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AdS/dCFT

N =4 SYM in 4D < |IB strings on AdSs x S°

with 3D defect at x3 =0 with probe brane
New features: (Oa(x)) # 0,

(Oa(x)Oar(y)) # 0
Why study one-point functions

Possibly the simplest observables beyond the (integrable) spectrum
Can be approached using the tools of integrability (and calculated in closed form)

Allow for a test of AdS/CFT in a situation where both
supersymmetry and conformal symmetry are partially broken

Provide input for boundary conformal bootstrap eqns. together
with defect two-point functions. Allow for data-mining.



Novel features in dCFTs Cardy ‘84

X0 McAvity & Osborn '95

Defect of co-dimension one

@ One-point functions

bulk C
OF" () = s

@ Two-point functions between op’s with different conf. dims.

bulk bulk 1 ’x,u o x:,L‘2
0 O — / 9 — /

@ Mixed correlators involving bulk and defect fields

bulk defect HAA
OXx (’) ;
ORM@OE (7)) = w22



Plan of the talk
@ The AdJS/dCFT set-up (Novel parameter k)
€ One-pt functions at tree level (and higher loops)
€ Two-point functions
@ A check of AdS/CFT with broken susy and broken conf. inv.
€ Data mining (using boundary conf. bootstrap egns.)

€ Open problems/Conclusion



Gauge theory side

SU(N — k) (broken) SU(N) defect of co-dimension one

S = Sn=4 + Sp=3

Parameters: \, N, k
12

Constable, Myers

Tafiord ’
For z3 > 0 & Tafjord 99
] (t ) 0 Freedman & Ooguri '01,
c — = (\"kxk = 1.2
¢’L :,C3 ( O O) Y v Y Y 3

where t; constitute a k-dimensional irreducible representation of SU(2)

ti,t;] = €ijutr,  Solves the classical eqns. of motion

as well as the Nahm eqns.



String theory side

N -k D3 N D3

Geometry of D5 brane: AdS4 X SZ Karch & Randall ’01,
Background gauge field F: k units of magnetic flux on S?

Precise embedding of D-brane determinedby S = Spp;+ Sy~

Constable, Myers
& Tafjord 99



Symmetries

Db x X X X X X
SO(1,3) (x°xLx2x3) > SO(1,2) (xxix?)
M M
SO(2,4) »  S0(2,3)
50(6) (x*,x°,x8,x7,x&,x°) > 50(3) X 50(3) (x*%%>,%°) x (x7,x%,x%)
16 supercharges > 8 supercharges
PSU(2,21|4) > OSP(4|4) Freedman & Ooguri ‘01,

Erdmenger, Guralnik
& Kirsch ‘02



Results

* One-point function problem shows strong sign of integrability

o Closed formula at tree level and one-loop order

o Suggestive all loop order formula

* Agreement between string and gauge theory observable in AdS/dCFT
where both conformal and supersymmetry are (partially) broken

o Agreement at tree-level and one-loop in d.s.l.

o Agreement in d.s.l. with suggestive all loop order formula (up to wrapping)
 Data-mining using the one- and two-pt functions of the defect set-up

o Three-point functions of N=4 SYM without defect

o Bulk-to-boundary couplings



Integrability of the spectral problem of AdS/CFT
N =4 SYM fields: A, ¢i,0; i=1,...,6, a=1,...,4
Full symmetry group : PSU(2,2|4)

SU (2)-subsector closed under renormalization:

Z = @1+ igs, W = ¢+ 195

Operators map to the states of integrable Heisenberg spin chain

O=TH(ZZIWWZZ . W)~ |t L

L fields

Dilatation op. maps to its Hamiltonian (planar, one-loop level)



AdS/CFT & The Heisenberg spin chain

Oa’s = Eigenstates of the Heisenberg spin chain

Eigenstates (of length L = A with M flipped spins):
{ui}) = Blun) ... B(u)[0)r,  [0)p=[11... D
where the rapidities {u;} fulfill the Bethe equations

1 :
with wu; = = cot (&) , where p; are momenta

2 2
(Oa(x)) = :;;LA (Te(ZZZWWZZ .. W)+ .. ) | gty sty = ¢ (izi})

Wish: Systematic approach to do this calculation



Tree-level, SU(2)-subsector

Matrix Product State associated with the defect for given k:

L delLeeuw, C.K.

