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Motivation
Conundrum often encountered in black hole thermodynamics:

A given black hole solution depends on a number of parameters,
typically (but not always) related to conserved charges

Compute the thermodynamic variables in terms of the solution
parameters, e.g. S(m, a, · · · ), M(m, a, · · · ), J(m, a, · · · )

Evaluate the variation of the thermodynamic variables in terms of
independent variations of the solution parameters, e.g.

δS =
∂S

∂m
δm+

∂S

∂a
δa+ · · ·

Observe that the first law is not satisfied, i.e.

δM ̸= TδS − ΩδJ + · · ·
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Examples

Examples include:

Kerr-AdS5 black hole

Certain AdS black holes with scalar hair

Accelerating AdS black holes

Non-AdS examples also exist

2 / 41



Resolution
Proper understanding of the variational problem:

1 Configuration space

2 Boundary conditions

3 Associated boundary term

Role in black hole thermodynamics:

Configuration space ↔ Space of variations
Configuration space symmetries ↔ Boundary Ward identities

Symmetries preserving BCs ↔ Killing symmetries
Boundary term ↔ Conserved charges
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Kerr-AdS5 black hole thermodynamics
Variational problem for AlAdS solutions [IP,Skenderis ’05]

AlAdS solutions induce only a conformal class [g(0)] of metrics on
the boundary, i.e. g(0) ∼ e2σg(0)

Appropriate boundary conditions are conformal Dirichlet

δg(0)ij = 2δσg(0)ij +D(iξj)

Corresponding boundary term consists of the Gibbons-Hawking term
and the standard local counterterms

δSren =

ˆ
d4x

√
−g(0) T

ijδg(0)ij = 0

thanks to the Ward identities

DiT
ij = 0 , T i

i = 0
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... except if there is a conformal anomaly

δSren =

ˆ
d4x

√
−g(0) T

ijδg(0)ij =

ˆ
d4x

√
−g(0) Aδσ

If A ̸= 0 (as in the Kerr-AdS5 black hole) a well posed variational
problem imposes the more restrictive boundary conditions

δg(0)ij = D(iξj)

However, varying the Kerr-AdS5 metric with respect to the solution
parameters induces a boundary variation of the form

δparamg(0)ij = 2δσg(0)ij +D(iξj)
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This violates both the variational problem (due to the Weyl
anomaly) and the first law (due to the Casimir energy)

δσM = δσMCasimir ̸= 0 ⇒

δparamM ̸= TδparamS − ΩaδparamJa − ΩbδparamJb

The correct variation that preserves both is

δtotalg(0)ij ≡ (δparam + δbulk diffeo)g(0)ij = D(iξj)
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AdS black holes with scalar hair

The same conundrum arises in certain AdS black holes with scalar
hair satisfying mixed (Robin) boundary conditions, e.g.

ϕ+ = αϕ2
−

where ϕ± are the two modes of the scalar field ϕ

A well posed variational problem requires [IP ’07]:

1 A suitable boundary term so that

δ(Sren + Sb) =

ˆ
ddx

√
−g(0) F(ϕ+, ϕ−)δJ , J ≡ ϕ+ − αϕ2

−

2 Keeping the parameter α fixed

This automatically ensures the validity of the first law [Caldarelli,
Christodoulou, IP, Skenderis ’16]
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Accelerating AdS4 black holes
Within the general AlAdS configuration space

No conformal anomaly since the boundary is three dimensional

However, variation w.r.t the solution parameters does not preserve
the conformal class on the boundary, i.e.

δparamg(0)ij ̸= 2δσg(0)ij +D(iξj)

Attempts to recover the first law have focused on imposing
constraints among the solution parameters [Appels, Gregory, Kubizňák
’16, ’17; Anabalón, Appels, Gregory, Kubizňák, Mann, Övgün ’18;
Anabalón, Gray, Gregory, Kubizňák, Mann ’18; Cassani, Gauntlett,
Martelli, Sparks ’21; Kim, Kim, Lee, Poole ’23;...]

