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Strong-weak resurgent symmetry and the beauty of L functions



Overview 

• Strong-weak refers to the limits  and  , where  is 

dual to the string coupling constant  

• In the framework of the Topological String/Spectral Theory 
correspondence (TS/ST), we look at the first fermionic spectral 
trace of local  

• Building on exact resurgence computations, we describe the 
relationship between perturbative and non pertubative 
contributions in the two limits  

• The Stokes constats turns out to be coefficients of L functions, 
whose functional equation explain the strong-weak resurgent 
symmetry observed 

ℏ → ∞ ℏ → 0 ℏ

gs =
4π2

ℏ
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A quick overview 

Resurgence 

Resurgence studies divergent power series and assigns to it the so called resurgent structure   

  

where  are the singularities in the Borel plane,  are the Stokes constants and  

It allows to compute non-perturbative corrections  where  is the Borel transform of  

Today: divergent series will appear from the asymptotic expansion of a given analytic function 

 asymptotics 

f ∈ ℂ[[y]] ⇝ {ω, Sω, ϕω}

ω Sω ϕω ∈ ℂ{ζ}

Sω e−ω/yΦω ∈ e−ω/y ℂ[[y]] ϕω Φω

F ⇝ f ∈ ℂ[[y]] ⇝ {ω, Sω, ϕω}

[Ecalle ’80] 
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The total grand potential

Topological String/Spectral Theory correspondence 

[Codesio, Grassi, Hatsuda, Mariño, Moriyama, Okuyama 12— 15] 

Let  be a toric Calabi-Yau 3-fold 

Total grand potential of the A-model topological string on       

  

•  is defined in terms of the Gopakumar–Vafa total free energy 

•  is defined in terms of derivatives of the Nekrasov–Shatashvili total free energy 

•  is the chemical potential 

X

X

J(μ, gs) = JWS(μ, gs) + JWKB(μ, gs)

JWS

JWKB

μ

4

worldsheet grand 
potential 
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The fermionic spectra traces

Topological String/Spectral Theory correspondence 

[Codesio, Grassi, Hatsuda, Mariño, Moriyama, Okuyama 12— 15] 

The mirror curve  for a function  and  

The -th fermionic spectral traces  are analytic function of  defined by expanding the spectral determinant   

 

 where  is an operator acting on , given by the quantization of  with  

The conjectural TS/ST correspondence establishes a relationship between  and    

  where  and  

*the TS/ST correspondence is established also for higher genus mirror curves  

Σκ = {x, y ∈ ℂ |OX(x, y) + κ = 0} ⊂ (ℂ*)2 OX κ ∈ ℳcpx(X̌)

N Z(N, ℏ) ℏ

Ξ(κ, ℏ) = det(1 + κ 𝖮−1
X ) = 1 +

∞

∑
N=1

Z(N, ℏ)κN

𝖮X(𝗑, 𝗒) L2(ℝ) OX(x, y) [𝗑, 𝗒] = iℏ

J(μ, gs) Z(N, ℏ)

Z(N, ℏ) =
1

2πi ∫
i∞

−i∞
eJ(μ,ℏ)−Nμ dμ gs =

4π2

ℏ
eμ = κ
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Peacock pattern resurgent structures and new integer invariants 

For fixed , the perturbative expansions of  in the strong and weak coupling regime are respectively  
 and  

The series  and  are resurgent Gevrey-1 series* 

Their resurgent structure is given by a peacock pattern of singularities*  

Conjecturally, the Stokes constants have a geometric interpretation  

*proved for local  and verified numerically for local 

N log Z(N, ℏ)
ψN(ℏ) ∈ ℂ[[ℏ−1]] ϕN(ℏ) ∈ ℂ[[ℏ]]

ϕN ψN

ℙ2 𝔽0

Resurgent topological strings   

[Gu-Mariño 21, Rella 22] 
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The first fermonic spectral trace for local ℙ2

The resurgent structure of the asymptotic expansion of  for local  is simple, exact and arithmetically rich  

There is net of relations describing perturbative/non-perturbative contributions in both the strong and weak coupling limits 

log Z(1,ℏ) ℙ2

Case of study 

[Rella 22, VF-Rella 24] 