& Zarembo ‘15,
(MPS| = tr [T (1l @ (#) + (hl @ (15)")

=1
(M PSy ‘{Uj}j-\i1>
(s} {u;})

Object to calculate: C ({u;}) = L

Notice: 3 parameters: k,L,M

Non-vanishing result only if

e Land M both even
e Bethe state has total momentum zero
* The rapidities come in pairs, i.e. {u;} = {—u;}



Complete result: any k, M, L

|. Of determinant form
- — delLeeuw, C.K.

(MPS; | {uj}> 11 L Q(%) det G* & Zarembo ‘15,
C 1) = L =2 '
2({UJ}) <{UJ}|{ Uj}>7 Q(O) det G!
M
Q(u) = H(U —U;) Baxter polynomial
i=1

OBS: well-known determinants

({ujt{u}) = Q(3) det G = Q(3) det G det G~

uk—l—% uk—uj—i

N\ L
_  [uk — 5 Up — Uj + 1

Gij — 8uicl)j, expli®y| = H

j=1
J7#k
Follows from results involving overlaps of Bethe states and the Néel state

Poszgay ‘13,  Brockmann, Nardis, Wouter & Caux, ‘14, Brockmann ‘14



Buhl-Mortensen, de Leeuw,

Il. Interesting factorization property C.K. & Zarembo. 15

im0

: . ik k+1\"
Can be proven by recursion [MPSy2) =T (5) |MPSy) — (m> [MPSj_s)

T, the transfer matrix

For the n+1 dimensional representation (in the auxiliary space)

Qu+ 220)Q(u — 2414)
Q(u+ (a—35)1)Qu+ (a+ 35)i)

n
2

Tn(u) = (u 4+ ia)™

a

_n
2

Plays an important role in
e Extension of the formula to one and higher loops
e Extension of the formula to other sectors, SU(3), SO(6)



Two-point functions in AdS/dCFT: Motivation

Several novel types of two-point function with new types of space-time
dependence.

New string theory predictions for AdS/CFT in a situation where both
supersymmetry and conformal symmetry are partially broken.

Provide input for boundary conformal bootstrap eqns. together
With one-point functions. Allow for data-mining.



Two-point functions

New feature: Overlap between operators with different conf. dims.

de Leeuw, Ipsen,

X ¢Cl
C.K., Vardinghus,
Wilhelm 17
* ¥
b 4

From general arguments

W2
(OR™(2) O (")) = Al —— (&), &= it x,”‘
23|25 23|75

NB Notice that non-trivial field theory manipulations are
needed to complete this calculation.



Setting up the perturbative program

1. Expand the N — 4 SYM action around chl Buhl-Mortensen,
" de-Leeuw, Ipsen,
b = oS+ @ = x_@ +é,  i=1,2,3 C.K., Wilhelm, ‘16

3

m» Complicated mass matrix
-Mixing involving both flavour and colour

-Mass terms involving x; dependence

= New cubic interaction terms
: i :
2. Gauge Px to kill a term of the type: S[Ay, o9 OM &

3. Diagonalize mass matrix

1 3 . 3 o
Smass ::E—%TT ([tia b;llti, o] + A, ti] [A", 2] + 4i[ A%, dt; + ti, ti]l0i, @5

+ [ti, gbz] [tj, qu] + [ti, ggj] [qu, tj] + ghOStS + fermions)



Bosonic masses naturally expressed in terms of v =

Multiplicity V(pase,Ao1,2,¢) | m(¥r1,23.4) | V(P1,2,3, A3
(+1 {+ 5 —/ (-1
g 5 B P N
(k+ 1) (N — k) 5 — kL .
k k+1 k42
((]]:f _ 1k))((]]V\f —@) 1 0 1
2 2
(=1, . k—1
. . . Yamaguchi &
4. Dealing with the space-time dependence of Sy,4ss  Nagasaki ‘12.

