Algebraically special holography

loannis Papadimitriou

National and Kapodistrian University of Athens

3 September 2024

Eurostrings 2024

University of Southampton



Motivation

Conundrum often encountered in black hole thermodynamics:

m A given black hole solution depends on a number of parameters,
typically (but not always) related to conserved charges

m Compute the thermodynamic variables in terms of the solution
parameters, e.g. S(m,a,---), M(m,a,---), J(m,a,---)

m Evaluate the variation of the thermodynamic variables in terms of
independent variations of the solution parameters, e.g.

L a5

om+ —da+---

05 = om da

m Observe that the first law is not satisfied, i.e.

SM £ TS — Q8] + - -
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Examples

Examples include:

m Kerr-AdSs5 black hole
m Certain AdS black holes with scalar hair

m Accelerating AdS black holes

Non-AdS examples also exist
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Resolution
Proper understanding of the variational problem:

Configuration space
Boundary conditions

Associated boundary term

Role in black hole thermodynamics:

Configuration space Space of variations

Configuration space symmetries Boundary Ward identities

Symmetries preserving BCs Killing symmetries

U A

Boundary term Conserved charges
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Kerr-AdS5 black hole thermodynamics

m Variational problem for AIAdS solutions [IP,Skenderis '05]

m AIAdS solutions induce only a conformal class [g(g)] of metrics on
the boundary, i.e. gy ~ €7 g(o)

m Appropriate boundary conditions are conformal Dirichlet
09(0)ij = 2009(0yij + D(i&j)

m Corresponding boundary term consists of the Gibbons-Hawking term
and the standard local counterterms

5Sren = d4z\/ —9(0) TZ](Sg(O)’L] =0
thanks to the Ward identities

D,T" =0, T/=0
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m ... except if there is a conformal anomaly

6Sren = d4l'1 / —g(o) T”5g(0)w = d4fE1 / —g(o) Abo

m If A#0 (as in the Kerr-AdS; black hole) a well posed variational
problem imposes the more restrictive boundary conditions

09(0yi5 = D)

m However, varying the Kerr-AdS5 metric with respect to the solution
parameters induces a boundary variation of the form

Oparam(0)ij = 2009(0)i; + D&y



m This violates both the variational problem (due to the Weyl
anomaly) and the first law (due to the Casimir energy)

6(7]\/[ - (;UMCasimir 7é 0 =
6paramM 7& T(SparamS - Q(15par:-1m<]a - Qb(Sparam Jb
m The correct variation that preserves both is

Stotal9(0)ij = (Oparam + Obulk diffeo)9(0)i; = D))
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AdS black holes with scalar hair

m The same conundrum arises in certain AdS black holes with scalar
hair satisfying mixed (Robin) boundary conditions, e.g.

Or =« ¢%
where ¢ are the two modes of the scalar field ¢
m A well posed variational problem requires [IP '07]:

A suitable boundary term so that
(Sun + 51) = [ d'ay/=g0) F(6+,6-087 . T =01~ ad
Keeping the parameter « fixed

m This automatically ensures the validity of the first law [Caldarelli,
Christodoulou, IP, Skenderis '16]
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Accelerating AdS, black holes

Within the general AIAdS configuration space
No conformal anomaly since the boundary is three dimensional

However, variation w.r.t the solution parameters does not preserve
the conformal class on the boundary, i.e.

Oparam9(0)ij 7 2009(0yi; + D&y

Attempts to recover the first law have focused on imposing
constraints among the solution parameters [Appels, Gregory, Kubiziidk
'16, '17; Anabalén, Appels, Gregory, Kubiznak, Mann, ngﬂn '18;
Anabalén, Gray, Gregory, Kubizndk, Mann '18; Cassani, Gauntlett,
Martelli, Sparks '21; Kim, Kim, Lee, Poole '23;...]