[Rella 22] 

non-perturbative 

Strong

WeakWeak

Strong

perturbative 

non-perturbative perturbative 

Strong-weak resurgent symmetry
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Resurgent structure of the first fermionic spectral trace 
of local ℙ2

 From [Rella 22]



First fermionic spectral trace of local ℙ2

Quantization and q-series description of Z(1,ℏ)

• Local  is the total space of  and quantizing the mirror curve we get   

• Setting  and , the first fermionic spectral trace is 

ℙ2 𝒪(−3) → ℙ2 𝖮ℙ2(𝗑, 𝗒) := e𝗑 + e𝗒 + e−𝗑−𝗒

q = e2πi𝖻2 = e3iℏ q̃ = e− 2πi
𝖻2 = e− 4π2i

3ℏ
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where  is the q-Pochhammer symbol and  is the Faddeev’s dilogarithm

Z(1,ℏ) =
1

3𝖻 ∫ℝ
e2π𝖻x/3

Φ𝖻(x + i𝖻
3 )

Φ𝖻(x − i𝖻
3 )

dx , ℏ ∈ ℂ′￼:= ℂ∖ℝ<0

=
1

3𝖻
e− πi

36 𝖻2+ πi
12 𝖻−2+ πi

4
(e2πi/3; q̃)∞

(e−2πi/3; q̃)2
∞

(q2/3; q)2
∞

(q1/3; q)∞

(a, q)∞ =
∞

∏
k=0

(1 − aqk) Φ𝖻(x)
holomorphic block anti-holomorphic block 

[Kashaev-Mariño 15] 



Resurgent structures
Singularities and Stokes constants 

Resurgence of  

• Singularities: simple poles at    

 

• Stokes constants  

ψ(τ) ∈ ℚ[ 3, π][[τ]]1

ηm = 𝒜∞im , m ∈ ℤ≠0

𝒜∞ =
2π
3

{Rm , m ∈ ℤ≠0}

Rm

3
= ∑

d |m
d ≡3 1

d
m

− ∑
d |m

d ≡3 2

d
m

∈ ℚ

Resurgence of  

• Singularities: simple poles at    

  

• Stokes constants      

 

ϕ(ℏ) ∈ ℚ[[ℏ]]1

ρm = 𝒜0im , m ∈ ℤ≠0

𝒜0 =
4π2

3

{Sm , m ∈ ℤ≠0}

Sm

3 3i
= ∑

d |m
d ≡3 1

1
d

− ∑
d |m

d ≡3 2

1
d

∈ ℚ
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Let  and  be the asymptotics of  in the limit  and , with ϕ(ℏ) ψ(τ) log Z(1,ℏ) ℏ → 0 τ → 0 τ = −
2π
3ℏ



Resurgent structures
Discontinuities 

The discontinuities capture the non perturbative contributions, namely the exponentially small terms suppressed by the 
asymptotic expansion

Resurgence of  

 

Reminds the holomorphic block of 

ψ(τ) ∈ ℚ[ 3, π][[τ]]1

discπ
2

ψ = ∑
m>0

Rm e−ηm/τ

= 3 log
(q2/3; q)∞

(q1/3; q)∞

log Z(1,ℏ)

Resurgence of  

  

Reminds the anti-holomorphic block of 

ϕ(ℏ) ∈ ℚ[[ℏ]]1

discπ
2
ϕ = ∑

m>0

Sm e−ρm/ℏ

= 3 log
(ζ3 q̃; q̃)∞

(ζ2
3 q̃; q̃)∞

log Z(1,ℏ)
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A first instance of strong-weak resurgent symmetry: the non-perturbative contributions in one limits know about the 
perturbative ones in the other limit    



where  and  is the Riemann zeta functionχ2,3(n) = k ,  if n ≡ k mod 3 ζ(s)

L functions
Arithmetic properties of the Stokes constants 

L function for  {Rm , m ∈ ℤ≠0}

L∞(s) := ∑
m>0

Rm

ms
= 3 ζ(s + 1)L(s, χ3,2)

