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Gravitation and Quantum 
Mechanics

• There has not been very much work on the interplay of 
gravity and quantum mechanics. 

• Here I do not mean quantum gravity, but the effect of 
gravity on a quantum mechanical system. 

• The reason is probably that the effects are very weak.  The 
gravitational coupling constant is 

• This combination has units of inverse Newtons, and in the 
MKS system it is numerically of the order  

• However the gravitational potential is also proportional to 
the product of the two masses involved.  

• The interaction of gravitation with a quantum mechanical 
system in the lab has only recently been observed.
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Q-bounce
• The Q-bounce experiment, which stands for quantum 

bouncer, was proposed and carried out in the last ten years 
•Here a system of ultra cold neutrons were observed. 
•Ultra cold neutrons are normally defined to have a kinetic 

energy of less that 300 neV, and they are unable to 
penetrate into the solid material walls of a vessel, they 
bounce off the walls, and are in fact contained. 

• If they are further distilled in energy so that the kinetic 
energy is in the few peV range, then they start to feel the 
gravitational potential due to the earth. 

• The energy levels of the Schrödinger equation are easily 
found.



•The Schrödinger equation is: 

•The energy eigenfunctions are: 

•In numbers, the energy levels are approximately given by:
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The energy of this eigenstate is of course m

N

gz0↵n

. The ↵

n

are known numerically to

arbitrarily high accuracy, however, the Bohr-Sommerfeld approximation [5, 8] is surprisingly

accurate and useful as it yields an analytic formula:
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GRAVITATIONAL PERTURBATION

Spherical perturbation

The gravitational perturbation that we imagine the system is subjected to, corresponds to

the effect of a macroscopic mass, M , brought as close as possible to the system of neutrons,

and subjected to oscillatory motion at exactly the frequency corresponding to a resonance.

It is simplest to imagine the mass M as a spherical body, of density ⇢ and radius ⇣0,which

is brought to a position ⇣ on the z axis, above the system of neutrons. Its height varies

as a ⇣(t) = ⇣0 + �⇣ + �⇣cos(!t), in this way it just grazes the ultra cold neutrons at its

minimum height. The distance from a neutron at position z is of course ⇣(t)� z. Then the

perturbing potential is:

W (t, z) =

Gm

N

M

⇣(t)� z

⇡ W1(z)��⇣W2(z)cos(!t) (4)

where W1(z) =

GmNM

(⇣0+�⇣�z) and W2(z) =

GmNM

(⇣0�z)2 (to first order in �⇣). The first term can

be treated by time-independent perturbation theory while the second term needs the time-

dependent theory. The relevant time dependent perturbation theory is that which computes
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GmNM

(⇣0�z)2 (to first order in �⇣). The first term can

be treated by time-independent perturbation theory while the second term needs the time-

dependent theory. The relevant time dependent perturbation theory is that which computes
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Graviton Laser
• The idea of a laser which amplifies gravitational waves is very 

intriguing. 
• For this possibility, one needs to believe in the existence of 

gravitons. 
• For a laser, one needs a “lasing medium”, a quantum mechanical 

system which can exist for long enough time, in an excited state in 
the bulk, where the population is inverted. 

• An ensemble of very cold UCN’s could satisfy these conditions, 
and could be imagined as providing the lasing medium. 

• A laser works by the principle that in a lasing medium, 
spontaneously emitted “gravitons” can subsequently stimulate the 
emission of “gravitons” that are coherent with the original 
graviton.  The process can cascade multiple times, creating in 
principle a the end, an avalanche of coherent gravitons.



Lasing medium
• If the gain in the lasing medium is sufficiently high, a single 

pass is adequate to obtain a significant amplification, there is 
no need for reflecting mirrors. 

•  With photons, there exist many examples of single pass 
lasing media, nitrogen gas lasers for example. 

• Very cold UCN’s, organize themselves according to the 
Schrödinger energy levels of a particle in a linear 
(gravitational) potential. 

• Neutrons in an excited state can only decay through their 
interactions.  They interact with the phonons in the base, and 
they interact with gravity. 

• A neutron in an excited state can disintegrate, emit a phonon 
or emit a graviton.  We can compute the rate of spontaneous 
(and stimulated) emission of a graviton for an excited 
neutron.