For static black holes a parameter constraint that results in a well
posed variational problem strictly within the configuration space of
the solution was obtained in [Kim, Kim, Lee, Poole 23]



Possible resolutions

m There are two possibilities for a well posed variational problem for
accelerating black holes:

Mixed boundary conditions for the metric

Non-relativistic relation between holographic stress tensor and
boundary Cotton tensor with corresponding boundary term

Generalized Dirichlet boundary conditions
Existence of additional non-relativistic Ward identity such that

/d% V/=90) T 6g(0)i5 = 0

even though dg(0yi; # 200g(0yi; + D)
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Algebraically special solutions

m Both candidate resolutions rely on the existence of special properties
of the dual CFT stress tensor 7"/ and the background metric g(o);;

m This motivates us to look at the class of algebraically special
solutions of AdS, gravity, such as the Robinson- Trautman class

m Algebraically special solutions provide a suitable configuration space
for formulating the variational problem of accelerating black holes

m A well posed variational problem within a suitable configuration
space goes beyond thermodynamics — it determines the correct
holographic dictionary, including holographic correlation functions

10/ 41



Outline

Algebraically special solutions

Accelerating black holes

Algebraically special holography

Summary & Outlook
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Outline

Algebraically special solutions
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Algebraically special solutions

m The most general algebraically special solutions of Einstein's
equations are exact solutions that possess a null geodesic
congruence with vanishing shear (mostly D = 4 but also D # 4, e.g.
Jifi Podolsky et al.)

m For the best known class, the Robinson-Trautman solutions, the null
geodesic congruence has zero rotation (or twist)

m They solve the radial equation explicitly, but the remaining
equations reduce to a number of transverse constraints

= Analogous to the Bafiados-Skenderis-Solodukhin metric for general
AlAdS3 metrics, or higher dimensional conformally flat AIAdS
metrics [de Haro, Skenderis, Solodukhin '00]

m Algebraically special solutions are not conformally flat in general
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Robinson-Trautman-AdS, solutions

m The line element takes the form

ds® = 2r2e®“* A dzdz — 2dudr — F(r,u, z, Z)du®

m The function F(r,u, z, Z) is uniquely determined in terms of
®(u, z,z) and a constant parameter m as

m 7‘2

2
F Z) =10, — AP — — + —
(ryu,z,2) =10 . + 7

where A = e~%9,0; is the Laplace-Beltrami operator on the
Riemann surface Yo parameterized by z, z

m The metric solves the Einstein equations provided ® satisfies the
(fourth order) Robinson-Trautman (RT) equation

3md,® + A%2d =0
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RT equation and Calabi flow

m For m # 0 the RT solution has a curvature singularity at » = 0O:

48m?
76

vpo vpo v 1
whee W/u/po’ = R;UIpURH P — 2RHVRH + §R2 =

m For m # 0 the RT equation corresponds to a Calabi flow on ¥5:

maquZ ~ az65R22 , g2z = €<I>(u,z72)

m The Calabi flow is defined more generally for the Hermitian metric
Jup Of a Kahler manifold M:

e Kahler volume and integrated curvature (Rq) are preserved

e Integrated square curvature (R%,) is monotonically decreasing
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AdS-Schwarzschild as fixed point of RT

m For ¥ topologically S? (as well as sufficient smoothness
assumptions) the Calabi flow on 3 amounts to a nonlinear diffusion
process whose fixed point is the constant curvature metric on S?

corresponding to
1

(14 2z/2)?
m Inserting this in the RT line element gives the AdS-Schwarzschild
solution in Eddington-Filkenstein coordinates

P9

€

212 om 1
o 4 - o Em 2
ds® = 0T 22/2)2dzdz 2dudr (1 " + 62) du
—_———

I(r)
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Schwarzschild perturbations

m Metric perturbations h o< e~ %! Pj(cos f)) around the Schwarzschild
solution can be reduced to the effective Schrédinger problems
[Regge, Wheeler]

d? aw

— _ 2
Hi‘lli(r*) = E\I/i(’l“*), H, = _dT’f + W+ dr.

