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Seng (2022) and
references therein.

V,q element of CKM matrix
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Beta decay In the Standard Model
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Gr = Fermi coupling constant
determined from muon g decay

[2] Zyla et al. (2020)



V,q element of CKM matrix

= Precise V,4 from superallowed Fermi transitions

2 h7 7T3111(2) Gr = Fermi coupling constant
’Vud’ — determined from muon g decay

- GEmic Ft(1+ AY)

— hadronic matrix elements modified by nuclear environment
— Fermi matrix element renormalized by isospin non-conserving forces

K
G% | Mpol?(1+ AR)

]‘—t:ft(l—l—(%%)(l—(SC—l—(SNS) Ft =

[2] Zyla et al. (2020)



Historical treatment

Pre-2018 (for almost 30 years)
= Ons from shell model and approximate single-nucleon currents
= ¢ from shell model with Woods-Saxon potential

Since 2018

= Data-driven dispersion integral approach for A% [3-4] which
reduced radiative correction uncertainty by factor of ~ 2

= Ongoing nuclear theory [ this work ] and lattice QCD calculations
of electroweak box diagrams

[3] Seng et al. (2018)
[4] Gorchtein et al. (2019)
[5] Hardy et al. (2020)



Histarical treatmaent A RPN
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Superallowed nuclear beta decays and precision tests

of the Standard Model

Mikhail Gorchtein’? and Chien-Yeah Seng3*

November 20, 2023

Abstract

For many decades, the main source of information on the top-left corner element of
the Cabibbo-Kobayashi-Maskawa quark mixing matrix V,,; were superallowed nuclear beta
decays with an impressive 0.01% precision. This precision, apart from experimental data,
relies on theoretical calculations in which nuclear structure-dependent effects and uncertain-
ties play a prime role. This review is dedicated to a thorough reassessment of all ingredients
that enter the extraction of the value of V4 from experimental data. We tried to keep bal-
ance between historical retrospect and new developments, many of which occurred in just
five past years. They have not yet been reviewed in a complete manner, not least because
new results are a-coming. This review aims at filling this gap and offers an in-depth yet
accessible summary of all recent developments.

Mree
B Orn

[3] Seng et al. (2018)
[4] Gorchtein et al. (2019)
[5] Hardy et al. (2020)



Parent Nucleus

NCSM

Parent Nucleus| dns(%)

6mAl|-0.019(51)
401 |-0.093(57)
B4mK|20.098(60)
423 0.033(64)
6y |.0.031(65)
OMn  |-0.029(69)
Co  |-0.017(74)
2Ga  |-0.016(82)
66As  |-0.030(85)
OBy |-0.049(89)
RL|-0.032(94)

[5] Hardy et al. (2020)
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[6] Entem et al. (2017)
[7] Soma et al. (2020)

No-core shell model (NCSM)

11

= Ab initio approach to solving many-body Schrédinger equation
= Sole input are nuclear interactions from chiral effective field theory

— NN-N4LO(500) [6] . . .
— 3N(Inl)-N2LO(650) [7] } HIL T = BV 1wl T

Anti-symmetrized products of \
many-body HO states
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Standard Model

. SU(3)¢ /

Chiral Effective Field Theory

Entem et al. (2017) Weinberg (1991)
Soma et al. (2020) Epelbaum (2009)

H|w) Ty =E7 o))

E

Barrett et al. (2013)
Haydock (1974)

SU(2), x U(Dy

et

Vv

= Ultimate goal — consistent chiral
expansion for electroweak currents

= For now - leading multipole expansion

Haxton et al. (2007)
Seng et al. (2023)
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v Leptonic current
AR and 6NS NME of charged

/ weak current
14

= Tree level beta decay amplitude  M;,ce = ——LAFA(P’aP)

= Hadronic correction in forward scattering limit

d*q M? €
OM = —ivV2G re’L 44
W2Gre A/ (2m)* M3, — @2 [(pe — @)2 — m2]q

oM = ny(Ee)Mtree

[8] Seng et al. (2023)