Gravitons
• A graviton corresponds to the non-interacting, free field 

quantum excitation of the linearized Einstein equations: 

• The weak field metric is given by:

gµ⌫ = ⌘µ⌫ + hµ⌫ @�@�hµ⌫ = 0

for a gravitational wave propagating in the x direction polarized in the + sense in Minkowski

space-time. In the weak field linear approximation, the combined metric is

c2d⌧ 2 =

✓
1� 2GM�

c2r

◆
c2dt2 �

✓
1 +

2GM�

c2r

◆
(~x · ~dx)2/r2

�h(x� ct)dy2 + h(x� ct)dz2 � r2d⌦2. (5)

The classical dynamics of the neutrons, apart from the reflection from the base, is governed

by the geodesic equation:
d2xi

d⌧ 2
+ �i

µ⌫

dxµ

d⌧

dx⌫

d⌧
= 0 (6)

The connection is given to first order by ��

µ⌫

= (1/2)⌘��(@
µ

h
�⌫

+ @
⌫

h
�µ

� @
�

h
µ⌫

). We follow

closely the exposition by Bertschinger in [4], decomposing the gravitational field as

h00 = �2�, h0i = w
i

, h
ij

= �2 �
ij

+ 2s
ij

(7)

where �ijs
ij

= 0, we have w
i

= 0, � = GM�/r,  = GM�/3r and s
ij

= s�
ij

+ s⇡
ij

with

s�
ij

= (2GM�/r
3)(x

i

x
j

� (r2/3)�
ij

) and s⇡
zz

= �s⇡
yy

= h(x� t) where we now add the use the

symbol ⇡ for the gravitational wave.

The Hamiltonian for the system is given by

H(xi, ⇡
j

) = (1 + �)E(p
j

) where E(p
j

) = (�ijp
i

p
j

+m2
N

)1/2 (8)

with p
i

= (1 +  )⇡
i

� (�ij⇡
i

⇡
j

+ m2
N

)1/2w
i

� sj
i

⇡
j

which in our case becomes just p
i

=

(1 +  )⇡
i

� sj
i

⇡
j

. As ⇡
i

and p
i

differ only by first order terms, we get the Hamiltonian to

first order

H(xi, ⇡
j

) = E(⇡
j

) +
( �ij � sij)⇡

i

⇡
j

E(⇡
j

)
+ �E(⇡

j

). (9)

Expanding to second order in the canonical momentum gives

H(xi, ⇡
j

) = m
N

+
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2m
N

+
( �ij � sij)⇡

i

⇡
j

m
N

+ �(m
N

+
|~⇡|2

2m
N

). (10)

From this expression we extract our basic Hamiltonian of the neutron interacting with the

gravitational field of the earth

H0(x
i, ⇡

j

) =
|⇡|2

2m
N

+m
N

� (11)

subtracting off the rest mass, and the perturbation, which we split into two terms

H�(xi, ⇡
j

) =
�|~⇡|2

2m
N

+
( �ij � s� ij)⇡

i

⇡
j

m
N

(12)

H⇡(xi, ⇡
j

) =
�s⇡ ij⇡

i

⇡
j

m
N

. (13)
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system by mechanically vibrating the base at the appropriate frequency, approximately

600Hz. The neutrons can be lifted to say the third excited level using the mechanical

pumping method. Pumping at the resonant frequency for the transition between the first and

third levels asymptotically will populate each of these levels equally. But then there will be a

population inversion with respect to the second excited level. Thus spontaneous emission of a

graviton from a transition from the third to the second level, and the subsequent stimulated

emission of gravitons could yield significant, laser type amplification of the gravitational

wave.

QUANTUM GRAVITONS AND THE AMPLITUDE FOR SPONTANEOUS AND

STIMULATED EMISSION

In a zero order approximation, gravitons correspond to the non-interacting excitations

of the quantized, linearized Einstein equations. These equations describe the free field

dynamics of a massless spin 2 field. The quantization is trivial and well understood. The

quantum gravitational field corresponds to the tensor h
µ⌫

, which can be decomposed into

its Fourier modes

h
µ⌫

=

Z
d3k

✓
e�ikµx

µ

p
V

A(~k)✏
µ⌫

+

eikµx
µ

p
V

✏⇤
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A†
(

~k)

◆
(1)

where ✏
µ⌫

is the polarization tensor for massless spin two particles and the operators A†
(

~k)

and A(~k) satisfy the simple algebra of annihilation and creation operators

h
A(~k), A†

(

~k0
)

i
=

2⇡~c2
!

�3(~k � ~k0
). (2)

These operators respectively create and destroy one free graviton of momentum ~k. The

frequency satisfies k0 = |~k| which is appropriate for a massless particle.

