Quantum impurities in interacting environments
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The environment - Luttinger Liquid

ol 14"): <'="8 )E35&6(%'&3")&+)(4")6%?F""8=9)G#"-)@%&())%*)53'9)CF-))&'("83HI*:
=3@6"++)+9+("5+:))JIK)E"&+"7"8=)5%-"6L)E, 7738-) BTG R)&=)B%-"611))
* +o0 * +oo
Hi = ! ive dx(! Lyl gt "l ) +4g dx #g (X)# (X)

— o0 — OO

196)%7(3&):)RG 1 s

" + E

ii. Short cut: linearization
: : Band
L)1 LROOER 1 (e ke T kki
D Elq)

L ke x Kg %
PARN
¢ N

o/ M)CF-)?"3N)&'("83HI%'+)H43'=")(4")'3(,8")%*)(4")+9+("5:)))) /
*"85&%'+)—&f3@@"38)*8%5)+@"H(8,5L)H%66"HIO")V#F(&(SI%‘+)F) f

Hy =v dz[K! *(z)+ %(I (2))?] 0 2k

q

K1 1" 29/! Luttinger parameter: 2"@,6+&0")&'("83H126))))))))))))L))3RE3HIO™))

ol 2"36&P"-)&")53'9)"#@" 885" (36)+9+("5+))+@&')HA3& +|1JMBBTTEYL)




Local ScatteringCenter in a Luttinger Liquid
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Quantum dot + Luttinger Liquid
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Quantum dot + Luttinger Liquid
Experimental realization: Embedded dot
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Why?
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Local scattering in LL: The Kane-Fisher model
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The RG flow (Kane and Fisher ©92)

! )2))3'369+&+)))c?"3N)H%, @6&'=d))H e)
D g—g ! (1 " K )U U ( D) =8%"7+)*%8)?"3N)H%,@6&'=L)7,()?4"8")-%"+)

14" &5@,8&(9)H%, @ 6&%6)84)3#%8)8"@,6+&0")&'("83HI1%") &) (4'R6&>,&-))
ol b%"+)&()Z%?¥%6)g couplingL))el)H,()(4")?&8"€e)))
-)14")strong coupling regime &+)-"+H8&7"-)79)(4"))U"3N)!,""6&'=)E35&6(%'&3")

Hyr = HPYKT 4 prbukl 4 pp
'

./

bk, t = 0' dr(W, | OxWs s — U | O ) +4yg o. dr p+ 1 (2)pr 1 (¥)  2&a) = 1,1

Hy = t! +,r(o)+ L ,r(o) .!+,|(0)+ Ly J(O) +h.c

H
ol 2\)3':369+&+)%*)(4")U!))E35&6(%‘&3') Ki - 5 XVT
D d_[t) (1" K)t 1,"6&'=)&+)&88"6"03() U(D) t(D)

ol Hxr- flows from weak to strong coupling &%04%, 2*#( +&&%4%,2



The BetheAnsatz- |

Solve the model: Hyr = HP'K + HI™P by the Bethe Ansatz
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The BetheAnsatz- Il
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The BetheAnsatz- Il

)4" JE35&6(%'&3')-"("85&"+)(4")+H3R"8&'=)%*) @38IH6"+)%g)(4")&5@,8&(9)3'-))(4")6%H36)+H3R"
24")(4"9)H8%++1))[(4"8)+H3R"8&'=)8"631%'+)8"53&), " ("85&"-:)"1=1));F 2))%") % @ @%+&(")+&-"+)

X1
, = A
#35@6") X3\ X9 oo
i) —s 2 ) AL

X2
F))4™@38IH6"+)38"%)%@ @%+&(")+&-"+)%*)&5@,8&(9)(4")E35&6(%'&3"))3H(+)3
Hi(te !t T2) %8MIMYMMYNN))-"@"'-&'=)&*)(4"9)38")%*) %@ @ Yo+&(")%8)+3

'66%7?+)&'(8%-,H1%")%*)387&(8389)*,' MI%%H+320%1))))))))))))))))))*%8) % EURBBER)) /6
So we can introduce S-matrices 8"631'=)8/=&%'+)?"&=4("-)79:0D 0D D)RIM)MINNININ));

*%8NININNNN)Y8)))?"84((=)7 HNN)NN)NNINN NN *%8))))))NN))))A

-)Xhoice of S-matrix corresponds to choice of basis in degenerate subspace.
It is determined by consistency.