Leptonic current

\ NME of charged
AR and 51\/5 / / weak current .
= Tree level beta decay amplitude  M;pee = — \/EL)\FA(p p)
= Hadronic correction in forward scattering limit
i ]
_ W )
oM = ny(Ee)Mt'ree } ot
1)‘
Db (E ) _ ﬁ\/ d4q MI%V 1 1 MV(}%) o q2 T3(V7 |(T|)
WA M ) (2m)t M3, — ¢? ¢ + e (pe — q)? + i€ v f+(0)

[8] Seng et al. (2023)



Leptonic current

\ NME of charged
AR and 5]\/5 / / weak current .
i GF N/ 1
= Tree level beta decay amplitude My ee = _ELAF (p', p)
o Hadror:.i.n_n.a.um.n.ti.an_i.n_'ﬁau.n'nvﬁl caoanttavina Linait j
5 o 2[ b,nuc b,free n]
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[8] Seng et al. (2023)



Lanczos strength method

= Reformulate resolvent operator as inhomogeneous Schrddinger equation

(H — E1)|®) = O

HVI =V, + [3’1V2

HV2 = ﬁ1V1 T A,V, + ﬁzvs

Hv,
Hv,

APRECASE Y AN

AR ANRIAL

)

= Resolvent amplitudes reconstructed
via Lanczos basis

= Avoids (total) brute force calculation
of intermediate states

[9] Haydock (1974)
[10] Dagotto (1994)
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O
1 Flactic

No resolution for nuclear yW-box above pion threshold, meaning dy
extracted with only free nucleon Born contribution

ONS = 2{( zﬁ}m
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z’%) sh }

Mm
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Nuclear poles

o 0= E g

G(-v+Mi+ie) =) z\?ﬁe] — M,

= Traverse infinite number of poles in
discrete and continuous nuclear spectrum

= Natural solution is Wick rotation

K.C. Greene

20



Wick rotation
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Wick rotation and electron energy expansion

?yW (Ee) — (

ib}'W)\?Vick(E*'i’) T ( EjrW

)Res,e(Ee) + ( ?YW)RES,TB(

Ee)

Wick rotated box diagram combined with electron
propagator residue contribution regular at E, =0

T; residue contribution singular
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= Goal: consistent nuclear theory corrections to Fermi transitions

= Larger basis NCSM calculations of éyg complete

= First consistent NCSM calculation, seems that residue is dominant feature
= NCSMC calculations for 6. ongoing with Mack Atkinson

Outlook

= Tackle large number of many-body calculations with realistic N,,,,
— seperate inhomogeneous Schrddinger equation at each |q|
— NG| X Neerms X Jmax = 50 X 4 X 3 = 600 many body calculations

= Improve limited uncertainty quantification
= Heavier transitions, e.g., **O — “N

26
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Lanczos strength method

29

= Reformulate resolvent operator as inhomogeneous Schrddinger equation

(H — E1)|®) = O|¥)
Hv, =av, + BV, \ Access dynamical properties!
HVz = /51V1 T o,V, + ﬁ2V3
Hv, = poV, +a Vs + by, (L) -l-
Hy, = pvirav py]  (InlO1lJi) = (P)o, (|01 ]Ji)|

<JL|OZ|J”> — ||02 |JL>|| Z (P(i))m,n < éf)‘¢82)>

[9] Haydock (1974)
[10] Dagotto (1994)
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At and Sy

Leptonic current

NME of charged

/ weak current
31

. G
= Tree level beta decay amplitude  M;yce = TIQLAF)‘(p’, p)
= Hadronic correction in forward scattering limit
b b,f | ! |
,NUC ,Iree n
5NS — 2[ yW yW ] !
>
\ 7
I~W 1 4 1q-T T
T (p.q) = 5 | d'z e (¢r(p)|T [T (@) T3y (0)T] |01 (p)

[6] Seng et al. (2023)



Nonrelativistic Compton amplitude | N /

5

= Goal: Non-relativistic currents in momentum space [7]
= Rewrite currents with A-body propagators

JH(t, &) = e TR0, 8) et —— | G(BE) =) Elnzﬁl

n

/ B e T ¢ (p)| T8 (0,8) G(My + v+ ic) JHY(0,0)|64(p))

