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QOverview

. Strong-weak refers to the limits i > co and 2 — 0, where A is

| | A2
dual to the string coupling constant g, = 7

. In the framework of the Topological String/Spectral Theory
correspondence (TS/ST), we look at the first fermionic spectral

trace of local P

- Building on exact resurgence computations, we describe the
relationship between perturbative and non pertubative
contributions in the two limits

- The Stokes constats turns out to be coefficients of L functions,
whose functional equation explain the strong-weak resurgent
symmetry observed




Resurgence

A quick overview

Resurgence studies divergent power series and assigns to it the so called resurgent structure [Ecalle '80]

f € Clyll » {@,S,, #,}
where @ are the singularities in the Borel plane, S, are the Stokes constants and ¢, € C{{}

't allows to compute non-perturbative corrections S, e~ “Y® € e~ C[[y]| where ¢, is the Borel transform of ®

p JToday: divergent series will appear from the asymptotic expansion of a given analytic function

F ~ asymptotics f € C[y]] » {a), Sy Cba)}



Topological String/Spectral Theory correspondence
The total grand potential

| Codesio, Grassi, Hatsuda, Marino, Moriyama, Okuyama 12— 15]

L et X be a toric Calabi-Yau 3-fold

Total grand potential of the A-model topological string on X

Ju,g) =" (u,g) + J" 5, g,)

worldsheet grand  WKB grand potential
potential

. JW3is defined in terms of the Gopakumar-Vafa total free energy

. JWEB is defined in terms of derivatives of the Nekrasov-Shatashvili total free energy

. 1 is the chemical potential



Topological String/Spectral Theory correspondence

The lfermionic spectra traces

| Codesio, Grassi, Hatsuda, Marino, Moriyama, Okuyama 12— 15]

The mirrorcurve 2 = {x,y € C|Oy(x,y) + k =0} C (C*)? for a function Oyandk € M (X)

)

The N-th fermionic spectral traces Z(/N, /1) are analytic function of 7 defined by expanding the spectral determinant

E(k, h) = det(1 +kO5") = 1+ ) ZN, h)c"
N=1

where Oy(X, y) is an operator acting on L*(R), given by the quantization of Ox(x,y) with [x,y] = in

The conjectural TS/ST correspondence establishes a relationship between J(u, g,) and Z(N, h)

1 [ 47?
Z(N,h) = —J et WM=NI dy where g = Y and e¥ =k

27l .

*the TS/ST correspondence is established also for higher genus mirror curves .



Resurgent topological strings

Peacock pattern resurgent structures and new integer invarlants
[Gu-Marino 21, Rella 22]

For fixed N, the perturbative expansions of log Z(N, #) in the strong and weak coupling regime are respectively
yy(h) € C[A™'] and ¢y(h) € C[A] A

P The series ¢hy, and yy, are resurgent Gevrey-1 series*

p Their resurgent structure is given by o peacock pattern of singularities™

» Conjecturally, the Stokes constants have o geometric interpretation

*oroved for local P and verified numerically for local I



Case of study

The first fermonic spectral trace for local [P?

The resurgent structure of the asymptotic expansion of log Z(1,%) for local P? s simple, exact and arithmetically rich
[Rella 22]

There is net of relations describing perturbative/non-perturbative contributions in both the strong and weak coupling limits
[Rella 22, VF-Rella 24]

Weak non-perturbative > | perturbative Weak

Strong-weak resurgent symmetry

perturbative non-perturbative

Strong Strong




Resurgent

From |[Rella 22]
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First fermionic spectral trace of local P2

Quantization and g-series description of Z(1,7)

Local P? s the total space of O(—3) — P? and quantizing the mirror curve we get OpAX,y) :=e*+e’+e )

2 : » _2mi _4n’i . S .
. Settingg = e2mb" — p3ih 4 q =e v = e 3, the first fermionic spectral trace is 'Kashaev-Marifio 15]

1
Z(l,h) — eZﬂbx/3
\/gb JR cI)b(

2, 7wjp—2, 7
— e — 5D+ Eb T+

anti-holomorphic block holomorphic block

where (a, q) ., H (1 — aqk) is the g-Pochhammer symbol and @ (x) is the Faddeev’s dilogarithm
k=0



Resurgent structures

Singularities and Stokes constants

2
Let () and y(7) be the asymptotics of log Z(1,7) in the limit A - Oand 7 — 0, with 7 = 32
Resurgence of ¢)(71) € Q[ 7], Resurgence of /(1) € @[\/5 ¥ allkdlR
. Singularities: simple poles at p,, = Hyim, m &€ Z, . Singularities: simple poles at 7, = & im, m &€ Z,
A7? ? 21 ’
—_— —_— ¢ eQ[ —_ ¢
A 3 ] 0 = 3 .
. Stokes constants {5, ,m € Z_} ? " |- Stokesconstants {R, ,m € Z 40} ! ’
® d ®
DR EETL -3i-34
3i dlm dlm dlm n

d_31 d_32 d=31 d=32

10



Resurgent structures

Discontinuities

The discontinuities capture the non perturbative contributions, namely the exponentially small terms suppressed by the
asymptotic expansion

diSC%gb = Z S, e Pl : diSC%l// = Z R, e In!T :
m>() ¢ m>0 ‘
(33 @) o R 2P
~ 3log ; 4 1 :3log(q D oo 1
(85 G5 Do . CREH )M o
Reminds the anti-holomorphic block of log Z(1,h) Reminds the holomorphic block of log Z(1,7)