)+&5@6"8)"#35@6")14")_%-9%)5%-6) Ll dd o | | ol
= _j VY- N 28=4()5%0&@&6 ;YH36&P")
n= = Ly + (X )% o "6"H(2(3)%'+’§j ? ) &5@,8&(9)

j j
14")E35&6(%'&3)-"("85&"-)(4")XF53(8&#) <) 0 | - oo
%8)"6"H(BYHIR 88 =)o) &s@ 8a(9) ©  ~ W EHT d o)



The BetheAnsatz- IV
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The BetheAnsatz -V
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The BetheAnsatz- VI
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The BetheAnsatz- VII
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Periodic boundary conditions and spectrum
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Periodic boundary conditions and spectrum
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Periodic boundary conditions and spectrum

Fjo diagonalize Z(U) = t(u=1/2) ,+)=>?@ ooff diagonal Bethe Ansatzd)
I1)A39L)ULF; 1)a3'=L)_1)X48L)3-JpLWS'=
n'6&N")QMX1BA)-%"+)'%()8">,&8")8""8"'H")+(3(") al)U3=L)U1Fi1)a3'=L)11)A3%L)3-) BRAg

We find - Eigenvalues:

L (1/2)= 1 dive! sinh (! | 2i#)cosh@©cost? (1/2) ™™ sinh(1/21 p + i#)
L (1/2)="! sinh(! ! i#)sinh! j sinh(1/2+ p; ! i#)

?&(4)@3835"("8HNNNNIMMMNINN)+31++9&'=)))(4")Y ")) 0™)

cosh i(N+1)! +c+i"/21 #2+2" My 1 1 sinh(2 ! il)sinh(2y ! 2i!)
2icosh(u + c+ # 2! il)?sinh(y ! #! il)

& sinh(u + ! it)sinh(p + p!o2i0)
~ o sinh(y + #2! il)sinh(y ! #2! i)

=1

)+"6"HI%')8,6™) L E Lk, Lk + 1!
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The Luttinger limit (impurity decoupled)
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The Luttinger limit and the string hypothesis
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Thermodynamics |
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/&'&5J&P"7183]()-"'+&I"+)+%6,I%')%*)(4")Y‘.)(%)%7(3&')(4")19(4?):) =" >

2D
logn;(z) = —4d;, 17 arctan e™ + G xlog (1 + nj11(2)) (1 + nj—1(x)) + 6;,,—2G xlog (1 4 ;' (x))

logn,—1(z) = G *log (1 +n,_2(x)) = —logn,(v)

;;&(4)))Db)))%))))’)I)z)))»})oa)))))))))))ﬁ)():)»)35)393?)95’39?%))))))))))))))))))l)))»)%)1)!4")-'"+&(9)
(4")8966")96%)(4")H,(F6G)) +&'H" 25" )

ol Scaling limit: 8"5%0")H,(F%g)-"@"-"H")Y)PHRH)))))) L ‘ R
))i&"388P")(4")+@"H(8,5)F)0368-)31)8%=)34) D | j f

q—2kr q~0

~——— e ﬁ/idg'l | ke x kF k
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2"=8%")%*)036&-&(9) o7 Y
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*! Scaling limit: 8"5%0")H,(F%g)-"@"-"H"I)NNHIN)))N)))))?&(4%,())H43'=&'=)(4") @49+

b"G™) ;(x) = log (n;(x + ~log 1))
T

@ @8WHES3(")-880&=)("EB)rctam exp (s + ~log 1) = 2™ 1= e

ol 14"),'&0"8+36)*%85)%*)(4")!Y )

1> 2
() =—0;12e"™" + G *xlog (1 + e¥i-1@) (1 4 ePi+1@)y 5oy 9

pu-2(z) = G log(1 + 1) (1 4+ Pr—3D)(1 1 =)
wu_1(z) = Gxlog (1 +e?2")) = —, (z)

o1 14%)%8™)""8=9)))) PRNININIIN)))HY +&+(+)%*:)
= Eo—TN / r)log (1 + exp ¢1(x)) 14")7,6N)H%'(8&7,1%")

T
F T/da:G(a:+ log
Tkr

Jlog (14 e 1) 14 e5@ 8&(9)H%'(8&7,1%)

ol ")+H36")"5"8="+)T,. — pe' %’