The gravitational field of the graviton, interacts with the system of ultra-cold neutrons

by distorting the space-time in which the neutron is immersed. The ambient space-time is

that which corresponds to the gravitational field of the earth. This space-time is simply the

Schwarzschild geometry

c2d⌧ 2 =

✓
1� 2GM�

c2r

◆
c2dt2 �

✓
1� 2GM�

c2r

◆�1

dr2 � r2d⌦2 (3)
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Gravitational Interaction
• Classically the neutrons interact with the gravitational field 

essentially through the geodesic equation. 

• For the wave in a Schwarzschild background, we have:

for a gravitational wave propagating in the x direction polarized in the + sense in Minkowski

space-time. In the weak field linear approximation, the combined metric is
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The classical dynamics of the neutrons, apart from the reflection from the base, is governed
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Lagrangian
• We obtain the equation of motion from a Lagrangian: 

• This comes from linearizing the free field action constructed 
with metric: 

• Changing the parametrization from                and performing 
a Legendre transformation yields the Hamiltonian. 

2 Particle Motion and Gauge Dependence

We begin by studying an analogue of general relativity, the motion of a charged particle.
The covariant action for a particle of mass m and charge q has two terms: one for the
free particle and another for its coupling to electromagnetism:

S[xµ(τ)] =
∫

−m

(

−ηµν
dxµ

dτ

dxν

dτ

)1/2

dτ +
∫

qAµ
dxµ

dτ
dτ . (1)

Varying the trajectory and requiring it to be stationary, with τ being an affine parameter
such that V µ = dxµ/dτ is normalized ηµνV µV ν = −1, yields the equation of motion

dV µ

dτ
=

q

m
F µ

νV
ν , Fµν = ∂µAν − ∂νAµ . (2)

Regarding gravity as a weak (linearized) field on flat spacetime, the action for a
particle of mass m also has two terms, one for the free particle and another for its
coupling to gravity:

S[xµ(τ)] =
∫

−m

(

−ηµν
dxµ

dτ

dxν

dτ

)1/2

dτ +
∫ m

2
hµν

dxµ

dτ

dxν

dτ

(

−ηµν
dxµ

dτ

dxν

dτ

)−1/2

dτ .

(3)
This result comes from using the free-field action with metric gµν = ηµν + hµν and
linearizing in the small quantities hµν . Note that for this to be valid, two requirements
must be satisfied: First, the curvature scales given by the eigenvalues of the Ricci tensor
(which have units of inverse length squared) must be large compared with the length
scales under consideration (e.g. one must be far from the Schwarzschild radius of any
black holes). Second, the coordinates must be nearly orthonormal. One cannot, for
example, use spherical coordinates; Cartesian coordinates are required. (While this
second condition can be relaxed, it makes the analysis much simpler. If the first condition
holds, then coordinates can always be found such that the second condition holds also.)

Requiring the gravitational action to be stationary yields the equation of motion

dV µ

dτ
= −

1

2
ηµν (∂αhνβ + ∂βhαν − ∂νhαβ) V αV β = −Γµ

αβV αV β . (4)

The object multiplying the 4-velocities on the right-hand side is just the linearized
Christoffel connection (with ηµν rather than gµν used to raise indices).

Equations (2) and (4) are very similar, as are the actions from which they were
derived. Both Fµν and Γµ

αβ are tensors under Lorentz transformations. This fact ensures
that equations (2) and (4) hold in any Lorentz frame. Thus, in the weak field limit it is
straightforward to analyze arbitrary relativistic motions of the sources and test particles,
as long as all the components of the Lorentz-transformed field, hµ̄ν̄ = Λµ

µ̄Λν
ν̄hµν are small

2
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It happens that while the Christoffel connection is not gauge-invariant, in linearized
gravity (but not in general) the Riemann tensor is gauge-invariant. Thus one way to form
gauge-invariant quantities is to replace equation (4) by the geodesic deviation equation,

d2(∆x)µ

dτ 2
= Rµ

αβνV
αV β(∆x)ν (7)

where (∆x)ν is the infinitesimal separation vector between a pair of geodesics. While
this tells us all about the local environment of a freely-falling observer, it fails to tell us
where the observer goes. In most applications we need to know the trajectories. Thus
we will have to find other strategies for coping with the gauge problem.

3 Hamiltonian Formulation and Gravitomagnetism

Some aid in solving the gauge problem comes if we abandon manifest covariance and use
t = x0 to parameterize trajectories instead of the proper time dτ . This yields the added
benefit of highlighting the similarities between linearized gravity and electromagnetism.
In particular, it illustrates the phenomenon of gravitomagnetism.

