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MOTIVATION

• We require efficient classical methods to compare against 

quantum computations

o Lattice density functional theory

o Variational quantum eigensolvers

o Entanglement renormalization

• Tensor contractions reduce to matrix multiplications
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URL:         dmrgenie.rs.uvic.ca

GitHub:    bakerte/DMRGenie.jl
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THE STRASSEN ALGORITHM
FOR MATRIX MULTIPLICATION
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THE STRASSEN 
ALGORITHM

A B. = C
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THE STRASSEN 
ALGORITHM
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A12

A21 A22
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B21 B22

C11 C12

C21 C22
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THE STRASSEN 
ALGORITHM

Traditional Multiplication 

8 Multiplications

4 Additions

Strassen Multiplication

7 Multiplications

18 Additions
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THE STRASSEN 
ALGORITHM

Traditional Multiplication 

8 Multiplications

4 Additions

Strassen Multiplication

7 Multiplications

18 Additions

(Single-level vs. Multi-level)

𝑶(𝒏𝟑) 𝑶 𝒏𝐥𝐨𝐠𝟐𝟕 = 𝑶(𝒏𝟐.𝟖𝟏)
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THE STRASSEN 
ALGORITHM

Traditional

𝑀1 = 𝐴11 + 𝐴22 𝐵11 + 𝐵22
𝑀2 = 𝐴21 + 𝐴22 𝐵11
𝑀3 = 𝐴11 𝐵12 − 𝐵22
𝑀4 = 𝐴22 𝐵21 − 𝐵11
𝑀5 = 𝐴11 + 𝐴12 𝐵22
𝑀6 = 𝐴21 − 𝐴11 𝐵11 + 𝐵12
𝑀7 = 𝐴12 − 𝐴22 𝐵21 + 𝐵22

Strassen

𝑀1 = 𝐴11𝐵11
𝑀2 = 𝐴12𝐵21
𝑀3 = 𝐴11𝐵12
𝑀4 = 𝐴12𝐵22
𝑀5 = 𝐴21𝐵11
𝑀6 = 𝐴22𝐵21
𝑀7 = 𝐴21𝐵12
𝑀8 = 𝐴22𝐵22
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THE STRASSEN 
ALGORITHM

𝐶11 = 𝑀1 +𝑀4 −𝑀5 +𝑀7

𝐶12 = 𝑀3 +𝑀5

𝐶21 = 𝑀2 +𝑀4

𝐶11 = 𝑀1 −𝑀2 +𝑀3 +𝑀6

𝐶11 = 𝑀1 +𝑀2

𝐶12 = 𝑀3 +𝑀4

𝐶21 = 𝑀5 +𝑀6

𝐶22 = 𝑀7 +𝑀8

Traditional Strassen
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OUR RESULTS

We implemented a general Strassen algorithm in Julia

github.com/bakerte/StrassOPen.jl
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INITIAL CONCLUSIONS

• The single and two-level Strassen algorithms are applicable

• There is a Goldilocks zone of applicability:

1. Matrix size is large enough for speedup

2. Matrix size is not too large so that there is sufficient memory 

(memory ceiling)
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THE PARTIAL-STRASSEN ALGORITHM
A NEW VARIANT
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THE PARTIAL-STRASSEN 
ALGORITHM

Modifications:

1. Store some Mi matrices in C and some in 

pre-allocated buffers 

2. Subdivide only the Mi  matrices stored in C
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THE PARTIAL-STRASSEN 
ALGORITHM

M4 M5

M2 M3

Store some Mi  matrices in C

C

𝑀1 = 𝐴11 + 𝐴22 𝐵11 + 𝐵22
𝑀2 = 𝐴21 + 𝐴22 𝐵11
𝑀3 = 𝐴11 𝐵12 − 𝐵22
𝑀4 = 𝐴22 𝐵21 − 𝐵11
𝑀5 = 𝐴11 + 𝐴12 𝐵22
𝑀6 = 𝐴21 − 𝐴11 𝐵11 + 𝐵12
𝑀7 = 𝐴12 − 𝐴22 𝐵21 + 𝐵22
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THE PARTIAL-STRASSEN 
ALGORITHM

M1 M6

M7

Store remaining Mi matrices in a buffer

Buffer

𝑀1 = 𝐴11 + 𝐴22 𝐵11 + 𝐵22
𝑀2 = 𝐴21 + 𝐴22 𝐵11
𝑀3 = 𝐴11 𝐵12 − 𝐵22
𝑀4 = 𝐴22 𝐵21 − 𝐵11
𝑀5 = 𝐴11 + 𝐴12 𝐵22
𝑀6 = 𝐴21 − 𝐴11 𝐵11 + 𝐵12
𝑀7 = 𝐴12 − 𝐴22 𝐵21 + 𝐵22
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THE PARTIAL-STRASSEN 
ALGORITHM

M4

Further subdivide matrices which are stored in C

⁴𝑀4
2

M5

M2 M3

⁴𝑀5
2

⁴𝑀2
2 ⁴𝑀3

2

⁵𝑀4
2 ⁵𝑀5

2

⁵𝑀2
2 ⁵𝑀3

2

²𝑀4
2 ²𝑀5

2

²𝑀2
2 ²𝑀3

2

³𝑀4
2 ³𝑀5

2

³𝑀2
2 ³𝑀3

2
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THE PARTIAL-STRASSEN 
ALGORITHM

Store the ʲ𝑴𝒊
𝟐 which don’t fit into C in our buffer (single-thread representation)

⁴𝑀1
2 ⁴𝑀6

2

⁴𝑀7
2

M6

M7

M1

⁵𝑀1
2 ⁵𝑀6

2

⁵𝑀7
2

²𝑀1
2

²𝑀6
2²𝑀7

2

³𝑀1
2

³𝑀6
2

³𝑀7
2
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THE PARTIAL-STRASSEN 
ALGORITHM

C Buffer

Repeat all the way down, then build back up
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THE PARTIAL-STRASSEN 
ALGORITHM

C Buffer
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THE PARTIAL-STRASSEN 
ALGORITHM

C

Final Result

Repeat all the way down, then build back up
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BENEFITS

• Limited memory usage 𝒄𝒏𝟐

• Practical running time

𝑇 = 4𝑘
𝑛

2𝑘

2

+
𝑛

2𝑘

3

+ ෍

𝑖=1

𝑘

3 ∗ 4𝑖−1 2
𝑛

2𝑖

2

+
𝑛

2𝑖

3

+ 8
𝑛

2𝑖

2

+ 𝑂(𝑛)

T = Total operations

k = Number of levels
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BENEFITS

• Limited memory usage 𝒄𝒏𝟐

• Practical running time

For sufficiently large n and k

𝑇 ≈
3

4
𝑛3 +

3

2
𝑘 + 4 𝑛2 + 𝑂(𝑛)

T = Total operations

k = Number of levels
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Matrix Multiplication in 75% time
(for large matrices)
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IMPLEMENTATION

• We implemented a single-threaded version of the Partial Strassen 

Algorithm which can achieve 80% the runtime of BLAS

• We have a multi-threaded version in early development which beats 

BLAS

• There is a lot of room for improvement
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TAKEAWAY

We can speed up large matrix multiplications and tensor 

contractions with limited memory consumption
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bakerte/DMRGenie.jl

bakerte/DMRJtensor.jl

bakerte/TensorPACK.jl

bakerte/StrassOPen.jl
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THANK YOU
Aaron Dayton (Speaker) – Kiana Gallagher – Dr. Thomas E. Baker 

Department of Physics & Astronomy, University of Victoria, Victoria, Canada

47