For static black holes a parameter constraint that results in a well
posed variational problem strictly within the configuration space of
the solution was obtained in [Kim, Kim, Lee, Poole ’23]
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Possible resolutions

There are two possibilities for a well posed variational problem for
accelerating black holes:

1 Mixed boundary conditions for the metric
Non-relativistic relation between holographic stress tensor and
boundary Cotton tensor with corresponding boundary term

2 Generalized Dirichlet boundary conditions
Existence of additional non-relativistic Ward identity such that

ˆ
d4x

√
−g(0) T

ijδg(0)ij = 0

even though δg(0)ij ̸= 2δσg(0)ij +D(iξj)
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Algebraically special solutions

Both candidate resolutions rely on the existence of special properties
of the dual CFT stress tensor T ij and the background metric g(0)ij

This motivates us to look at the class of algebraically special
solutions of AdS4 gravity, such as the Robinson-Trautman class

Algebraically special solutions provide a suitable configuration space
for formulating the variational problem of accelerating black holes

A well posed variational problem within a suitable configuration
space goes beyond thermodynamics – it determines the correct
holographic dictionary, including holographic correlation functions
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Outline
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3 Algebraically special holography

4 Summary & Outlook
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Algebraically special solutions

The most general algebraically special solutions of Einstein’s
equations are exact solutions that possess a null geodesic
congruence with vanishing shear (mostly D = 4 but also D ̸= 4, e.g.
Jiřı́ Podolský et al.)

For the best known class, the Robinson-Trautman solutions, the null
geodesic congruence has zero rotation (or twist)

They solve the radial equation explicitly, but the remaining
equations reduce to a number of transverse constraints

Analogous to the Bañados-Skenderis-Solodukhin metric for general
AlAdS3 metrics, or higher dimensional conformally flat AlAdS
metrics [de Haro, Skenderis, Solodukhin ’00]

Algebraically special solutions are not conformally flat in general
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Robinson-Trautman-AdS4 solutions

The line element takes the form

ds2 = 2r2eΦ(u,z,z̄)dzdz̄ − 2dudr − F (r, u, z, z̄)du2

The function F (r, u, z, z̄) is uniquely determined in terms of
Φ(u, z, z̄) and a constant parameter m as

F (r, u, z, z̄) = r∂uΦ−∆Φ− 2m

r
+

r2

ℓ2

where ∆ = e−Φ∂z∂z̄ is the Laplace-Beltrami operator on the
Riemann surface Σ2 parameterized by z, z̄

The metric solves the Einstein equations provided Φ satisfies the
(fourth order) Robinson-Trautman (RT) equation

3m∂uΦ+∆2Φ = 0
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RT equation and Calabi flow

For m ̸= 0 the RT solution has a curvature singularity at r = 0:

WµνρσWµνρσ = RµνρσR
µνρσ − 2RµνR

µν +
1

3
R2 =

48m2

r6

For m ̸= 0 the RT equation corresponds to a Calabi flow on Σ2:

m∂ugzz̄ ∼ ∂z∂z̄RΣ2
, gzz̄ = eΦ(u,z,z̄)

The Calabi flow is defined more generally for the Hermitian metric
gab̄ of a Kähler manifold M:

• Kähler volume and integrated curvature ⟨RM⟩ are preserved

• Integrated square curvature ⟨R2
M⟩ is monotonically decreasing
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AdS-Schwarzschild as fixed point of RT

For Σ topologically S2 (as well as sufficient smoothness
assumptions) the Calabi flow on Σ amounts to a nonlinear diffusion
process whose fixed point is the constant curvature metric on S2

corresponding to
eΦ0 =

1

(1 + zz̄/2)2

Inserting this in the RT line element gives the AdS-Schwarzschild
solution in Eddington-Filkenstein coordinates

ds2 =
2r2

(1 + zz̄/2)2
dzdz̄ − 2dudr −

(
1− 2m

r
+

r2

ℓ2

)
︸ ︷︷ ︸

f(r)

du2
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Schwarzschild perturbations

Metric perturbations h ∝ e−iωtPl(cos θ) around the Schwarzschild
solution can be reduced to the effective Schrödinger problems
[Regge, Wheeler]

H±Ψ±(r⋆) = EΨ±(r⋆), H± = − d2

dr2⋆
+W 2 ± dW

dr⋆

where:

± correspond respectively to parity even (sound modes) and odd
(shear modes) perturbations

r⋆ =
´
dr/f(r) is the tortoise radial coordinate

E = ω2 − ω2
s , with ωs = − i

12m
(l − 1)l(l + 1)(l + 2)

