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Introduction

The examples of interacting QFTs for which the full trans-series expansion
of the partition function and generic observables can be computed exactly
are extremely rare.

2d Yang–Mills theory is a solvable model.
Yet, its weak-coupling expansion has proven to be surprisingly elusive.

Explicitly deriving this expansion will allow us to better understand

▶ the interplay between a weak-coupling and a strong-coupling expansion,
and ways to obtain one from the other;

▶ the role played by the critical points of the classical action;

▶ the non-abelian localization of [Witten ’93] from a computational
perspective, and novel types of supersymmetric effective actions;

▶ . . . and more.
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Yang–Mills theory in two dimensions

We consider Euclidean Yang–Mills theory on a compact orientable surface Σ:

SYM = − 1

8ϵ

∫
Σ

tr(F ∧ ⋆F ) , F = dA+ [A,A] .

The action is

▶ gauge invariant

▶ invariant under area-preserving diffeomorphisms
almost topological theory: depends on the geometry through ρ = volΣ

▶ invariant under simultaneous rescalings of ϵ and ρ
one effective adimensional coupling ϵ once we set ρ = 1.

A lattice formulation of the theory can be easily shown to be invariant under
subdivisions of the lattice: the continuum limit is trivial!

The partition function on a genus-g surface Σ reads [Migdal ’75; Witten ’92]

Zlattice =
∑

R∈Irreps(G)

(dimR)2−2g e−ϵ C2(R) .

This provides a strong-coupling (or low-energy) expansion of the theory.
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Perturbative formulation

What about the weak-coupling (or high-energy) expansion?

One can formulate the theory with a perturbative expansion in ϵ:∫
DA e−SYM[A] =

∫
DA e−S0[A]

∞∑
n=0

wn[A] ϵ
n/2 =

∞∑
n=0

ϵn/2
∫

DA e−S0[A] wn[A] .

Puzzle: The perturbative expansion truncates, yet Z is not a polynomial!

The partition function is a trans-series:

Zpert. =
∑

m∈Γ/W

e−SYM|m
∞∑
n=0

αn,g,m ϵn/2 ,

where a sum runs over the critical points of the Yang–Mills action SYM ∼ 1/ϵ.

These are (unstable) instantons [Goddard, Nuyts, Olive ’76], labelled by their
magnetic-charge vector m (Γ is the coroot lattice of G , and W the Weyl group).
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Localization formulation

An equivalent supersymmetric formulation of the theory is obtained by
introducing auxiliary Lie-valued fields ϕ and ψ:

Z =
1

volG

∫
Lie(G)

Dϕ e
− ϵ

8π4

∫
Σ tr(ϕ2)

∫
Ã
DADψ e

− 1
4π2

∫
Σ tr( 1

2
ψ∧ψ+iϕF )

.

Supersymmetry is generated by

QA = iψ , Qψ = −dAϕ , Qϕ = 0 .

A supersymmetric infinite-dimenional version of a certain localization formula
in symplectic geometry was used in [Witten ’93] to show that Z localizes on the
critical-point set of SYM:

Z =
∑

m∈Γ/W

Inst(m, ϵ) .

▶ The contribution from the absolute minimum Inst(0, ϵ)
computes the intersection numbers of Mflat.

▶ The contribution from higher critical points (i.e. m ̸= 0)
scale as Inst(m, ϵ) ∼ e−SYM|m .



Localization formulation

An equivalent supersymmetric formulation of the theory is obtained by
introducing auxiliary Lie-valued fields ϕ and ψ:

Z =
1

volG

∫
Lie(G)

Dϕ e
− ϵ

8π4

∫
Σ tr(ϕ2)

∫
Ã
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Connecting the three representations

The Migdal formula for Zlattice encodes

▶ the perturbative expansion of the theory in the continuum,

▶ information on the moduli space of instantons in two dimensions.

How to access this information? We could:

1. Expand Zlattice in ϵ to extract the perturbative sector.

2. Expand e+SYM|m=1(Zlattice − Inst(0, ϵ)) in ϵ for the first instanton sector.

3. And so on. . .

There are various fundamental questions we would like to answer:

Q1. Is our trans-series ansatz∑
m∈Γ/W

e−SYM|m
∞∑
n=0

αn,g,m ϵn/2

correct? Can we explicitly compute the coefficients αn,g,m?