Thermodynamics B RG and universality

ol 14")-9'35&H3669)=""83("-)+H36")

1 : Zarct!an g n . :| ’ 1| 2 4
Tee =De'" =p 9 2"H366:) c=log (1! U*/4)U

ol 1296)"> &036"())63'=,3="+) L R

1. Universality:))M'H8"3+")73'-)?&-(4)))))))))))))))N)I)))) ‘ ’
FF);&"38&P"-)(4")+@"H(8,5L)036&-)3+)6%'=)3#k), Mkiq&o

D k
[-DGF T.p.. <D ke " Kg
1 1 V4 \
W I —>] 7 S
2"=89%')%*)0368-&(9) D

F)E&=4)3-)6%7?)("5@"83(,8")8"=&5"+)-"G1BI)))))))L))36239+))+5366)H%5@ 3!
F).>,&036"(69))+"9)))N)))))))))A%6:-&'=))))))))))L)(47)366)8"+,6(+),'&0"8+361))

]1Renormalization Group:))2"-,H")73'-)?&-(4)?4&6")3-0,+I'=)(4")H%, @6 & =)))))))+%)(43(
(4")(4")6%7?)""8=9) @49+8&H+)8"53&+)&' ORBUMB)& ' F - G#'-1)

*0/68)

2arctan g

" " _ : T Wire is cut in IR
ZI(C%?:I?(;E)))Z\)Z%?.) U(D) ~ (TKF /D) ' I 3+) D1 ( Kane-Fisher ‘92




Thermodynamics and RG fixed points

Recall kernel:
! The impurity free energy - 4&=4)3'-)6%7?)("5@"83(,8")7"430&%?8) G(x + |1 log TT)

") (%) +%660")1Y P+ 962NN H%8S +@%'-&2))(%6))N)N)))N))1))

+1)? =1, 4y, =v—1=1/7,

e =M

1 =" —2=1/1F
! The fixed points:
)08™)™"8=9))3()+(8%'#EN))MN)N)))))d)3'-) ?"3Yc)) )))N)))))d))H%, @6&'=)6&5&(+)
Fiy = %log(!), Fin= %Iog(! 1)

)." (8% @9)-"H8"3+"+)3+)+9+("5)Z%PR-) (%) K35%6%-HA&YBMIN);,-2&=1436",8

. : 1 1%
Siv —Sip==1
Uv IR = 5 0g o1
G M2)G#"-)
e ) Flow of U(D)asD — 0 @%&)
T - 00 U"3N)’ " >0 17 —~0 !4")
o 6& LD X(8%'=) .
H%,@6&5)( Do) H%, @6&'=) fixed
i — 1A | _— points
Suv =log! A% H(3'H")%¥)3);)?&8") Sir =log(tt 1)
GoY = ((1'! 1)/1)e?/h c?&(4%,)&5@,8&(9d)) Gp: =0 !4")7&8")&+)H,())79)&5@,8&(9)




Thermodynamics and transport

i%72)+(,-9)"&=47%84%%-)%*)G#"-) @%&'(+)

nk)G#"-) M%/)i# )
e )Cﬁ " | ea@sw3Hax)
H%,@6&)( Do) Flow of U(D)asD —0 - ﬁﬁi’j/g;&.z) fixed points
Neighborhood of Neighborhood of
weak coupling strong coupling
T Tke T ~0

F):"3-&'=)&88"6"03'()%@"83(%8+)-"('B5@&8xch) (%) G#"-) @%&.(+)
)14")H%88"H1%'+)(%)(4")3+95@ (%IH)O36, ")t Pyelik ‘95 for xx2)

NI

Specificheat: C(T' < Txr) ~ (T/Tkr) ”El)L) C(T > Tkr) ~ (Txr/T)

F))X35")&88"6"03'()%@"83(%8)H%'(8%6+)H%'-dst€atahg Luawig)BV])

Conductance: /(T < Typ) ~ (T/Twp) )T G(T! Twe)" Go# (Ter IT)>

k3'&+4"+)&H K&F ‘92 Go = ((v —1)/v)e*/h - UV fixed point conductance



Excitation Spectrum and Scattering

! Ground state configurationF)))+%6,1%")%%*))Y ".:)

| vV

Naj () + b (x) = pp(x) + o] (x) + A ! pe(2)
k
28(4)'%)4%6"+)%8)+(8&£¥))= ! (x) =0, j> 1