W = 6mf(r)
r[(l−1)(l+2)r+6m]

+ iωs
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Supersymmetric quantum mechanics
This system possesses a (formal) supersymmetric structure where W
plays the role of a superpotential
Introducing the operators

Q = − d

dr⋆
+W (r⋆), Q† =

d

dr⋆
+W (r⋆)

we can write the Hamiltonians H± as

H+ = Q†Q+ ω2
s , H− = QQ† + ω2

s

The matrix operators

H =

(
H+ 0
0 H−

)
, Q =

(
0 0
Q 0

)
, Q† =

(
0 Q†

0 0

)
satisfy the SUSY algebra

{Q,Q†} = H
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Algebraically special modes

Supersymmetric ground states of this formal QM system satisfy the
first order equation

QΨ0 =
(
− d

dr⋆
+W (r⋆)

)
Ψ0 = 0

They have E = 0 and ω = ωs = − i
12m (l − 1)l(l + 1)(l + 2)

These are the algebraically special modes (ASMs) [Chandrasekhar]
of the AdS-Schwarzschild black hole
Ψ0 vanishes at the horizon

Ψ0 satisfies mixed boundary conditions at the boundary
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Algebraically special modes and RT

Solving perturbatively the Robinson-Trautman equation

3m∂uΦ+∆2Φ = 0

around the round sphere, i.e.

ds22 = [1 + ϵl(u)Pl(cos θ)](dθ
2 + sin2 θdϕ2)

one finds that

ϵl(u) = ϵl(0)e
−iωsu, ωs = − i

12m
(l − 1)l(l + 1)(l + 2)

These are exactly the ASMs of the AdS-Schwarzschild black hole
[I. Bakas, K. Skenderis ’14]

The RT solution is a nonlinear description of the ASMs of the
Schwarzschild black hole (subject to suitable initial conditions)
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General algebraically special solutions

The most general class of solutions that possess a shear free null
congruence with rotation takes the form [Timofeev ’96]

ds2 = 2(r2 +Σ2)e2Φdzdz̄ − F (du+ Ldz + Ldz̄)2

− 2(du+ Ldz + Ldz̄)(dr +Wdz +Wdz̄)

Φ(u, z, z̄) and L(u, z, z̄) are arbitrary

Σ(u, z, z̄) (twist), W (r, u, z, z̄) and F (r, u, z, z̄) are given by

Σ = e−2Φℑ(∂̄L) , W = i∂Σ− (r + iΣ)∂uL

F = 2r∂uΦ− 2e−2Φℜ[∂(∂̄Φ+ ∂uL)]−
2ℓ(mr +MΣ)

r2 +Σ2
+ · · ·

21 / 41



M(u, z, z̄) is algebraically determined in terms of other variables

The real function m(u, z, z̄) satisfies the complex constraints

∂(m+ iM)− 3(m+ iM)∂uL = 0

∂u
(
e3Φ(m+ iM)

)
+ · · · = 0

In contrast to Robinson-Trautman solutions, m(u, z, z̄) is not
constant up to a diffeomorphism

The radial dependence is completely determined

If Σ = 0, there exists a coordinate transformation that sets
L = L = 0 and the solution reduces to Robinson-Trautman
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Accelerating black holes

The static case has been known as the C-metric since the advent of
GR [Levi-Civita 1917]. Rediscovered by [Newman-Tamburino ’61]

The rotating solution found through the classification of Petrov
Type D solutions [Kinnersley ’69; Debever ’71; Plebański, Demiański ’76]

The most general solution includes a cosmological constant as well
as mass, acceleration, rotation and NUT parameters

The most general Plebański-Demiański metric is contained in
the general algebraically special solution of Timofeev, since the
latter contains all Petrov Type D solutions

Certain accelerating black holes can be embedded in
Einstein-Maxwell theory, as well as gauged or ungauged supergravity
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Accelerating black holes

Focusing on the static solution without NUT charge in
Boyer-Lindquist coordinates, the line element takes the form

ds2 = H−2
(
−Qdt2+ ℓ2Q−1dρ2+ ℓ2

(
P−1dθ2+P sin2 θdϕ2

))
where m and α are constant parameters roughly corresponding to
mass and acceleration respectively and

P (θ) = 1− 2mα cos θ

Q(ρ) = 1 + (ρ2 − α2)(1− 2mρ)

