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Light-front coordinates

Lorentz transformation mixes the components of the space-time 4-vector.
xt = (x0, xt, x?, x3).

However, one can define combinations of the 4-vector components which
are the eigenstates of the Lorentz Transformation and so get scaled under
Lorentz boost:

x*‘:xo—l—x?’7 X :xo—x37 XJ‘:xl,x2
_ 2
x? = xtx, = xtx™ — x+
x* — Light-front time x~ — Light-front distance

For energy momentum 4-vector p* = (p°, p*, p?, p°)
Light-front energy — p~ = p° — p3
Light-front momentum — pt = p® + p3
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LFWF

HQeo |V (P)) = M?|W(P)) (1)

where H('-:)FCD = PTp~ — Pi is the LF QCD Hamiltonian and M is the
hadron mass. At equal light-front time (x™ = 0) and in the light-front
gauge AT =0, the hadron state |W(P)) admits a Fock expansion, i.e.

1
|W(P*,PL,S;)) = Z/[dxi][koii] fwn(xh kii, hi)ln: X PPy + ki, hi)
n,hj !

where W, (x;, k_ ;, h;) is the LFWF of the Fock state with n constituents
and the integration measures are given by

- . LAk, ; u
[dxj] = H dx;6(1 — ;xj) [d%ky ] = H1 : (2:)3 16m30%() ki) -

i= j=1

(k, .k ,ky;) and h; are the momentum and helicity of the i*h constituent
and x; = ki /PT.
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The valence meson LFWF

For n =2,
ki1=-ki=k;
x1=1—x =x

The position-space conjugate of k|, denoted by b, = b, e, is the
transverse separation between the quark and the antiquark.

Introduce a new light-front variable ¢ = \/x(1 — x)b, = (e® leads to the
meson LFWF in the position-space:

V(G x, ) Ltorzton, 9AC) )g L X (x)

#(¢) and X(x) are referred to as the transverse and longitudinal modes.
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Holographic Schrodinger equation

Brodsky, de T “eramond (PRL, 09)

Brodsky, de T “eramond, Dosch, Erlich (Phys. Rep. 15)

In the semi-classical limit, i.e. zero quark mass and no quantum loop,
based on AdS/CFT, one can show that the transverse mode of LFWF of
the valence (n = 2 for mesons) state can be obtained from a 1-dimensional
Schrodinger-like wave equation for the:

2 _ 2
<_dd§2 LA uuo) 6(0) = M2 6(C)

the potential is uniquely determined from the conformal symmetry
breaking mechanism and correspondence with weakly coupled string modes
in AdSs space, which results in a light-front harmonic oscillator potential
in physical spacetime with confinement scale x:

Ui(¢J) = w*¢2 +r%(J - 1)

J =L+ S is the total meson angular momemtum.
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Solutions to holographic Schrodinger equation

With the confining potential specified, one can solve the holographic
Schrodinger equation to obtain the meson mass spectrum,

S
M? = 4?2 (nJ_+L—|—2)

which, as expected, predicts a massless pion. The corresponding
normalized eigenfunctions are given by

2n!

énL(C) = kML m

1/24L —R*CYN 1 200

¢ exp <2> Lr(x°¢7) .

To completely specify the holographic meson wavefunction, we need the
analytic form of the longitudinal mode X'(x). This is obtained by
matching the expressions for the pion EM or gravitational form factor in
physical spacetime and in AdS space. Either matching consistently results
in X(x) = v/x(1—x)
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Meson holographic LFWF

The meson holographic LFWFs for massless quarks can thus be written in closed form:

VnlCoxi) = VAR |2t (226 )14

For non-zero quark mass, Brodsky and de Teramond prescription is to shift the longitudinal
mode:

2r2x(1 = x)

— X m2 xmg
X(x) = v/x(1 = x) — Xpar(x) = v/x(1 — x) exp <_(1)q+‘7>

Example: pion LFWF (mq = mg)

2

,{/24-2 2
W7 (x,¢%) = Nv/x(1 — x) exp [——} exp [ q:|
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Meson spectrum

The shift in meson mass when moving away from chiral limit:

dx
AI\/I}23dT = / X(]. _ X)
2

m mg
X Xpar(x) < Xq T _qX

M? = M} + AMqr

For pion M, = 0 and the above prescription leads to Mﬁ = AI\/I]%dT o mg
which is not in agreement with Gell-Mann-Oakes-Renner (GMOR) relation
M2  my.