! Fundamental excitations- )chiron: 3)4%6")3(?)))))))&')(4")-&+(88£71I%'))
| =2D arctane' ¥’

M()+H3R"8+)%Q)(4")&5 @ RBEIDYH)%7(3&"-)79)+(,-9&'=)Cq;)H%S88"HI%'+)(%) 5%

. A e 3 d! tanh (! /2) i x
Sei(1)= g “(Flog(tTke ) ?&(4) = F s TR D7)

)chiron-chiron +H3R"8&'=)))

e R | sinh (("/#! 2)! /2)e'*
SCC(ly,lp) =€ Tt P&(A) L= e T S (T E T D)

! Other approach: Y%+%'&P3IM3"-)8"631%") (%)Y %,'-389) X&' F\%8-%")
Zamolodchikov ’93 Saleur ‘94
Solitons, anti-solitons and breathers @%+(,63("-)?&(4)(4"&8))%'F+4"66))XF53(8&



Quantum dot at the edgebthe BetheAnsatz

...... ~— U5 — r'é‘« Y%,'-389)H%'-&1%")3()(4")"-=")
P (0) = b, (0)
t U :
H=Hu + (! !, )d+ho)+ "odd+ Zdd 1, (0)!(0)

For K = 1 we have Hr; — Hy  2"+%'3'H")6"0"6)5%-"®lp9)80) Ug"=53" )BIC)

14")230")*,'HI%'+)H%' +&+()%*)@38(+)’?&(4)(4 "-%()%HH, @& -)%8),'%HH, @&"-L)
(4")63R"B)BN"H)(A )Y HH3(P)%85) 1~ ponpeye b i)l

?4"8")35@6&(,-"+)38")8"63("-)79:))) Q -
/¢\1 tky — 28 — iYL (kl — k2)
2SI -
24"8") T
oretan (0'/2) = cton (U/2) —aretan(s) o=t 10V D=2 oo O

M5E@%+&'=)@"88%-&H)7%,-389)H%-&I%+)6"3-)(%)Y".2)) |\ ooy | &

N -
ikl _ giv-n K L o ! Wk ket 2rt 1 (k! k) ?;ﬁifﬁ)

k; ! |O+|l ki kit 2r +iZ (k! k) 5&&5&P&:))))))))ii)))[))))
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The quantum dot Dthe BetheAnsatz

M()&+)H%'0"&"()(%)8"?8&(")&)("83@®:3)"+ K; = De*7 + @
14"Y".)(3N")(4")*%85)

€

N . 1 .
LDt L _ ji(N=1)¢-ieo L cosh 2 5 (x; —c+iA) H sinh 3 (z; — 21 — 21A)
cosh 1 (z; — ¢ —iA) l Smh% —xl—l—QiA)
?&(4)
A = g (2 — %) + arctan (%) IR catastrophe index 2"H366:)

K>1/2

C

r
=75 y=1/y/1+(U"/2)?

j"-)+%60")*%&))))))))) H%N5@,(")(4")" EB=MINNNNNN)))3-)&"1*9)(4")=8%,"-)+(3("L)
(4")"#H&(31%+L)H%5@,(")(4")*8"™")""8=9) ;



The quantum dot Dthe BetheAnsatz

14") 83@&-&))4%85)+(8&'=+2)

0%8)) N D)IDINZIAZCMIINIMEN)
0%8)) MMM ZI43ONMNBMMMMN MMM

AB3&5:))0%E)NMMMN)A")=8%, -)+(3(JHO+&+(+)%*)CF+(8&'=+)
0%8)MMMMMMMMNNA)=8%, ")+(3(HY%+&+(+)%*)CF)3-)]F+(
1) +96)%)



The quantum dot Bthe occupation

7=S))@8%@"81"+:)))!4")-%()%HH,@319%3)) d ' d"
F)O%Bﬁ))»)@)))))))))))))+9:("5)@8%@"8I"+)38"),'@"84f3©?13+)))))))))))))))))))))))))))'?45
4%6- &'—m)»)»)(»)';9)))2»»»»»»)»)»»G#" 1)