L function for  {Sm , m ∈ ℤ≠0}

L0(s) := ∑
m>0

Sm

ms
= 3 3i ζ(s)L(s + 1, χ3,2)
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A second instance of strong-weak resurgent symmetry: the L function whose coefficients are the Stokes constants in one limit 
have a structure similar to the one whose coefficients are the Stokes constants in the other limit 



Strong-weak resurgent symmetry

 From [VF-Rella 24]



Strong-weak resurgent relations 
Resurgence relates perturbative and non-perturbative contributions in different limits 

Strong

WeakWeak

Strong
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Strong-weak resurgent symmetry 
Symmetry

Strong

WeakWeak

Strong
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holomorphic block

anti-holomorphic block



Strong-weak resurgent symmetry 
Symmetry

Strong

WeakWeak

Strong
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Strong-weak resurgent symmetry



Arithmetic properties of the Stokes constants 
Functional equation

• The Stokes constants in both regimes have a rich arithmetic structure, interchanging between weak and strong coupling   

• The functional equation gives the analytic continuation of the L functions 

Strong coupling regime 

 is analytic for  

                          

L∞(s) := ∑
m>0

Rm

ms
ℜ(s) > 1

Λ∞(s) =
3 s

2 −1

πs+1
Γ( s + 1

2 )2L∞(s)

Weak coupling regime 

Recall  

 is analytic for  

           

L0(s) := ∑
m>0

Sm

ms
ℜ(s) > 1

Λ0(s) = − i
3 s

2 −1

πs+1
Γ( s

2 )Γ( s
2

+ 1)L0(s) Λ0(s) = Λ∞(−s)
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The functional equation relates the two L functions 

Strong

WeakWeak

Strong
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Functional equation 

Arithmetic duality



Computing the perturbative coefficients through the functional equation 

The role of the functional equation  

  has asymptotic series 

 in the limit   

 makes sense through the functional equation: 

 

Stokes constants at the simple poles  are the 

coefficients of 

discπ
2
ϕ = ∑

m>0

Sm e−ρm/ℏ

ψ =
∞

∑
k=1

𝒜k
0

k!
L0(−k)(iℏ)−k ℏ → ∞

L0(−k)

ψ =
2
πi

∞

∑
k=1

L∞(2k − 1)(2k − 2)!( τ
i𝒜∞ )

2k−1

ηm = i𝒜∞m
L∞(s)
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 has asymptotic series  

 in the limit  

 makes sense through the functional equation: 

 

Stokes constants at the simple poles  are the 

coefficients of 

discπ
2

ψ = ∑
m>0

Rm e−ηm/τ

ϕ =
∞

∑
k=1

𝒜k
∞

k!
L∞(−k)(iτ)−k τ → ∞

L∞(−k)

ϕ =
2
πi

∞

∑
k=1

L0(2k)(2k − 1)!( ℏ
i𝒜0 )

2k

ρm = i𝒜0m
L0(s)



Conclusion



The strong-weak resurgent symmetry in a nutshell

Conclusion

The non perturbative contributions (discontinuities) in one limit control the 
perturbative contributions  in the other limit   

It is exact, in the sense that it is established by precise mathematical functions 

It is full-fledged, i.e.the information contained in each vertex reconstructs the 
whole diagram and is therefore equivalent to the information content of every 
other vertex   

It can be regarded as a consequence of the functional equation for the L 
function whose coefficients are the Stokes constants  

Λ0(s) = Λ∞(−s)
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Other results and open questions 

Conclusion

L functions are very often related to modular forms. However for local , the inverse Mellin transform of  and  

gives rise to quantum modular functions for  

Strong-weak resurgent symmetry generalize to modular resurgence paradigm which is based on the role of L functions   

How general the strong-weak resurgent symmetry is? Other examples beyond local  ?  

• Weighted projective spaces (in progress with C. Rella) 

• Local  

Does the strong-weak resurgent symmetry hold for the spectral determinant  too ? 

ℙ2 L0(s) L∞(s)
Γ1(3)

ℙ2

𝔽0

Ξ(κ, ℏ)
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[VF-Rella 24]

numerical results by [Gu-Mariño 21, Rella 22]

[VF-Rella 24]
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ℙ2

𝔽0
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[VF-Rella 24]

numerical results by [Gu-Mariño 21, Rella 22]

[VF-Rella 24]

Thank you for your attention 


