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Natural focusing: caustics

freak waves
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gravitational lensing large scale structure of the universe

tsunamis and tidal bores
ship’s wake

Zeldovich 1981

Kelvin 1905

Einstein 1912
Descartes 1637

rainbows

Pelinovsky 2003 Berry 2005



Catastrophe theory: structurally stable singularities
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Fold (K=1) Cusp (K=2)
Swallowtail (K=3)

Elliptic Umbilic (K=3) Hyperbolic Umbilic (K=3)

K = codimension

Each surface represents a bifurcation where the number of solutions changes (rays are born/die)



Quantum caustic example 1:

Bosonic Josephson junctions 
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BEC in a double well potential
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Albiez	et	al,	PRL	95	
010402	(2005)


} Josephson’s 
equations

phase 
difference

number 
difference

n ⌘ 1

2
(nl � nr) , � ⌘ �l � �r

number difference phase difference

where:

<latexit sha1_base64="xQpQ2AI4jZiafKwihMzJDO6etpQ=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4KjMi6kYoiuCygn1AZyiZNNMJzWSG5I5Qhtm68VfcuFDErX/gzr8xbWehrQcCh3POTXKPnwiuwba/rdLS8srqWnm9srG5tb1T3d1r6zhVlLVoLGLV9YlmgkvWAg6CdRPFSOQL1vFH1xO/88CU5rG8h3HCvIgMJQ84JWCkfhW7gxgyNwl5ji/dQBGa3fQzmueZG/pE5SZSs+v2FHiROAWpoQLNfvXLXEnTiEmggmjdc+wEvIwo4FSwvOKmmiWEjsiQ9QyVJGLay6ab5PjIKAMcxMocCXiq/p7ISKT1OPJNMiIQ6nlvIv7n9VIILryMyyQFJunsoSAVGGI8qQUPuGIUxNgQQhU3f8U0JKYOMOVVTAnO/MqLpH1Sd87qp3entcZVUUcZHaBDdIwcdI4a6BY1UQtR9Iie0St6s56sF+vd+phFS1Yxs4/+wPr8AXWomtc=</latexit>

�̇ =
Ec

~ n
<latexit sha1_base64="qGAJ45a7mI7mbyFi0E2Gvmc+WYY=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoxpJIUTdCUQRxVcE+oAlhMp00QyeTMDMRSsgvuPFX3LhQxK07d/6N0zYLbT1w4XDOvTP3Hj9hVCrL+jZKS8srq2vl9crG5tb2jrm715FxKjBp45jFoucjSRjlpK2oYqSXCIIin5GuP7qa+N0HIiSN+b0aJ8SN0JDTgGKktOSZNWcQq4zn8AIeO4FAOLv2sts8z5zQRyKHjqQcOklIPbNq1a0p4CKxC1IFBVqe+aWfxmlEuMIMSdm3rUS5GRKKYkbyipNKkiA8QkPS15SjiEg3m16UwyOtDGAQC11cwan6eyJDkZTjyNedEVKhnPcm4n9eP1XBuZtRnqSKcDz7KEgZVDGcxAMHVBCs2FgThAXVu0IcIp2L0iFWdAj2/MmLpHNSt0/rjbtGtXlZxFEGB+AQ1IANzkAT3IAWaAMMHsEzeAVvxpPxYrwbH7PWklHM7IM/MD5/AC2JnUE=</latexit>
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Classical field dynamics following a quench

0 p 2 p 3 p
-p

- p2

0

p
2

p

t

f

0 p 2 p 3 p
-1.0

-0.5

0.0

0.5

1.0

t

n
ê
2
l

(a)

(b)

nu
m

be
r d

iff
er

en
ce

ph
as

e 
di

ffe
re

nc
e

�⇡ ⇡

� ⌘ 2EJ/Ec

Sudden connection of two independent BECs  (initial state = Fock state)

time

meanfield 
potential
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phase 
difference

[�̂, n̂] ⇡ iquantum:

truncated Wigner approximation:



Quantum field dynamics following a quench
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Cusps in Fock space: meanfield singularities are regularized by second-quantization

Quantum catastrophes

num
ber difference

time
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Classical field 

(Josephson equations)

Quantum field

(Bose-Hubbard theory)

D.O’D, Phys. Rev. Lett. 109, 150406 (2012)  



Quantum caustic example 2:

BEC in a triple well 
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Triple well: elliptic umbilic

10
W. Kirkby, Y. Yee, K. Shi and D. O’D  Phys. Rev. Research 
4, 013105 (2022) 

<latexit sha1_base64="M36mRZknuGdE7m34ByW+oQnjdRc="></latexit>
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2