2

m
Bosonic Propagator: (_3“au t 3 ) K(z,y) = 0(z,y)
3

~

Define: K (z,y) = z3ys K(x,y). Then

K propagator with mass m2 = m2 — 2 in AdS, with metric Iy = 9%25#'/
3
: Gaiotto &
1
Special care needed for zero modes to keep %2 susy |\ oe

5. Regularization and renormalization needed

— but not for this calculation



Examples of two-point functions

(trZ7 () trZ7 (y)) conn = 5% (trZ7 (2)tr 272 (y)) conn

mind k,Jq,J _ _
g2, N s {’Zl’ Q}ajl Yot R (0 0+ 15204 2, €67

- Ji T ¢ l
A S (%) e+
2 J
trZ () trX271Z — dym 1
(trZ7* (x) tr () conn 1672 27y
min{k,J1,Jo} . V4 Ji1—1 Jy—1
! J i (e/z)ae Qy _1 _q
> T ger R0+ 15204 2671 ) F Lo R (E+ 1,0+ 15204 2, —671)]
=0 0+1

where the o’s can be found recursively

Gives a prediction for string theory



The double scaling limit

e String theory suggests a new double scaling limit Nagasaki &
Yamaguchi -12,

A
)\—>oo,k—>oo,?ﬁnite (N — 00)

D5-brane

Tk
VA

AdSs-boundary

 One can compare perturbative gauge theory to clasical
string theory in this limit (Reminiscent of BMN-limit)
NB: Both supersymmetry and conformal symmetry are
partially broken



Reminder, string theory one-point functions

for chiral primaries with SO(3) x SO(3) symmetry

(OL(x))
Only one such O for each even L
Computation: Heavy-Heavy-Light H H L Nagasaki &
— \/ . Yamaguchi ‘12,
D5-brane chiral primary
. o 35S (s C.K., Semenoff,
Witten prescription:  (Op(z)) = — 05c(s0) Young ‘12,
580 (x) 80:0

AdS,

To be integrated over

AdSs-boundary

r3 Fixed

Agreement found at leading and next to leading order in the double scaling parameter!



Two-point functions --- what do we learn

Prediction for string theory:

A
A=g2 N =00, k— o0, 2 finite,
J1+Jo—1
(trZ71trZ72) = AL (E) ! 2811
1672 N \ 2 $3J1y<3]2 (f —+ 1)62

1

Relevant string theory computation: (Notice factor of N )

AdS,

To be integrated over

I3 Y3

AdSs5-boundary



Potential applications of defect two-point functions

* Data mining using OPE or BOE
e Use together with one-point functions as input for bootstrap eqgns.

O; O; O; O,
Z @k N (Oin) N Z Ok Liendo,Rastelli
k k I Van Rees "12

Liendo &
Meneghelli. 16,

M; Aii®
JZ+A Z |z — ;7+A =, C(r —y,0y)Ok(y)

ey




Data mining

B fi; (§) | _ G
<Oz($>(93<y)> —_ (23;3)Ai (2y3)Aj <Oz(x)> — (2$3)AZ
z;gﬂwwz‘(ﬂ? +2)0;(y + 2)) = r _M,Zerj
From OPE
fi(&) = 5_ |:Mz] + ZAZJ Ck  Fou(Br, Ai — A4, 6) }

Bulk conf. block ~ f (1 + O(§))

Structure constants of N=4 SYM from one- and two-point functions (1+2=3)

From BOE

fi; (&) = C;C; +Zuz [k dey(Ak f)

Boundary
conformal block

Bulk-to-boundary couplings from one- and two-point functions



Data mining --- Example de Leeuw, Ipsen
C.K., Vardinghus

N (7109 NS & Wilhelm 17,
(Oi(2)O;(y)) = (22) D (253) 5 (Os) (25)2
Aj+A

OPE: fij(§) =& 2 {Mij+z)\ijecﬁ Founc(Ag, Ai = A5, €) ]
- ~

A
Bulk conf. block ~ STK (14 0())

Example: 0, = TrZ°, 0, =TrX*Z, M;; =0, A;=A;=3
2 4
_— . . ) N _ 9ym k(k - 1) 1 0
Planar limit, leading order in g,,,:  fi;(§) = 6n 80 ¢ + O(&")

Rhs of OPE: Contributions from O; with A; =14

2 _
01, = Te(Z2X?) - Tr(ZX ZX), Cl, = ’“(k% D
2 2
Oy, = 8Tr(Z°X?) +4Tx(ZX ZX), Cp, = bk 12(()% 7)

A\

i )\ii uniquely determined



Summary of results

Managed to find a general SU(2) tree-level and one-loop one-point
functions formula for any k, M, L

Proposed an asymptotic formula which matches a string
theory prediction in a d.s.l. (up to wrapping).

Generalised the tree-level formula to SU(3) and SO(6) for any k (and
other qguantum numbers)

Initiated the computation of two-point functions and the exploitation
of the boundary conf. bootstrap eqgns.