where:

m + correspond respectively to parity even (sound modes) and odd
(shear modes) perturbations

mr, = fdr/f(r) is the tortoise radial coordinate

B E=w?—w? with ws = (- DI+ D1 +2)

T 12m

_ 6mf(r) ;
= W= r[(lfl)r(rlb+2:r+6m] +iws
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Supersymmetric quantum mechanics

m This system possesses a (formal) supersymmetric structure where W
plays the role of a superpotential

m Introducing the operators

+ W(T*), QT = di* + W(T*)

d
@= 7dr*

we can write the Hamiltonians H. as
Hy=Q'Q+w?,  H-=QQ+u?

m The matrix operators
_(Hy 0 (0 0 i (0 Qf
= a) eslen) @G 9
satisfy the SUSY algebra

{Q.Q"}=H
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Algebraically special modes

m Supersymmetric ground states of this formal QM system satisfy the
first order equation

d
= W(r*))\Ilo =0

QYo = (-
m They have E=0and w=w, = — 72— — 1)I(l + 1)(I + 2)

m These are the algebraically special modes (ASMs) [Chandrasekhar]
of the AdS-Schwarzschild black hole

m U, vanishes at the horizon

m U satisfies mixed boundary conditions at the boundary
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Algebraically special modes and RT

m Solving perturbatively the Robinson-Trautman equation
3md, ® + A*® =0
around the round sphere, i.e.
ds2 = [1 + €(u)Py(cos 0)](d6?* + sin® Odp?)

one finds that
1
12m

m These are exactly the ASMs of the AdS-Schwarzschild black hole
[I. Bakas, K. Skenderis '14]

er(u) = e (0)e st wg = (-DIl+1)(1+2)

m The RT solution is a nonlinear description of the ASMs of the
Schwarzschild black hole (subject to suitable initial conditions)
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General algebraically special solutions

m The most general class of solutions that possess a shear free null
congruence with rotation takes the form [Timofeev '96]

ds® = 2(r? + £%)e?*®dzdz — F(du + Ldz + Ldz)?
— 2(du + Ldz + Ldz)(dr + Wdz + Wdz)
m O(u,z,z) and L(u, 2, Z) are arbitrary
m X(u, 2, z) (twist), W(r,u,z,z) and F(r,u, z,Z) are given by
Y =e22Q(AL), W = 0% — (r +i%)d,L

20(mr + M)

F = 20,8 = 2e**RO(02 + 0.1)) - — 53—
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M (u, z, %) is algebraically determined in terms of other variables
The real function m(u, z, z) satisfies the complex constraints

A(m +iM) — 3(m +iM)d,L =0
0y (¥ (m+iM)) +---=0

In contrast to Robinson-Trautman solutions, m(u, z, ) is not
constant up to a diffeomorphism
The radial dependence is completely determined

If 3 = 0, there exists a coordinate transformation that sets

L = L = 0 and the solution reduces to Robinson-Trautman



Outline

Accelerating black holes
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Accelerating black holes

The static case has been known as the C-metric since the advent of
GR [Levi-Civita 1917]. Rediscovered by [Newman-Tamburino '61]

The rotating solution found through the classification of Petrov
Type D solutions [Kinnersley '69; Debever '71; Plebanski, Demianski '76]

The most general solution includes a cosmological constant as well
as mass, acceleration, rotation and NUT parameters

The most general Plebanski-Demianski metric is contained in
the general algebraically special solution of Timofeev, since the
latter contains all Petrov Type D solutions

Certain accelerating black holes can be embedded in
Einstein-Maxwell theory, as well as gauged or ungauged supergravity
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Accelerating black holes
m Focusing on the static solution without NUT charge in
Boyer-Lindquist coordinates, the line element takes the form
ds? = H™2( = Qdt* + Q' dp? +*(P~1d0> + Psin® 9d¢?) )

where m and « are constant parameters roughly corresponding to
mass and acceleration respectively and

