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Outline

• Hubbard models 

• Quantum cluster methods : 

• VCA (variational cluster approximation) 

• CDMFT (cluster dynamical mean field theory) 

• Superconductivity in cuprates from CDMFT 

• 1-band Hubbard model 

• 3-band Hubbard model 

• Charge order in cuprates 

• Loop currents
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High-Tc  superconductors
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http://www.mrsec.umn.edu/research/seeds/2011/greven2011.html

charge order

https://doi.org/10.1016/j.physc.2018.02.055
http://www.mrsec.umn.edu/research/seeds/2011/greven2011.html
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The Hubbard model
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• Simplest model for strong correlations 

• AF phase at half-filling + Mott at higher temperature  

• Paradigm: high-Tc superconductors are doped Mott/AF insulators 

• Progress done with quantum cluster methods: 

• Need short-range fluctuations to understand superconductivity 

• Relation with short-range AF fluctuations made evident numerically
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The 3-band Hubbard model
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Quantum cluster methods
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Superlattices and reduced Brillouin zones
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36 / 71• Based on Green functions 

• Lattice tiled by identical units (clusters) 

• Clusters used to compute the electron self-energy 𝜮, otherwise full lattice dispersion 

relation used 

• Different schemes to embed clusters in the lattice model (VCA, CDMFT,…) 

• Different impurity solvers (ED, CT-HYB, CT-INT, CT-AUX, …) 

Exact diagonalization at T=0 in this presentation
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CDMFT : simple bath parametrization for d-wave SC
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Bath parametrization according to cluster symmetry
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CDMFT : One-band model for YBCO
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CDMFT and the 3-band model

• Different, overlapping clusters for  
Cu and O atoms 

• General bath parametrization for 
Cu cluster 

• O cluster is non-interacting: acts  
like a constant hybridization and  
has effect only via CDMFT self-
consistency relation
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3-band model : dSC order parameter (CDMFT)
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3-band model : underdoped  vs  overdoped
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spectral 
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overdoped : the gap increases with the order 
parameter 
underdoped : the gap jumps up (pseudogap) 
&  the order parameter decreases

S. Dash & DS,  in preparation
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In Fig. 1 we show 50 nm square gap maps measured on
samples with four different dopings. Identical color scales
representing 20 meV<!!~r"< 70 meV are used. The
local hole concentration is impossible to determine di-
rectly. We estimate the bulk dopings in Table I. Above
optimal doping [Fig. 1(a)] the vast majority of tunneling
spectra are consistent with those of a dx2# y2 superconduc-
tor [see Fig. 2(a) spectra 1 and 2]. However, at the lowest
dopings and for gap values exceeding $ 65 meV, there are
many spectra where ! is ill defined because no peaks exist
at the gap edge (e.g., Fig. 2(a), spectrum 6). We represent
these spectra by black in gap maps. The spatially averaged
value of !!~r", "!, and its full width at half maximum, !, are
also in Table I. As doping is reduced, "! grows steadily
consistent with other spectroscopic techniques, such as
ARPES [21], break-junction tunneling [22], and thermal
conductivity [9] which average over many nanoscale re-
gions. There have been numerous proposals for the cause
of the electronic inhomogeneity [15,23–25] but experi-
mentally the issue is still under study.

In Fig. 2(a) we show the average spectrum of all regions
exhibiting a given local gap value. They are color coded so
that each gap-averaged spectrum can be associated with
regions of the same color in all gap maps [Figs. 1(a)–1(d)].
This set of gap-averaged spectra is almost identical for all
dopings. The changes with doping seen in !!~r" occur
because the probability of observing a given type of spec-
trum (1–6) in Fig. 2(a) evolves rapidly with doping

(Table I), with P1 and P6 being the probability of finding
spectrum 1 and 6, respectively.