Started the investigation of the D3-D7 brane system. (One-point
functions vanishing in SU(2) and SU(3) sector, no closed formula for
SO(6) (yet)) de Leeuw, C.K. & Linardopoulos '16



Open questions:

More sophisticated data mining via boundary conf. bootstrap eqns.
More detailed comparisons with string theory for both one- and
two-point functions :

f.inst. involving spinning strings (i.e. non-protectect operators)
Working out the precise action of the 3D defect field theory
Moving on to higher loop orders ( & understand wrapping)

Proving the SU(3) and SO(6) formulas

Understanding at a deeper level the reason for integrability D3-D5

Understanding the reason for the apparent non-integrability of D3-D7

Other AdS/dCFT set-ups, f.inst. derived from ABJM theory.



Thank you



Extension to higher loop orders

Reminder for the spectral problem:

 Make the following replacement in the Bethe eqns.

i _ “4‘% >$(U+%)E T (u)
U— 3 r(u—3) r—(u)’

2
— eI
u(r) =z + ,

* Introduce phase factor in Bethe eqns. (only contributes starting at 4-loop order)

eiQ(Uj 7uk)

* Take into account wrapping interactions

="




One point functions at higher loop orders

|dea:

 Make the usual replacement in the Bethe egns. and in the Bethe function

) ~ (plus dressing phase
u =+ 9 r T, P — Oy plus wrapping corrections)

* Make the same replacement in the transfer matrix, i. e.

Qu+ “4)Q(u — 1)
Qu+ (a— 5)i)Q(

T,(u) — T, (u) = g~ z(u +ia)"

e Test our asymptotic (i.e. so far without wrapping) formula

oo G
2 —




Tests

* BMN vacuum: Formula agrees with string theory prediction
(up to wrapping order) in a d.s.l.

k-1
4=

Cr ({u;}) = i" T1(0) =itg" > a(ia)*

 Non-protected operators at one-loop:
Formula requires modification by a flux factor

o= TG
2 —

Fr=1+g" [‘P(%) + 75 — log 2]A<1> +0(gY),

NB Notice that a highly non-trivial field theory calculation is
needed for this statement.



Results in d.s.l. for chiral primary

Cr(g) (L + %) 3 /% oL—1 L—2
= 1]7 db 0 tan 6
Ck(o) st KL+1\/7F(L+ ) [H " } — arctan K o (/{_'_ o )
(VD) (LR T
B 2L(L — 1)xL+?
L(L+1) 1 Tk k
=1 - - =
i 4(L — 1)K? O (/@4) ’ " VA 4g
checked h;€611.04603
Buhl-Mortensen, de Leeuw,
Ipsen,C.K.,Wilhelm
(\/<49>2 +1+ 1)L (L\/<4g> +1— 1)
(7k(g) d.s.l. k=2 +—C?(g2L)
Ck(O) gauge theory 2L (L — 1)

proposal



The one-loop computation
Start from SU(2) Bethe eigenstate

Two types of corrections

1. Loop contribution to one-point function
2. Correction of the eigenstate

Two planar diagrams

S
—0

2. Can be found using © — morphism Gromov &

Vieira 13, ‘14



The one-loop computation

amputated loo ted
MPS p correcte
N Bethe
597 o eigenstate
Cpen = u)

Vv {uu)

[1_'_9 <\P(l)+’>’E—log2+ )A(l)} 0(94)

\ 4
Y

Follows from demanding normalised 2-pt fcts.

OPATe = Ps152:-5L ¢y Gsy Psy -+ - Py s si € {1}

' 1 i i C C C C
<Obare>1—100p(x) = 16" 2 (z3)2 Z#SJ =Sj +1 O30 8t S ($ lsl . '$Sjl 1$SJ1+2 "'$le )(x)
j

* g (g 2109+ 586 — logan) + W(5) )

> Z Osl...sj Sj+1 -.SL tr( $51 o $gj1_l [$gjl $cl

SJ +1

I$S,, .- )(=)



Outcome from the one-loop computation Buhl-Mortensen,

de-Leeuw, Ipsen,

C, = ity 1(0)\/62(;)@(0)\/01@13 é+ F, C.K., Wilhelm ,17

det G_

Checked for: L, M=2, any k (analytical derivation)
L=8, M=4, k=2,3,4,5,6 (numerically)

Exponentialization ?

Fr =2~ % exp (A = L)(W(E2) + )

Two loop computation might clarify this