Changing the parameterization in equation (1) from τ to t and performing a Legendre
transformation gives the Hamiltonian

H(xi,πi, t) =
(
p2 + m2

)1/2
+ qφ , pi ≡ πi − qAi , φ ≡ −A0 . (8)

Here we denote the conjugate momentum by πi to distinguish it from the mechanical
momentum pi. (Note that pi and πi are the components of 3-vectors in Euclidean space,
so that their indices may be raised or lowered without change.) It is very important to
treat the Hamiltonian as a function of the conjugate momentum and not the mechanical
momentum, because only in this way do Hamilton’s equations give the correct equations
of motion:

dxi

dt
=

pi

E
≡ vi ,

dπi

dt
= q

(
−∂iφ+ vj∂iAj

)
, E ≡

√
p2 + m2 =

m√
1 − v2

. (9)

Combining these gives the familiar form of the Lorentz force law,

dpi

dt
= q (E + v × B)i , E ≡ −∇φ− ∂tA , B = ∇× A (10)

where underscores denote standard 3-vectors in Euclidean space. The dependence of the
fields on the potentials ensures that the equation of motion is still invariant under the
gauge transformation φ→ φ− ∂tΦ, A → A + ∇Φ.

Now we repeat these steps for gravity, starting from equation (3). For convenience,
we first decompose hµν as

h00 = −2φ , h0i = wi , hij = −2ψδij + 2sij , where sj
j = δijsij = 0. (11)
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Schrödinger Equation and the 
Interaction Hamiltonian

• The Schrödinger equation governing the “free” part of the 
dynamics is given by: 

• While the interaction is given by: 

• Having rescaled the field by: 

• to get a canonically normalized field. 
• However, this is one for a graviton moving in the plane.

The Schrödinger equation resulting from Eqn. (11) is essentially free in the x and y

directions, but in the z direction it is
✓
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gz

◆
 (z, t) = E (z, t). (14)

the perturbation from Eqn.(12) induces some perturbative changes in the energies and wave-

functions of H0(xi, ⇡
j

), however, these changes are static and do not give rise to any tran-

sitions, spontaneous or stimulated between levels. The time dependent perturbation that

is relevant, from Eqn.(13) (replacing h(x � ct) !
p
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metric perturbation) is

H⇡(xi, ⇡
j

) = �
p
G

c2
h(x� ct)⇡2

z

m
N
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Then amplitude for spontaneous or stimulated emission of a graviton is proportional to the

matrix element h 
n

0 |� ⇡

2
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mN
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n

i which, using Eqn.(14), gives

h 
n

0 |� ⇡2
z

m
N

| 
n

i = h 
n

0 |(2m
N

gz � 2E
n

)| 
n

i

= h 
n

0 |2m
N

gz| 
n

i. (16)

The matrix element is easily computed using the exact eigenfunctions and the integral
Z 1

0

dyyAi(y � ↵
m
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n
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N
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)2
. (18)

The rate, per unit time and volume, of spontaneous or stimulated emission of gravitons is

then is given by, modifying a calculation in Baym, [5]

d�emm.

n

0!n

=
G

c4
4⇡2c2

ckV
(N

k

+ 1)⇥

⇥ |h 
n

0 |2m
N

gz| 
n

i|2�(E
n

0 � E
n

� ~ck) (19)

where N
k

is the number of photons involved in the stimulated emission, and when N
k

= 0

we get the rate for spontaneous emission. (The whole system is imagined in a box of volume

V .) There are V d3k/(2⇡)3 states in the volume d3k of phase space and as E
k

= ~c|k|

V
d3k

(2⇡)3
= V E2

k

dE
k

d⌦

(2⇡~c)3 (20)
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Interaction for arbitrary gravitons
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Spontaneous emission
• The amplitude for spontaneous emission of a graviton will be 

proportional to: 

• which gives: 

• Then the rate of spontaneous or stimulated emission, modifying a 
calculation in Baym, is given by: 

• This can be used to compute the absorption cross section
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The rate, per unit time and volume, of spontaneous or stimulated emission of gravitons is

then is given by, modifying a calculation in Baym, [5]
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where N
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is the number of photons involved in the stimulated emission, and when N
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states per unit energy. Then integrating Eqn.(20) over the energy of the emitted graviton
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POPULATION INVERSION

We can obtain a population inversion by mechanically vibrating the base at the resonant

frequency corresponding to the transition between two levels [2]. Resonant pumping of a

system has the property that the probability of inducing a transition from level n to level n0

is equal to the probability of inducing a transition in the opposite direction. The long time

behaviour of such a system is governed by the simple equations, with N
n

(t) the occupation

number of the neutrons in the nth level,
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Rate of graviton emission
• Then the number of states in          of phase space is  

• Integrating over the energy of the emitted graviton gives: 

• Which should be integrated over all energies in a narrow 
angular spread.   Then: 

• With 

• We get:
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Population inversion
• If we can induce the neutrons to excited states, in the long 

time limit, the occupation numbers asymptote to: 

• Thus if we pump between levels one and three, after a long 
time, we will have a population inversion between levels 
three and two. 

