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Key points of this talk

Linear dynamical instabilities of hydrodynamics in interacting
systems are thermodynamic instabilities.

Conversely, thermodynamic stability together with the 2nd law of
thermodynamics implies linear stability hydrodynamics.

Applies to:
(super)fluids, magnetohydro, approximate symmetries, etc.

Large N (holographic) continuous phase transitions
(Gubser-Mitra).

Not covered: 1st order phase transitions, finite N 2nd order phase
transitions (stochastic fluctuations), curved spaces (finite size).
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In greater detail

{GR [ω⋆(k), k]}−1 = 0 , Im(ω⋆) > 0 ⇒ ⟨O(t)⟩ ∼ eImω⋆t

Linear dynamical instability: pole of the retarded Green’s functions
crossing to the upper half frequency plane.

Occurs when eigenvalue of static susceptibility matrix changes sign
(local thermodynamic instability).

χAB = lim
ω→0

GR
AB(ω, k)
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Hydrodynamics

Effective theory valid at times and lengths long compared to local
equilibration scales, eg ω, k ≲ T .

On such scales, non-protected (fast) operators have decayed: only
operators protected by global symmetries survive, give rise to
conservation laws (energy, momentum, charge).

∂t⟨OA⟩ + ∂i⟨j iA⟩ = 0
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Hydrodynamics

∂t⟨OA⟩ + ∂i⟨j iA⟩ = 0

OA = (ϵ, n, g j , φ), jAi = (ϵi , j i , τ ij , X i).

Thermal expectation values of fast operators expanded order by
order in gradients

⟨jAi⟩ =
∑

n
cABDi

(n)⟨OA⟩
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Hydrodynamic diffusion

∂t⟨n⟩ + ∂i⟨j i⟩ = 0

Constitutive relation for spatial flux

⟨j i⟩ = −σ0
(
∂ iµ − E i) + O(ℓ2

eq∂2)

In thermal equilibrium, thermal timelike Killing vector βµ s.t.
T ≡ 1/

√
−β2

Lβν Aµ = 0 ⇒ (At = µ, Ax = 0)|eq ⇒ E i = ∂ iµ

⇒ σ0 is an out-of-equilibrium gradient correction.
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Hydrodynamic diffusion

∂t⟨n⟩ + ∂i⟨j i⟩ = 0 , ⟨j i⟩ = −σ0
(
∂ iµ − E i) + O(ℓ2

eq∂2)

Expand around equilibrium (n, µ) = (µ0, n0) + δ(µ, n)e−iωt+ikx

Solve (δn, δµ) in terms of E i using δn = χnnδµ.

Compute retarded Green’s function

GR
nn(ω, k) ≡ δn

δAt
= iσ0k2

ω + iDnk2 , Dn = σ0/χnn .

Diffusion pole ω = −iDnk2 in LHP if χnn > 0 (thermodynamic
stability) and σ0 > 0 (positivity of entropy production).
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Linear stability of hydrodynamic theories

At first sight, seems straightforward to show by computing location
of poles and divergence of entropy current.

⇒ Charged relativistic fluids: 3 transport coefficients (η, ζ, σ0), 2
sound modes and 2 diffusion modes.

Nevertheless, intractable for less simple cases:
non-boost invariant fluids [de Boer et al’17,’20; Novak, Sonner &

Withers’19, Armas & Jain’20] (neutral: 16 coefficients; charged: 29
coefficients);
relativistic superfluids (14 coefficients, [Bhattacharya et al’11]).

Further, some coefficients appear in the modes but do not seem to
affect their stability?
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Offshell formalism

∂t⟨OA⟩ + ∂i⟨j iA⟩ = 0 , jAi = jAi
id + j̃Ai

Divergence of offshell entropy current [Bhattacharrya’14, Haehl et al’14,’15]

coupling to external sources sA = (gµν , Aµ, . . . ) [Armas & Jain’20].

∆ = −j̃AiδBsAi = δBsAi ÑAiBjδBsBj , N =

 Nhs ∆hs = 0
Nnhs,nd ∆nhs,nd = 0
Nnhs,d ∆nhs,d > 0

Ñhs : equilibrium derivative corrections to hydrostatic pressure
p = pideal + p̃ ⇒ OA = OA

id + ÕA
hs ⇒ χAB = χid

AB + χ̃hs
AB .

Ñnhs : out-of-equilibrium corrections, dissipative or not.
Positivity of entropy production: Ñnhs,d positive-definite.
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Sketch of stability proof [2407.07939]

∆ = −j̃AiδBsAi = δBsAi ÑAiBjδBsBj , N =


Ñhs ∆hs = 0
Ñnhs,nd ∆nhs,nd = 0
Ñnhs,d ∆nhs,d > 0

Linearize eoms and Fourier transform:

−iωOA + MAB(q)δsB = 0 , MAB = iqN(AB)
id,hs + q2ÑAB

nhs

Poles are given by

det
(
−iω + M · χ−1)

= 0

No poles in upper half plane if Ñnhs,d and χ positive definite.

If χ has a negative eigenvalue, pole in upper half plane: linear
dynamical instability caused by thermodynamic instability.
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Example: superfluid at finite superflow [2312.08243]

Collective excitations of superfluids: four sound modes
ω = vk − iΓk2 + O(k3)

Finite ξ ≡ |ξ⃗| instability triggered by thermodynamic instability
χ−1

ξξ = ∂ξ(nsξ) = 0
Both v and Γ change sign.
Check with holographic superfluid, matches previous work [Amado et

al’13, Lan et al’20].
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Landau instability [2212.10410]

He4: superfluid phase described at low T by weakly-coupled
‘phonons’ (bosonic quasiparticles) with dispersion relation ϵ(p).

Finite superfluid velocity: Galilean boost back to rest frame

ϵ(p) 7→ ϵ(p) − p⃗ · v⃗s

QP energy negative when

vs > vc ≡ minp
ϵ(p)

p

⇒ dissipation, loss of superfluidity.

Susceptibilities diverge when vs = vc : thermodynamic instability.
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Phase diagram of holographic superfluids
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unstable sound

complex sound
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Light blue: χξξ changes sign
Grey: χnn at fixed nsξ changes sign
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Endpoint of thermodynamic instability: vortex nucleation

[Lan et al, arXiv: 2010.06232]

Above vc , pairs of vortex/antivortex nucleate.

Thanks to periodic boundary condition, relax the superfluid velocity
back to the stable region after annihilating.

White region of phase diagram?
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Near Tc : static susceptibility
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Probe complex scalar in Reissner-Nordström background

At Tc , χOO diverges and changes sign + pole in upper half plane:
linear dynamical instability.

Stochastic fluctuations of O are suppressed by large N: EFT of light
non-hydro mode? (cf A. Donos’ talk)
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Summary and outlook

In hydro theories, thermodynamic stability
positivity of entropy prod

}
⇒ linear dynamical stability

Conversely, thermodynamic instab ⇒ linear dynamical instab.

Proof covers fluids, superfluids, crystalline solids, weak translation
breaking and magnetic fields...

Extensions: anomalous transport, higher form symmetries, fractons?

Landau instability of superfluids: thermodynamic instability.

Near continuous holographic phase transitions, instability found
from order parameter static susceptibility (extension of
correlated stability conjecture).
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