3X

i=1

n̂i(n̂i � 1) +
3X
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✏in̂i

Elliptic Umbilic Catastrophe

(K=3 catastrophe)

2D Fock space allows higher 
catastrophes!

initial condition: 
uniform 

distribution in 
Fock space

KL = KR = KX = J
J = 0.01U

N=150
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Triple well: hyperbolic umbilic
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Jt/ℏ = 0.24 Jt/ℏ = 0.34

hyperbolic umbilicKL = KR = J= 4U
KX = 0

initial condition: 
single Fock state 
centered at 0,0

N=150



Quantum caustic example 3:

coupled 1D superfluids
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Two coupled 1D superfluids
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T.	Schweigler,	V.	Kasper,	S.	Erne,	
I.	Mazets,	B.	Rauer,	F.	Cataldini,	
T.	Langen,	T.	Gasenzer,	J.	Berges	
&	J.	Schmiedmayer,	Nature	545,	
323	(2017)

sine-Gordon 
model
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} Modified 
Josephson’s 
equations

Luttinger parameter
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Thermal initial conditions
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density phase

T=2 x 10-9 K

T=2 x 10-8 K

T=2 x 10-9 K
K=250

K=25

K=25

Tomonaga-Luttinger theory
<latexit sha1_base64="WV1GtOyQMi07Usem10d+A6EcSZI="></latexit>

HTL =
ac~
2

NL/2X

k=�NL/2


K

⇡

4⇡2
k
2

L2
|'k|2 +

⇡

K
|%k|2

�

<latexit sha1_base64="JgAY2hwVfZNSxvtMfSMFwxCUthg=">AAACG3icbVDLSsNAFJ34rPUVdelmsAh1U5JS1I1Q1IXgpoJ9QBPDZDpph04mcWYilJD/cOOvuHGhiCvBhX/jtM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyymphrbi+sbm1be7stmSUCEyaOGKR6PhIEkY5aSqqGOnEgqDQZ6TtDy/GfvuBCEkjfqtGMXFD1Oc0oBgpLXlm9frMkfdCpU4gEE65l9qXGSw7Ax8J6MT06K6apbAG+1MjzGDmmSWrYk0A54mdkxLI0fDMT6cX4SQkXGGGpOzaVqzcFAlFMSNZ0UkkiREeoj7paspRSKSbTn7L4KFWejCIhC6u4ET9PZGiUMpR6OvOEKmBnPXG4n9eN1HBqZtSHieKcDxdFCQMqgiOg4I9KghWbKQJwoLqWyEeIB2S0nEWdQj27MvzpFWt2MeV2k2tVD/P4yiAfXAAysAGJ6AOrkADNAEGj+AZvII348l4Md6Nj2nrgpHP7IE/ML5+AOyEoBM=</latexit>

K =

s
n1D(~⇡)2
4g1Dm

K>1
quasi-condensate regime:

(Fourier space)



Dynamics following sudden connection of two 1D superfluids
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Each trajectory is a different set of initial conditions (sampled from thermal distribution)

phase difference (averaged over z) density difference (averaged over z)



Summary
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• Dynamics following quenches lead to caustics (in Fock or real space)

• Universality in quantum dynamics! 

• Structural stability

• Strong fluctuations (nongaussian)

• Underlying mathematical description is catastrophe theory

See posters at Tuesday’s poster session 17:30-19:00  

Denise Kamp “Quantum catastrophes in a rotating BEC” [poster 3]


Liam Farrell “Logarithmic catastrophes and Stokes’s phenomenon in waves at horizons: Hawking 
radiation” [poster 23]



Signature of caustics in non-thermal probability distribution
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short time   (              ) long time   (               )
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t̃ = 500



Wave Catastrophes
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Fold (K=1)
 fold(C) =

1p
2⇡

Z 1

�1
ei(s

3/3+Cs) ds

=
p
2⇡Ai[C]

G.B. Airy, Trans. Camb. Phil. Soc. 6, 379 (1838)


Cusp (K=2)

T. Pearcey, Phil. Mag. 37, 311 (1946)

 cusp(C1, C2) =
1p
2⇡

Z 1

�1
ei(s

4/4+C2s
2/2+C1s)ds

Elliptic Umbilic (K=3)

Berry, Nye & Wright, Phil. Trans. R. Soc. A. 
291, 453 (1979)

UE(C1, C2, C3) =

Z 1

�1

Z 1

�1
ei(s

3
1�3s1s

2
2�C3(s

2
1+s22)�C2s2�C1s1)ds1ds2
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Branched flow
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Josh Hainge

Kicked rotor