H(ρ, θ) = ρ− α cos θ

The conformal boundary is located at H → 0
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Regularity

For m ̸= 0 the solution has a curvature singularity (ρ → ∞)

For mα ̸= 0 it is impossible to choose the period of ϕ so that the
metric on the surfaces of constant t and ρ is that of a smooth S2

Setting θ− = 0 and θ+ = π and defining P± ≡ P (θ±) = 1± 2mα,
we may take the period ∆ϕ of ϕ as [Ferrero, Gauntlett, Ipiña, Martelli,
Sparks ’20]

∆ϕ

2π
=

1

n+P+
=

1

n−P−
, n± ∈ N

The constant t and ρ surfaces then are 2-spheres with conical deficit
angles 2π(1− 1/n±) at the poles

For n+, n− coprime this is the weighted projective space
WCP1

[n+,n−] known as a spindle
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AdS4/CFT3 holographic dictionary
General asymptotically locally AdS4 solutions can be brought into
the Fefferman-Graham form

ds2 = ℓ2
dρ2

ρ2
+ gij(ρ, x)dx

idxj

where gij(ρ, x) admits an asymptotic expansion of the form

gij(ρ, x) =
ℓ2

ρ2
(
g(0)ij(x) + ρ2g(2)ij(x) + ρ3g(3)ij(x) + · · ·

)
g(0)ij is arbitrary, g(2)ij = −R(0)ij +

1
4R(0)g(0)ij , and Tij ≡ 1

κ2
4
g(3)ij

is traceless and conserved [de Haro, Skenderis Solodukhin ’99], i.e.

T i
i = 0 , D(0)iT

i
j = 0

For Dirichlet boundary conditions g(0)ij is identified with the CFT
background metric and Tij with the energy-momentum tensor
[Henningson, Skenderis ’98; de Haro, Skenderis Solodukhin ’99]
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Algebraically special symplectic data

The boundary metric induced by the Timofeev solution is

ds2bdry = Ω−2
(
2ℓ2e2Φdzdz̄ − (du+ Lzdz + Lz̄dz̄)

2
)

Introducing a basis of one-forms v, m, m̄ (dreibein) such that

viv
i = −1 , miv

i = m̄iv
i = m̄im̄

i = mim
i = 0 , mim̄

i = 1

the boundary metric can be written in the form

g(0)ij = −vivj +mim̄j +mjm̄i

where

vi = Ω−1(1, Lz, Lz̄) , mi = Ω−1(0, ℓeΦ, 0) , m̄i = Ω−1(0, 0, ℓeΦ)
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The stress tensor of general algebraically special solutions takes the
conformal perfect fluid form [Bernandi de Freitas, Reall ’14]

Tij =
mΩ3

κ2
4ℓ

(g(0)ij + 3vivj)−
ℓ2

κ2
4

(
C(ij)kv

k − v(iv
lClj)kv

k
)

where
p =

mΩ3

κ2
4ℓ

is the perfect fluid pressure and

Cijk = Dk

(
R(0)ij −

1

4
R(0)g(0)ij

)
−Dj

(
R(0)ik − 1

4
R(0)g(0)ik

)
is the Cotton tensor that characterizes conformal flatness in 3d

The boundary metric of general AS solutions is not conformally flat!
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Accelerating black hole symplectic data

Since accelerating black holes are algebraically special solutions, the
boundary metric and stress tensor must admit this form too!

The boundary metric of rotating accelerating AdS black holes is

ds2bdry = Ω−2(θ)
[
− P̃

(
dt− aℓ(1− α2P ) sin2 θ

P̃
dϕ

)2

+
ℓ2(1 + a2α2 cos4 θ)2

P (P̃ + a2α2 cos4 θ)
dθ2 +

ℓ2P (P̃ + a2α2 cos4 θ)

P̃
sin2 θdϕ2

]
where P̃ (θ) = 1− α2P (θ) sin2 θ

This metric can be written in the form

g(0)ij = −vivj +m
(a)
i m

(a)
j
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The dreibein basis takes the form

vi = Ω−1
(
1,−αℓ(1 + a2α2 cos4 θ) sin θ

P̃ + a2α2 cos4 θ
,−aℓ sin2 θ

)
m

(1)
i = sin θP 1/2Ω−1

(
α sin θ,− ℓ(1 + a2α2 cos4 θ)