Q2. Can we explicitly compute Inst(m, ϵ)? Can we do it from localization?

Q3. Can we apply localization to describe (a protected sector of) the theory
in terms of an effective finite-dimensional quantum theory?
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The SU(2) theory

Let us consider the case where G ≃ SU(2):

▶ Irreducible representations are labelled by a single positive integer ℓ.

▶ Instantons are labelled by a single non-negative integer m.

Our goal is to derive the equality

Z =
∞∑
ℓ=1

ℓ2−2g e−ϵℓ
2

=
∞∑

m=0

Inst(m, ϵ) , Inst(m, ϵ) = e−π
2m2/ϵ qg (m, ϵ) .

We can use Poisson summation,∑
ℓ≥1

f (ℓ) = −1

2
f (0) +

1

2
f̂ (0) +

∑
m≥1

f̂ (m) ,

When g ≥ 2, f (ℓ) diverges at ℓ = 0, and its Fourier transform does not exist in
the usual sense. However, we can regard f as tempered distribution, and use a
distributional generalization of Poisson summation [Duran, Estrada, Kanwal]:

∑
ℓ∈Z\{0}

f (ℓ) = Clim
Λ→∞

( ∑
|m|≤Λ

f̂ (m)−
∫
|m|≤Λ

dm f̂ (m)

)
,
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The SU(2) theory

We find
Inst(0, ϵ) =

g−1∑
j=0

(−1)j

j!
ζ(2g − 2− 2j) ϵj +

(−1)g−1√π 2g−2

(2g − 3)!!
ϵg−3/2 ,

Inst(m, ϵ) = e−π
2m2/ϵ P(m, ϵ) + [erf(πm/

√
ϵ)− 1]Q(m, ϵ) , m ̸= 0 ,

An asymptotic expansion for ϵ→ 0+ gives

Inst(m, ϵ) = e−π
2m2/ϵ

∞∑
k=0

ak ϵ
2g−5/2+k ,

ak =

√
π (2g − 2)2k

22k (−π2m2)g−1+k k!
∼ k! .

For any m and g , the series in k is Borel summable and reproduces Inst(m, ϵ).

The same technique can be applied to determine the full trans-series expansion
of any observable in the theory!
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Localization of the SU(2) theory

A protected sector of the theory (the cohomology of a fermionic charge Q)
is described by an effective action on some finite-dimensional bosonic moduli.

The bosonic moduli is given by the solutions of dA ⋆ F = 0, dAϕ = 0.
For SU(2), ⋆F = 2πmiσ3, ϕ = 2π2iσ3ϕ0, and we expect

Inst(m, ϵ) =

∫ +∞

−∞
dϕ0 e

−ϵϕ0
2−2πimϕ0 ∆g (ϕ0,m) .

Using the torus gauge [Blau, Thompson ’93] yields a non-integrable model:

∆g (ϕ0,m) = ϕ0
2−2g .

Yet the solution must be “morally correct”.

A bona fide localization computation gives the correct answer:

∆g (ϕ0,m) = − 1

(2g − 3)!

d2g−3

dϕ0
2g−3

(
pv

1

ϕ0
+ iπ sign(m) δ(ϕ0)

)
.

It is easy to check that ∆g reproduces the Inst(m, ϵ) previously computed!
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Conclusions and outlook

Summary

▶ The exact all-orders trans-series expansion of 2d Yang–Mills is calculable!

▶ For g ≥ 2, the perturbative expansion about each SU(2) instanton
is asymptotic and can be obtained from the strong-coupling expansion.

▶ Localization can compute individual instanton contributions and leads
to one-loop determinants that are necessarily distributional in nature.

Outlook

▶ We have results for other gauge groups and for various observables.

▶ Can we understand other forms of singular effective actions and contour
prescriptions from a distributional perspective? (e.g. JK residues)

▶ Natural generalizations:
▶ Non-simply-connected groups and discrete theta angles
▶ Vortex operators
▶ Manifolds with boundaries
▶ Theories with matter
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