A3z 8—ic}'-f<¢f (p)’JgVU(O, 6) G(M@ —V+ 36) ng(oa f)";bz (p)>

[7] Haxton et al. (2007)
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Nonrelativistic Compton amplitude | .
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= Goal: Non-relativistic currents in momentum space [7]
= Rewrite currents with A-body propagators
= Fourier transform currents into momentum space

L - S Translation
J(r) = e J(q) + Invariance

TH (p,q) = in/MiMy (| J2 () G(My + v +i€) JiY (—7)| @)

of

'@ll \ J

+ 9 M@Mf <(I)f|J;£;r}(—(T)G(Mz_V‘|‘ZE) ng(@)|¢3>

[7] Haxton et al. (2007)
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Nonrelativistic Compton amplitude | -7

&, .y
2

= Goal: Non-relativistic currents in momentum space [7]
= Rewrite currents with A-body propagators

= Fourier transform currents into momentum space

= General multipole expansion of currents

M (q) 3:/6137“ M (g, 7) p(7) T5a(q) = ]d?’?" —(V x MY (q, )) /()

Lynm(q) = f d’r é(VMJM(q,F)) .

[7] Haxton et al. (2007)
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Nonrelativistic Compton amplitude
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= Goal: Non-relativistic currents in momentum space [7]

= Rewrite currents with A-body propagators
= Fourier transform currents into momentum space

= General multipole expansion of currents

5,mag

T3(v, \q\)—4m‘_,‘«/MM 22J+1 (wf{ TR G(v 4 My +ie) Ty + TS50 G(v + My + i) T

+ T30 G(—v + M +i€) Ty + T G(—v + M; + 'iﬁ)l’ff%ag} (191)|w3)

[7] Haxton et al. (2007)



Nonrelativistic Compton amplitude

= Goal: Non-relativistic currents in momentum space [7]

= Rewrite currents with A-body propagators
= Fourier transform currents into momentum space

= General multipole expansion of currents

Ts(v, |q|)—4ﬂz‘_}‘1/ﬂ/[ 22J+1 (xpf{/

+ T5,mag

G(—V + M; + iE)

mag

TS, +

v+ My + i€)

+ T§5|G(I/ + My +ie) (I},

|
2y
y
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Lanczos continued fraction
method to compute nuclear
Green'’s functions [13-14]

5,el
TJ 0

G(—I/ + M; + i€

i

e () v

[7] Haxton et al. (2007)
[13] Hao et al. (2020)
[14] Froese et al. (2021)



Electron energy expansion

b b

’YW(EG?) = Op 1 Ee 1+ -+ ( VW)ReS,Tg(
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Multipole expansion of amplitude

38

—

M (g, 7) = jslgr) Yy (7) MY (q,7) = jr(qr) Y, (7)

[7] Walecka (2004)



Multipole expansion of amplitude

p(q) = \/47TL( )/ V20 +1 Mjo(q)

J (¢, \/4%22 i)’V2J + 1 Ljo(q)

J(_’, A\ = ::1) —\/27T 2: J\/QJ +1 ()\Tﬁa’g(q) —

T?&(q))



Nuclear matrix elements of multipole operators

F(T)
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AN

Gy’

— T
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M (q,7) = js(qr) Yy (7)

/ l= by —
Asm(g,T) = M 5(q,7) - —V Ym(g,m) = (EV M%(Qa F)) "o
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. 1=
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Symmetry tests of T; amplitude

41

= Time reversal symmetry with exact isospin gives NME constraint
= Previously assumed nuclear T; matched nucleonic system

Nuclei Nucleons Pions
T (- v@) -1 (1. Q?) 7" (~v, Q%) = ~15" (v, Q) 17 (-1, Q%) = -1 (v, Q%)
T (—1, Q%) = - T3 (—1, Q%) = T3V (v, Q?) T (v, Q%) = 0

(OB|TR O () G(M+ie) TS5 ()| 0C) = (1oC| T (q) G(M+ie) TS (¢)|*°B)

(OB|TS V) (q) G(M+ie) T3 ()| 0C) = (1°C|T55'” (¢) G(M+ie) T2 (q)|*°B)

[6] Seng et al. (2023)
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