P (P̃ + a2α2 cos4 θ)
,−aαℓ sin θ

)
m

(2)
i = P 1/2Ω−1

(
0,−aαℓ(1 + a2α2 cos4 θ) cos2 θ

P (P̃ + a2α2 cos4 θ)
, ℓ sin θ

)
and satisfies the orthonormality conditions

viv
i = −1 , vim

(a)
i = 0 , m

(a)
i m(b)i = δab , a, b = 1, 2

This basis is nontrivial even when the rotation vanishes (a → 0)

In the static case we can relate these results to those for AS solutions
using the explicit coordinate transformation discussed above
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The stress tensor of general accelerating black holes takes the same
conformal perfect fluid form

Tij = p(g(0)ij + 3vivj)−
ℓ2

κ2
4

(
C(ij)kv

k − v(iv
lClj)kv

k
)

with the pressure

p =
mΩ3(1− 3a2α2 cos2 θ − 3a2α2 cos4 θ + a4α4 cos6 θ)

κ2
4ℓ(1 + a2α2 cos4 θ)3

As long as the acceleration parameter is nonzero the boundary
metric is not conformally flat!
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Conformal fluids in 2+1 dimensions
For generic conformal fluids the stress tensor takes the form

Tij = p(g(0)ij + 3vivj) + Πij

where Πij is covariantly conserved and traceless and admits an
expansion in derivatives of the hydrodynamic variables vi(x), T (x)

These variables are not uniquely determined. This ambiguity is
usually fixed by imposing the Landau gauge condition

Tijv
j = −ρvi = −2pvi

Conformal fluids arising at the boundary of the Robinson-Trautman
solutions have been studied extensively in Landau gauge
[Mukhopadhyay, Petkou, Petropoulos, Pozzoli, Siampos ’13; Bernandi de
Freitas, Reall ’14, Bakas, Skenderis ’14; Skenderis, Withers ’17]

Gauge-fixing is not suitable for identifying the boundary conditions
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Boundary conditions for AS solutions

The form of the stress tensor is the key to identifying consistent
boundary conditions for algbraically special solutions, including
accelerating black holes

The stress tensor satisfies the condition

TIJ − 1

2
(ηIJ + 3nInJ)T11 =

ℓ2

κ2
4

C(IJ)1

where I, J = 1, 2, 3 are local Lorentz frame indices and
nI = (1, 0, 0) defines the preferred fluid velocity direction.

This condition can be interpreted either as a mixed boundary
condition, or a Ward identity!

Either way, the boundary conditions break Lorentz invariance!
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Mixed boundary conditions

Viewed as a mixed boundary condition, the above relation must be
imposed by a Lorentz-breaking boundary term Sbc

The variational principle takes the form

δ(Sren + Sbc) =
1

2

ˆ
d3x

√
−g(0) T

ijδg(0)ij + δSbc

Sbc involves a Legendre transform in all directions except T11 such
that (schematically)

δ(Sren+Sbc) ∝ 2T11n
1δn1+δ

(
TIJ−

1

2
(ηIJ+3nInJ)T11−

ℓ2

κ2
4

C(IJ)1

)
A non-relativistic version of the gravitational Chern-Simons term
seems a likely candidate for Sbc
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Generalized Dirichlet boundary conditions

Viewed as a Ward identity, the above relation allows us to generalize
the permissible variations of the boundary metric to

δg(0)ij = (δWeyl + δdiff+δextra)g(0)ij

where ˆ
d4x

√
−g(0) T

ijδextrag(0)ij = 0

due to the above relation

We have shown that this is indeed the case for generic accelerating
black holes in pure gravity! In fact,

T ijδparg(0)ij = T ij(δWeyl + δdiff)g(0)ij

without keeping any combination of parameters fixed!
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Summary & Outlook

Black hole thermodynamics is directly related with a well posed
variational problem

Algebraically special solutions provide a suitable configuration space
for formulating the thermodynamics of accelerating black holes

Accelerating AdS4 black holes are compatible with generalized
Dirichlet boundary conditions thanks to the existence of an extra,
non-relativistic, Ward identity
A well posed variational problem for algebraically special solutions
facilitates a systematic development of algebraically special
holography
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Thank you for your attention!
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