F))!47)*, HI%' 36)*%85)%’*)))9%3??)) DMMMMMM)N)-"@"-+)%)(4") @3835"( S)Hv*ig&Ss

I >1/3
1,1 " (rer@a BTN rq4 ] (2n+1))

n<> | - "
a (.!)= 2 "o, n 2n +1 Tk "(1+ 5-(2n+1))
I! " n Frrzll_
0 )= e (g TG e T
d ) i n! " (1 ;n) H)
n=1 j%','&0"8+362%?N'&0"8+36)Z%7?)(%)
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The quantum dot Bthe RG flow

14)202%2)) %ER)NM)N)E:+), &O8+36L)8%5)?"3N) (%) +(8% =)H%, @6&=)

________________
-~ ~
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' 4

No%) e 04 2T oo Ib%0)
6%H36&P!: dm=112 /1 \dim=2 "/ ~'6%H36&P")
|"&=47%84%%-)%*) J"&=47%84%%-)%*)

€0 > Tk €0 < Tk

06%7?)%0))))))D))3+))
X&5&638)@&HFBY3(A%E@,(")*8™)""8=9N) = T f(T/Tx . ¢/ Tr )

2&(4)C, ~ T/ Tx
F))0&#"-) @%&'(:)0"85&))6&>,&-)6&N")))

M-"1*9)&5@,8&(9)+@&")3'"-)-%()%HH, @3P6)ENNNIVNNMNNINI)L))
F)XH8™"-)_%'"-%)+@&)H%88"+@%'-+)(%)3)*,669)4978&-&P"-)-%() ?&(4) )%, @31%'L)))))))))))))))
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Conclusions and Outlook

Conclusions:)
)X%60"-)(4")_3"FO&+4"8)5%-"6))"#3H(69)&')366)@3835"("8)8"=&5"+)
[7(3&"-)3'3691H))*%8)3+95@ (%IH)(4"85%-9'35&H)3"-)(83'+ @%8()>,3'lI"+))
)X%60"-)(4")?"3N)(,""6&'=)5%-"6))c-,36)(%)_3"F0&+4"8d)

F)X%60"-)(4")"-=")H%, @6"-)-%(F?&8"L)+(,-&"-))-%()%HH, @31%)
3'-)(4"85%-9'35&H+))

To do list:

»>! In equilibrium

| )-%()"-=")H%, @6") (HI&E™)))
| )%0+8-HY,@6™))()3)8 ))788'L)(UY="8 )?88"+)

o 06-9%)&5@,8&(9)H%, @6 KH)B) )68>,&-)

o X@&)3'&+%(8%@&H)+9+("5+)



Conclusions and Outlook

> Out-of- equilibrium

&1 Q,"H4)-9'35&H+))%*))(4")+9+("5+:))
- A%,@6&'=)(4")&5@,8&(9)(%)(4")6"3-)cM'X83}HEdye problemd)
- )A43'=&'=)(4")&'("83H1%7)+(8=(4))))))))))))))))))NNNNNNNDII)).
-)14") ;%+H45&)(H4%L)>,3'(,5)?%8N)))
i. |%"'>,&6&78& B(83'+@%8()3()G'&(")0%6(3=")
iii. $"8+&+(""()H,88"(+)

iv. $"8&%-&H3669)-8&0™)+0§%>))



BetheAnsatz eqnsin the thrmodynamic limit

*! Thermodynamic limit N,L 1" ,)))))E)»)D))))93)’)))))5)))))))))))))))))))))))))))))))))))))))))))))))))
M'(8%-,H")+(8&'=)3"-)+(8&'=F4%6")-"+&A +D))MMMN)NINI))))+31+*9&'=) (4" H%'T',

Naj (z)+ b (z) = p(2)+ o (@) +  Aj ! pe(@)

Nay(z) +b,(z) = =, (z) = "(z) + " Ay 1 ()
W) 0) = g ) e
b (x) = %%p(x L c/",n,! V) gé)(ic;/?@aggz)éf?)%?ggg)r
Au) = =L, M(5&#"+)):)s)2)

p(X,Nj,V;) = 2v; arctan ((cot nj! /2)" tanh! x)

L () = PO, Iy Nkl vivi) + pO N+ N vivi) +20 px Ing b one + 24, v v)
q
3-)W))-"%("+))(4") @38&(9)%*)+(8&'=)))))1)))
| 4HO688"+ @%-8=) "8=9)&+)

E{I;}="! D 1(x)(p(xnj,v)+ "(v)#)
i=1



Conventions
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