Despite the intense changes with doping in the gap
maps, the LDOS at energies below about 0:5 "! remains
relatively homogenous for all dopings studied (black ar-
rows in Fig. 2(a)]. These low energy LDOS do, however,
exhibit numerous weak, incommensurate, energy-
dispersive, LDOS modulations with long correlation
lengths [16–18,20]. To explore the doping dependence of
these low energy g!~r; V" we use the FT-STS technique and
the ‘‘octet’’ model [17]. Figure 3(b) [using the ~q-vector
designations in Fig. 3(a)] shows the measured length of ~q1,
~q5, and ~q7 as a function of energy for the three data sets.
Figure 3(c) shows the locus of scattering ~ks!E" [17] calcu-
lated for these three g!~r; V" using

~q 1%!2kx;0"; ~q5%!0;2ky"; ~q7%!kx # ky;ky # kx"
(1)

~ks% ! & kx!E";& ky!E""; ~ks% ! & ky!E";& kx!E"" (2)

where kx=ky is the x=y component of ~ks!E". These ~ks!E"
differ only slightly between dopings and are the same for
filled and empty states.

The doping dependence of states with ~k' !& "=a0; 0",
!0; & "=a0" in the ‘‘flat band’’ region near the zone face
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FIG. 2 (color). (a) The average spectrum, g!E", associated
with each gap value in a given FOV (field of view) from 1.
These were extracted from 1(b) but the equivalent analysis for
g!~r; V" at all dopings yields results which are indistinguishable.
The coherence peaks are seen spectra 1– 4. (b) Characteristic
spectra from the two regions !< 65 (red) and ! 6<65 (black). It
is not the absolute scale of spectra, but changes in their shape,
which is our focus.
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FIG. 3 (color). (a) A schematic representation of the 1st
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locations which determine the scattering within the octet model
[17] (for one sub gap energy) are shown as red circles and the
scattering vectors which connect these locations are show as
arrows labeled by the designation of each scattering vector.
(b) Measured dispersions of the LDOS modulations ~q1, ~q5,
and ~q7 for the three dopings whose gap maps are shown in
Figs. 1(a), 1(c), and 1(d). (c) Calculated loci of scattering, ~ks for
all three dopings. For the lowest doping the internal consistency
of Eqs. (1) and (2) is worse than for optimal doping.

TABLE I. The average properties of the samples reported.

Figure 1 Tc p (%) "! !meV" ! meV P1 P6

(a) 89K OD 19& 1 33 & 1 7 30% 0%
(b) 79K UD 15 & 1 43 & 1 9 5% 1%
(c) 75K UD 13 & 1 48& 1 10 1% 8%
(d) 65K UD 11 & 1 >62 unclear 0% >55%
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Charge order
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VCA clusters

• Charge modulation located on the oxygen atoms 

• In the 1-band model → bond density wave (BDW)
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1

for a review : Comin & Damascelli, Annu. Rev. Condens. Matter Phys. 2016. 7:369

positive negative
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Charge order (VCA)
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Charge order (CDMFT)
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loop currents
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current operator along direction e :

CDMFT strategy 
• Allow complex-valued bath parameters 
• Force the system by imposing nonzero I 
• solve CDMFT repeatedly while decreasing I  
• Measure order parameter ⟨Î⟩ vs I
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H ! H + I

Weiss field 
Î

! loop current operator

6

Result : order parameter always zero. No loop current order ! 
But : single set of parameters. more work to be done…

Simon & Varma, PRL 89  247003 (2002)
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Conclusions

• Superconductivity in strongly correlated materials can be studied 
using DMFT-like methods based on small clusters 

• There are finite-size effects, and discrete bath effects, but the 
overall picture is consistent 

• Competing orders can also be studied : AFM, charge order 

• 1-band & 3-band models capture the physics of cuprates

�17
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Thank you!

�18
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The Variational Cluster Approximation (VCA)

• Add Weiss field(s) to the cluster 

• Set their values by optimizing the Potthoff functional
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VCA : phase diagram for YBCO
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(Cluster) Dynamical Mean Field Theory 

• Environment of cluster replaced by 
uncorrelated « bath » 

• Bath parameters determined by  
self-consistency relation
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Adding superconductivity

�22

Adding a pairing term Hpair to the Hamiltonian :

VCA CDMFT
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The CDMFT self-consistency loop
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The CDMFT self-consistency loop

Initial guess for G(i!n)

Impurity solver: Compute G0(i!n)

Ḡ(i!n) =
L

N

X

k̃

⇥
G�1

0 (i!n, k)�⌃(i!n)
⇤�1

G(i!n) ! i!n � t0 + µ � Ḡ(i!n) � ⌃(i!n) (QMC)

minimize
P
!n

W (i!n) tr
���G0�1(i!n) � Ḡ�1(i!n)

���
2

(ED)

G converged? exit
YesNo

52 / 119


