connected groups and discrete theta angles
> Vortex operators
» Manifolds with boundaries
» Theories with matter