P(0) =1 - 2macosf
(

Qp) = 1+ (p* — a®)(1 - 2mp)
H(p,0) =p— acosb

m The conformal boundary is located at H — 0
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Regularity

For m # 0 the solution has a curvature singularity (p — o0)

For ma # 0 it is impossible to choose the period of ¢ so that the
metric on the surfaces of constant ¢ and p is that of a smooth S

Setting 0_ = 0 and 0 = 7 and defining Py = P(0+) =1 + 2ma,
we may take the period A¢ of ¢ as [Ferrero, Gauntlett, Ipifia, Martelli,
Sparks '20]

A¢ 1 1

=2 =, €N

o n P, n P F

The constant ¢ and p surfaces then are 2-spheres with conical deficit
angles 27(1 — 1/ny) at the poles

For ny, n_ coprime this is the weighted projective space
W(IZ[P[ln+ known as a spindle

-]
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Outline

Algebraically special holography
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AdS,/CFTj3 holographic dictionary

General asymptotically locally AdS, solutions can be brought into
the Fefferman-Graham form

dp? o
O
where g;;(p, ) admits an asymptotlc expansion of the form

2
gij(p,x) = 2 (900yij () + p29(2)ij(z) + pjg(S)ij(I) +-)

9(0yij s arbitrary, gz)i; = —Ro)ij + 1R0)90)i5. and Tij = 729393
is traceless and conserved [de Haro, Skenderis Solodukhin '99], i.e.

T =0, Do) T} =0
For Dirichlet boundary conditions g(q);; is identified with the CFT
background metric and T;; with the energy-momentum tensor
[Henningson, Skenderis '98; de Haro, Skenderis Solodukhin '99]
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Algebraically special symplectic data

m The boundary metric induced by the Timofeev solution is
dspgey = Q2 (202€*®dzdz — (du+ L.dz + L:dz)?)

m Introducing a basis of one-forms v, m, m (dreibein) such that
vivi =-1, mivi = ﬁlivi = ﬁwﬁi = mimi =0, miﬁli =1
the boundary metric can be written in the form
g(oyij = —Uiv; +mymy + mym;
where

v =Q Y1,L.,Ls), m;=Q7%0,%,0), m=Q710,0,0e?)
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The stress tensor of general algebraically special solutions takes the
conformal perfect fluid form [Bernandi de Freitas, Reall '14]

m§? & k l k
Tij = —5(9(0)i5 + 3vivs) — —5 (Cagynv® — v(av' Cijyrov®)
4 K3
where
B mQ3
p= k3l

is the perfect fluid pressure and

1 1
Cijk = D (R(O)ij - ZR(O)Q(O)ij) - D; (R(O)ik - 13(0)9(0)11@)
is the Cotton tensor that characterizes conformal flatness in 3d

The boundary metric of general AS solutions is not conformally flat!
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Accelerating black hole symplectic data

m Since accelerating black holes are algebraically special solutions, the
boundary metric and stress tensor must admit this form too!

m The boundary metric of rotating accelerating AdS black holes is

5 s (g, al(l— a?P)sin?f | \2
52, = 9 (9)[ P(dt = d¢>)
2(] 2.2 .ocd 02 2p(p 242 cogd
E(;l—aa cos* 0) d92—|—£ ( +a~a cos a)sin20d¢2]
P(P + a?a? cos* 0) P

where P(6) = 1 — a2P(6) sin® 6
m This metric can be written in the form
(a),_(a)

Y(oyij = ~Liv; +m; Tmy
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m The dreibein basis takes the form

al(1+ a%a? cos? 0) sin 0

P+ a2a2 cos 0

v; =071 (1, — , —al sin? 9)