• The neutrons in level three can only decay by emitting a 
graviton.  The amplification factor is given by:   

• This is the gain per meter.  It turns out to be ridiculously 
small.
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POPULATION INVERSION

We can obtain a population inversion by mechanically vibrating the base at the resonant

frequency corresponding to the transition between two levels [2]. Resonant pumping of a

system has the property that the probability of inducing a transition from level n to level n0

is equal to the probability of inducing a transition in the opposite direction. The long time

behaviour of such a system is governed by the simple equations, with N
n

(t) the occupation

number of the neutrons in the nth level,
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Hence in the long time limit, the populations go to N
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(t) ! 1
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0(0)).

If we pump the system between levels n and n+m, with m > 1, there will be intermediate

levels in between the two with respect to which there will be a population inversion. Then

one could imagine spontaneous emission of a graviton by a transition from the upper level

to one of the intermediate levels.

The amplification factor  of a lasing medium is given by
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gravitons is given by
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with evident solution
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Numerically � = 5.3 ⇥ 10

�68 thus on the surface of a neutron star we have �N
carbon

⇡

9.4⇥ 10

�39 per meter. Thus we will not have significant amplification except after distances

of the order of 1039 meters, which is much larger than the size of the observable universe. For

a generic neutron star of radius ten kilometers with a carbon atmosphere of thickness 3cm,

we on get a chordal distance of only about 50 meters, see Fig. (1). This kind of amplification

will only work if the quantum states exist in regions of much stronger gravitational fields,

for example near the surface of some black holes

FIG. 1. The chordal trajectory of the graviton inside the atmosphere of a neutron star.

Furthermore, speculatively, if m
N

is replaced by a considerably heavier, as yet undiscov-

ered, supersymmetric or dark matter particle, again there could be substantial increase in

the rate of spontaneous emission. Finally, one can imagine, in an astrophysical scenario,
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Numerically � = 5.3 ⇥ 10

�68 thus on the surface of a neutron star we have �N
carbon

⇡

9.4⇥ 10

�39 per meter. Thus we will not have significant amplification except after distances

of the order of 1039 meters, which is much larger than the size of the observable universe. For

a generic neutron star of radius ten kilometers with a carbon atmosphere of thickness 3cm,

we on get a chordal distance of only about 50 meters, see Fig. (1). This kind of amplification

will only work if the quantum states exist in regions of much stronger gravitational fields,

for example near the surface of some black holes

FIG. 1. The chordal trajectory of the graviton inside the atmosphere of a neutron star.

Furthermore, speculatively, if m
N

is replaced by a considerably heavier, as yet undiscov-

ered, supersymmetric or dark matter particle, again there could be substantial increase in

the rate of spontaneous emission. Finally, one can imagine, in an astrophysical scenario,
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Unstable photon orbits
• A photon can scatter from infinity in almost any direction from 

a black hole.  Only those photons heading directly towards the 
black hole are absorbed. 

• From a finite radius, the set of directions from which the photon 
is absorbed is a cone of finite opening angle, pointing towards 
the black hole.  

• As we descend down to the event horizon, the cone now 
completely flips over and closes in the outward direction.  Only 
a photon pointing radially away from the black hole can escape.  

• Therefore, in between, there exists a radius at which the cone 
has opening angle 180 degrees.  Here there must exist an 
unstable circular orbit.  The radius of this orbit is 3GM.

• Thus a photon can orbit many times before finally spiralling out 
from the black hole. 



• Quantum mechanically such states for the photon also exist.  
• The effective potential for the radial motion in the 

Schwarzschild metric is: 

• With a Schrodinger like equation

to the unstable circular orbit. We also find that the normal-
ized jRlj2 always passes through a value of 1=2 at the
critical value lC.

The present work differs from others [1] in view of the
points mentioned above. The reflection coefficient is eval-
uated exactly using the variable amplitude method as
compared to approximate calculations (third reference in
Ref. [1]) [4]. We also find a potential proportional to
cosh!2ð!x! "Þ which gives remarkably good results
when compared with the numerical ones. For this potential,
the transmission coefficients can be found analytically.
Parametrizing the cosh!2 potential to fit the Regge-
Wheeler potential, we find semi-analytical results for black
hole scattering. Even though the scattering off black holes
is a widely explored area, not much attention has been paid
to the orbiting phenomenon (mostly the glory and rainbow
effects have been discussed). Here we supplement the
existing literature with a detailed study of how the exis-
tence of a classical orbit gets reflected in the quantum
mechanical expressions of the scattering of a massless
particle from a black hole. This leads to a conjecture
regarding quantum corrections to the classical effective
potential for massless particles.