Another problem with this prescription is that it is the same for ground
state and excited states mesons.
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The 't Hooft Equation

G. 't Hooft, A Two-Dimensional Model for Mesons, Nucl. Phys. B 75
(1974) 461-470

In an earlier approach, 't Hooft derived a Schrodinger-like equation for the
longitudinal mode, starting from the QCD Lagrangian in (14 1)-dim in the
N¢ > 1 approximation. This Lagrangian now contains two mass scales:
the quark mass and the gauge coupling. The resulting 't Hooft Equation is:

m2 IT'I2
Mg Mg
(X + 1, X(x)

+ UL(x)x(x) = M x(x)
with
UL(x)x P/d X)_ e 2 )
The longitudinal mode — X(x) = /x(1 — x)x(x)
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Numerical solutions

Expand the longitudinal mode onto a Jacobi polynomial basis:

X(x) = cafa(x) (3)
with
Fo(x) = NpxP1 (1 — x)%2 P22 (05 — 1), (4)
where P{2%251) 3re the Jacobi polynomials and

Nn =1\/(2n+ By + B2)

" \/ n!r(n+ﬂ~1+ﬁ~2)
[(n+ B1+ 1) (n+ f2)

(5)
Solve the eigenvalue problem for eigenvalues M? and eigenvectors {c,}.
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Predicting Meson spectrum-input parameters

MZ(nLa nT7J> L) = Mgl'(nTaJa L) + ME(HL)

Mesons Light Heavy-light Heavy-heavy

g 0.128  0.680 0.523
myq ~ 0.046  0.046 .
ms 0357  0.357 -
me - 1.370 1.370
mp : 4.640 4.640

Table: The quark masses and 't Hooft couplings in GeV. Note that we use
k = 0.523 GeV for all mesons.

Parity and charge conjugation quantum numbers for the meson to be
P = (1)1 and C = (—1)t+5*" respectively.
Finding: np > ny + L, i.e. in any hadron, an orbital and radial excitations
in the transverse dynamics is always accompanied by an excitation in the
longitudinal dynamics.

Mohammad Ahmady CAP 2022 June 6, 2022 12/16



Predicting Meson spectrum: light-light

6 nr=2
& nr=1
> (188
o . nyr=0
S | s s
N: 2| b 72(1670)
#(1300)
0| P(770)
7(140)
nr=2
6
nr=1
&
> 4 nr=0
ﬁ K3(2045)
<2 Ke(168 K:i(1780)
= K (14195 1430)
K(892)
oF w0270
nr=3
8 =
nr=2 nr=3
— _ nr=2
& nr=1
>0 s =1
& nr=0 722301
&y < nr=0
QU i 165077 o 7:(2050)
= Py $3(1850) iz
2| w3 (1670)
Xt
e £1270)
0 w(782)
0 1 2 3 0 1 2 3
L L

Figure: Our predictions for the Regge trajectories of light mesons. Data from the
Particle Data Group.
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Predicting Meson spectrum: Heavy-light
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Figure: Our predictions for the Regge trajectories of heavy-light mesons. Data
from the Particle Data Group.
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Predicting Meson spectrum: Heavy-heavy
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Figure: Our predictions for the Regge trajectories of heavy-heavy mesons. Data
from the Particle Data Group.
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Conclusion

@ The meson spectrum can be very well described by using the
holographic Schrodinger Equation in conjunction with the 't Hooft
Equation.

@ This is achieve with keeping the transverse confinement scale
universal across the full spectrum.

@ For heavy-heavy mesons, The transverse coincides with the
longitudinal confinement scale ('t Hooft coupling), as expected from
the restoration of manifest 3-dimensional rotational symmetry in the
nonrelativistic limit.
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