A first instance of strong-weak resurgent symmetry: the non-perturbative contributions in one limits know about the
perturbative ones in the other limit



[ functions

Arithmetic properties of the Stokes constants

L functionfor {S,,,m € Z_} L functionfor (R, ,m € Z ]
Sm . R,
Ly(s) := Z — =3/ 3i¢(s)L(s + 1, 3 5) L (s) := Z = 3¢(s + DL(s, x3,)
m>() m m>0 "

where y, 5(n) =k, if n=k mod 3 and {(s) is the Riemann zeta function

A second instance of strong-weak resurgent symmetry: the L function whose coefficients are the Stokes constants in one limit
have q structure similar to the one whose coefficients are the Stokes constants in the other limit

12



Strong-weak resurgent symmetry

From [VF-Rella 24|



Strong-weak resurgent relations

Resurgence relates perturbative and non-perturpative contriputions in different limits

Weak disc% ¢(7') =

{7, Rn} {Cny Sn}

7—0
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Strong-weak resurgent symmetry

oymmetry

: h—0
Weak dlSCg ¢(7') - | ¢(h) Weak
holomorphic block 1 .
=S gl
o| [& EIE
2|5 5 |
{Aooa Loo} {A07 LO}
S 5
3| |g =18
g||§ = |5
% || P =
o -
7—0 . V
Strong < > dlSCg ¢(h) Strong

anti-holomorphic block



Strong-weak resurgent symmetry

oymmetry

h—0

Weak diSCg ¢(7') Weak
=
=
2
3
k=
LO} Strong-weak resurgent symmetry
7—0

16



Arithmetic properties of the Stokes constants

Functional equation

-  The Stokes constants in both regimes have a rich arithmetic structure, interchanging between weak and strong coupling

Weak coupling regime Strong coupling regime
Recall
Ly(s) := Z — is analytic for R(s) > 1 L (s) := Z — is analytic for R(s) > 1
0 m >0 m
m> m

-  The functional equation gives the analytic continuation of the L functions

377
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Arithmetic duality

The functional equation relates the two L functions

Weak diSCE ¢(7') =l ? ¢(h) Weak

N
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The role of the fTunctional equation

Computing the perturbative coeflicients through the functional equation

> disc%qb — Z S, e P has asymptotic series

m>0
00

e Z_Lo( k)(ir) ™ in the limit A — oo
=1

» Ly(—k) makes sense through the functional equation:

o0 2k—1
—32L (2k—1)(2k—2)'< ‘ )
;i = \id,

> Stokes constants at the simple poles 7, = 1/ . _m are the

coefficients of L_,(s)

> disc% W = Z R, e ' has asymptotic series

m>0

= Z_L (—k)(ir) ¥ in the limit 7 — oo

> L. (—k) makes sense through the functional equation:

; 2k
Z Ly(2k)(2k — 1)! ( o )

> Stokes constants at the simple poles p,, = 1/ ym are the

coefficients of Ly(s)

19



Conclusion



Conclusion

The strong-weak resurgent symmetry in a nutshell

» The non perturbative contributions (discontinuities) in one limit control the
oerturbative contributions in the other limit

b It is exact, in the sense that it is established by precise mathematical functions

p It is full-fledged, i.e.the information contained in each vertex reconstructs the
whole diagram and is therefore equivalent to the information content of every
other vertex

p It can be regarded as a consequence of the functional equation for the L
function whose coefficients are the Stokes constants

Ao($) = Ag(—s)

Weak

inverse Mellirp

{Aco

exact large-n
' N uorjenyeas
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Conclusion

Other results and open questions

# L functions are very often related to modular forms. However for local P?, the inverse Mellin transform of Ly(s) and L__(s)

gives rise to quantum modular functions for [ ';(3) [VF-Rella 24]

# Strong-weak resurgent symmetry generalize to modular resurgence paradigm which is based on the role of L functions
'VF-Rella 24|

% How general the strong-weak resurgent symmetry is? Other examples beyond local P27

- Weighted projective spaces (in progress with C. Rella)

» Local lFy  numerical results by [Gu-Maririo 21, Rella 22]

# Does the strong-weak resurgent symmetry hold for the spectral determinant E(k, A) too ?

22
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Thank you for your attention
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