(14 a*a? cos* 0
ml(.l) = sinfP/2Q! (a sin 6, — (~+ a’a” cos’ ) , —aal sin 9)
P(P + a”a? cos* 0)
m® = pi/2g-1 (07 _aal(1 J:(12@2 cos ) cos? e,ésin 9)
P(P + a?a? cos*0)
and satisfies the orthonormality conditions
vv' = —1, vimga) =0, mga)m(b)i =6, a,b=1,2

m This basis is nontrivial even when the rotation vanishes (a — 0)

m In the static case we can relate these results to those for AS solutions
using the explicit coordinate transformation discussed above
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m The stress tensor of general accelerating black holes takes the same
conformal perfect fluid form

62
T35 = p(g(0yij + 3viv;) — ?(C(z‘j)k’vk — v(v' Clj)v”)
4

with the pressure

mQ3(1 — 3a%a? cos? § — 3a%a? cos? § + a*a’ cos® )
k20(1 + a2a? cost 0)3

p:

m As long as the acceleration parameter is nonzero the boundary
metric is not conformally flat!
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Conformal fluids in 2+1 dimensions
For generic conformal fluids the stress tensor takes the form

Ti; = p(9(0yi5 + 3viv;) + IL;;
where 1I;; is covariantly conserved and traceless and admits an

expansion in derivatives of the hydrodynamic variables v;(x), T'(x)

These variables are not uniquely determined. This ambiguity is
usually fixed by imposing the Landau gauge condition

T;jv7 = —pv; = —2pv;

Conformal fluids arising at the boundary of the Robinson-Trautman
solutions have been studied extensively in Landau gauge
[Mukhopadhyay, Petkou, Petropoulos, Pozzoli, Siampos '13; Bernandi de
Freitas, Reall '14, Bakas, Skenderis '14; Skenderis, Withers '17]

Gauge-fixing is not suitable for identifying the boundary conditions
35 /41



Boundary conditions for AS solutions

The form of the stress tensor is the key to identifying consistent
boundary conditions for algbraically special solutions, including
accelerating black holes

The stress tensor satisfies the condition

1 02
Try— 5(”71J +3nm )T = ?C(IJ)l
1

where I,J = 1,2, 3 are local Lorentz frame indices and
nr = (1,0,0) defines the preferred fluid velocity direction.

This condition can be interpreted either as a mixed boundary
condition, or a Ward identity!

Either way, the boundary conditions break Lorentz invariance!
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Mixed boundary conditions

m Viewed as a mixed boundary condition, the above relation must be
imposed by a Lorentz-breaking boundary term Sp.

m The variational principle takes the form
1 g
0(Sren = She) — 3 /d3$\/ —9(0) T 89(0yij + 0.Sbc

m Sy involves a Legendre transform in all directions except 777 such
that (schematically)

2

1 l
6(Sren+Sbe) o 2Ty1n'on' +6 (TIJ - 5(771J +3nny) T — ?C(Ij)l)
i

m A non-relativistic version of the gravitational Chern-Simons term
seems a likely candidate for Spc
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Generalized Dirichlet boundary conditions

m Viewed as a Ward identity, the above relation allows us to generalize
the permissible variations of the boundary metric to

09(0yij = (Oweyl + Odiff+Oextra) 9(0)i;
where

/d4$\/ —9(0) T bextrag(0yij = 0
due to the above relation

m We have shown that this is indeed the case for generic accelerating
black holes in pure gravity! In fact,

T Sparg(0yij = T (Oweyl + Saiff) 9(0)ij
without keeping any combination of parameters fixed!
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Algebraically special solutions

Accelerating black holes

Algebraically special holography

Summary & Outlook
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Summary & Outlook

m Black hole thermodynamics is directly related with a well posed
variational problem

m Algebraically special solutions provide a suitable configuration space
for formulating the thermodynamics of accelerating black holes

m Accelerating AdS, black holes are compatible with generalized
Dirichlet boundary conditions thanks to the existence of an extra,
non-relativistic, Ward identity

m A well posed variational problem for algebraically special solutions
facilitates a systematic development of algebraically special
holography
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Thank you for your attention!
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