In the next section, we provide briefly the formalism for
black hole scattering in general and go on to discuss the
critical parameters relevant to orbiting and glory scattering.
In Sec. III, we discuss the calculation of the reflection
coefficient and present results regarding its connection to
orbiting scattering. We also present a conjecture related
to these phenomena. In Sec. IV we discuss how the Regge-
Wheeler potential can be reinterpreted as an effective
potential plus quantum corrections proportional ℏ. In
Sec. V we summarize our findings.

II. BLACK HOLE SCATTERING

We start by presenting some generalities in black hole
scattering. Consider the propagation of a massless scalar
field # ¼ #ðt; r; #; ’Þ governed by the wave equation
g$%r$r%# ¼ 0 where g$% denotes a static, spherically
symmetric black hole metric whose line element is

ds2 ¼ fðrÞdt2 ! dr2

fðrÞ ! r2ðd#2 þ sin2#d’2Þ:

Using the following ansatz:

#ðt; r; #; ’Þ ¼ ei!t 1

r
c n‘!ðrÞY‘mð#;’Þ; Reð!Þ> 0;

(1)

it is standard [5] to reduce the above equation to a
Schrödinger-like equation for the radial part

!
! d2

dr2&
þ VðrÞ

"
c n‘! ¼ !2c n‘!; (2)

where in principle! ' !n, but we shall drop the subscript
for convenience in what follows. Moreover, VðrÞ ¼
fðrÞUðrÞ (with the form of fðrÞ depending on the metric
under consideration) and

UðrÞ ¼ lðlþ 1Þ
r2

þ f0ðrÞ
r

: (3)

Here, a prime denotes differentiation with respect to r
whereas r& is a tortoise coordinate defined through

dr&
dr

¼ fðrÞ!1:

A. Scattering from a Schwarzschild black hole

In case of the Schwarzschild metric which we shall
consider in the present work, fðrÞ ¼ 1! 2M=r where M
is the mass of the black hole and the tortoise coordinate is
given by

r& ¼ rþ 2M ln
#
r

2M
! 1

$
; r > 2M:

Equation (2) can also be obtained for other spins. The
corresponding Regge-Wheeler potential for spins s ¼ 0,
1, 2 is given as [6]

Vðrðr&ÞÞ ¼
#
1! 2M

r

$!
lðlþ 1Þ

r2
þ 2Mð1! s2Þ

r3

"
; (4)

where l ( s. Note that as we move from r ¼ r0 ¼ 2M at
the event horizon to r ¼ 1, the tortoise coordinate varies
from !1 to 1. Since the scattering problem with the
radial coordinate r in the three-dimensional (3D) case
gets mapped into a one-dimensional (1D) one with the r&
coordinate, the Schrödinger-like equation (2) in black hole
scattering can be solved using standard techniques for 1D
tunneling in quantum mechanics. The asymptotic solutions
of the Schrödinger equation (2) are

c ðr&Þ ¼ Að!Þeþi!r& þ Bð!Þe!i!r& ; r& ! !1;

c ðr&Þ ¼ Cð!Þeþi!r& þDð!Þe!i!r& ; r& ! þ1:

For waves incident on the black hole from the right
(i.e., þ1), we have Bð!Þ ¼ 0, the reflection amplitude
Rð!Þ ¼ Dð!Þ=Cð!Þ and the transmission amplitude
Tð!Þ ¼ Að!Þ=Cð!Þ, so that

c ðr&Þ ¼ Tð!Þei!r& ; r& ! !1;

c ðr&Þ ¼ ei!r& þ Rð!Þe!i!r& ; r& ! þ1:

B. Critical parameters for black hole orbiting

An anomalous large angle scattering, called ALAS, was
observed often in nuclear reactions between !-like nuclei
such as 12C-16O, 16O-28Si, etc., [7] and has been attributed
to the orbiting mechanism in scattering. The origin of this
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scattering can be solved using standard techniques for 1D
tunneling in quantum mechanics. The asymptotic solutions
of the Schrödinger equation (2) are

c ðr&Þ ¼ Að!Þeþi!r& þ Bð!Þe!i!r& ; r& ! !1;

c ðr&Þ ¼ Cð!Þeþi!r& þDð!Þe!i!r& ; r& ! þ1:

For waves incident on the black hole from the right
(i.e., þ1), we have Bð!Þ ¼ 0, the reflection amplitude
Rð!Þ ¼ Dð!Þ=Cð!Þ and the transmission amplitude
Tð!Þ ¼ Að!Þ=Cð!Þ, so that

c ðr&Þ ¼ Tð!Þei!r& ; r& ! !1;

c ðr&Þ ¼ ei!r& þ Rð!Þe!i!r& ; r& ! þ1:

B. Critical parameters for black hole orbiting

An anomalous large angle scattering, called ALAS, was
observed often in nuclear reactions between !-like nuclei
such as 12C-16O, 16O-28Si, etc., [7] and has been attributed
to the orbiting mechanism in scattering. The origin of this
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to the unstable circular orbit. We also find that the normal-
ized jRlj2 always passes through a value of 1=2 at the
critical value lC.

The present work differs from others [1] in view of the
points mentioned above. The reflection coefficient is eval-
uated exactly using the variable amplitude method as
compared to approximate calculations (third reference in
Ref. [1]) [4]. We also find a potential proportional to
cosh!2ð!x! "Þ which gives remarkably good results
when compared with the numerical ones. For this potential,
the transmission coefficients can be found analytically.
Parametrizing the cosh!2 potential to fit the Regge-
Wheeler potential, we find semi-analytical results for black
hole scattering. Even though the scattering off black holes
is a widely explored area, not much attention has been paid
to the orbiting phenomenon (mostly the glory and rainbow
effects have been discussed). Here we supplement the
existing literature with a detailed study of how the exis-
tence of a classical orbit gets reflected in the quantum
mechanical expressions of the scattering of a massless
particle from a black hole. This leads to a conjecture
regarding quantum corrections to the classical effective
potential for massless particles.

In the next section, we provide briefly the formalism for
black hole scattering in general and go on to discuss the
critical parameters relevant to orbiting and glory scattering.
In Sec. III, we discuss the calculation of the reflection
coefficient and present results regarding its connection to
orbiting scattering. We also present a conjecture related
to these phenomena. In Sec. IV we discuss how the Regge-
Wheeler potential can be reinterpreted as an effective
potential plus quantum corrections proportional ℏ. In
Sec. V we summarize our findings.

II. BLACK HOLE SCATTERING

We start by presenting some generalities in black hole
scattering. Consider the propagation of a massless scalar
field # ¼ #ðt; r; #; ’Þ governed by the wave equation
g$%r$r%# ¼ 0 where g$% denotes a static, spherically
symmetric black hole metric whose line element is

ds2 ¼ fðrÞdt2 ! dr2

fðrÞ ! r2ðd#2 þ sin2#d’2Þ:

Using the following ansatz:

#ðt; r; #; ’Þ ¼ ei!t 1

r
c n‘!ðrÞY‘mð#;’Þ; Reð!Þ> 0;

(1)

it is standard [5] to reduce the above equation to a
Schrödinger-like equation for the radial part

!
! d2

dr2&
þ VðrÞ

"
c n‘! ¼ !2c n‘!; (2)

where in principle! ' !n, but we shall drop the subscript
for convenience in what follows. Moreover, VðrÞ ¼
fðrÞUðrÞ (with the form of fðrÞ depending on the metric
under consideration) and

UðrÞ ¼ lðlþ 1Þ
r2

þ f0ðrÞ
r

: (3)

Here, a prime denotes differentiation with respect to r
whereas r& is a tortoise coordinate defined through

dr&
dr

¼ fðrÞ!1:

A. Scattering from a Schwarzschild black hole

In case of the Schwarzschild metric which we shall
consider in the present work, fðrÞ ¼ 1! 2M=r where M
is the mass of the black hole and the tortoise coordinate is
given by

r& ¼ rþ 2M ln
#
r

2M
! 1

$
; r > 2M:

Equation (2) can also be obtained for other spins. The
corresponding Regge-Wheeler potential for spins s ¼ 0,
1, 2 is given as [6]

Vðrðr&ÞÞ ¼
#
1! 2M

r

$!
lðlþ 1Þ

r2
þ 2Mð1! s2Þ

r3

"
; (4)

where l ( s. Note that as we move from r ¼ r0 ¼ 2M at
the event horizon to r ¼ 1, the tortoise coordinate varies
from !1 to 1. Since the scattering problem with the
radial coordinate r in the three-dimensional (3D) case
gets mapped into a one-dimensional (1D) one with the r&
coordinate, the Schrödinger-like equation (2) in black hole
scattering can be solved using standard techniques for 1D
tunneling in quantum mechanics. The asymptotic solutions
of the Schrödinger equation (2) are

c ðr&Þ ¼ Að!Þeþi!r& þ Bð!Þe!i!r& ; r& ! !1;

c ðr&Þ ¼ Cð!Þeþi!r& þDð!Þe!i!r& ; r& ! þ1:

For waves incident on the black hole from the right
(i.e., þ1), we have Bð!Þ ¼ 0, the reflection amplitude
Rð!Þ ¼ Dð!Þ=Cð!Þ and the transmission amplitude
Tð!Þ ¼ Að!Þ=Cð!Þ, so that

c ðr&Þ ¼ Tð!Þei!r& ; r& ! !1;

c ðr&Þ ¼ ei!r& þ Rð!Þe!i!r& ; r& ! þ1:

B. Critical parameters for black hole orbiting

An anomalous large angle scattering, called ALAS, was
observed often in nuclear reactions between !-like nuclei
such as 12C-16O, 16O-28Si, etc., [7] and has been attributed
to the orbiting mechanism in scattering. The origin of this
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to the unstable circular orbit. We also find that the normal-
ized jRlj2 always passes through a value of 1=2 at the
critical value lC.

The present work differs from others [1] in view of the
points mentioned above. The reflection coefficient is eval-
uated exactly using the variable amplitude method as
compared to approximate calculations (third reference in
Ref. [1]) [4]. We also find a potential proportional to
cosh!2ð!x! "Þ which gives remarkably good results
when compared with the numerical ones. For this potential,
the transmission coefficients can be found analytically.
Parametrizing the cosh!2 potential to fit the Regge-
Wheeler potential, we find semi-analytical results for black
hole scattering. Even though the scattering off black holes
is a widely explored area, not much attention has been paid
to the orbiting phenomenon (mostly the glory and rainbow
effects have been discussed). Here we supplement the
existing literature with a detailed study of how the exis-
tence of a classical orbit gets reflected in the quantum
mechanical expressions of the scattering of a massless
particle from a black hole. This leads to a conjecture
regarding quantum corrections to the classical effective
potential for massless particles.

In the next section, we provide briefly the formalism for
black hole scattering in general and go on to discuss the
critical parameters relevant to orbiting and glory scattering.
In Sec. III, we discuss the calculation of the reflection
coefficient and present results regarding its connection to
orbiting scattering. We also present a conjecture related
to these phenomena. In Sec. IV we discuss how the Regge-
Wheeler potential can be reinterpreted as an effective
potential plus quantum corrections proportional ℏ. In
Sec. V we summarize our findings.

II. BLACK HOLE SCATTERING

We start by presenting some generalities in black hole
scattering. Consider the propagation of a massless scalar
field # ¼ #ðt; r; #; ’Þ governed by the wave equation
g$%r$r%# ¼ 0 where g$% denotes a static, spherically
symmetric black hole metric whose line element is

ds2 ¼ fðrÞdt2 ! dr2

fðrÞ ! r2ðd#2 þ sin2#d’2Þ:

Using the following ansatz:

#ðt; r; #; ’Þ ¼ ei!t 1
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c n‘!ðrÞY‘mð#;’Þ; Reð!Þ> 0;

(1)

it is standard [5] to reduce the above equation to a
Schrödinger-like equation for the radial part
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c n‘! ¼ !2c n‘!; (2)

where in principle! ' !n, but we shall drop the subscript
for convenience in what follows. Moreover, VðrÞ ¼
fðrÞUðrÞ (with the form of fðrÞ depending on the metric
under consideration) and

UðrÞ ¼ lðlþ 1Þ
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: (3)

Here, a prime denotes differentiation with respect to r
whereas r& is a tortoise coordinate defined through

dr&
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¼ fðrÞ!1:

A. Scattering from a Schwarzschild black hole

In case of the Schwarzschild metric which we shall
consider in the present work, fðrÞ ¼ 1! 2M=r where M
is the mass of the black hole and the tortoise coordinate is
given by

r& ¼ rþ 2M ln
#
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! 1
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Equation (2) can also be obtained for other spins. The
corresponding Regge-Wheeler potential for spins s ¼ 0,
1, 2 is given as [6]
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; (4)

where l ( s. Note that as we move from r ¼ r0 ¼ 2M at
the event horizon to r ¼ 1, the tortoise coordinate varies
from !1 to 1. Since the scattering problem with the
radial coordinate r in the three-dimensional (3D) case
gets mapped into a one-dimensional (1D) one with the r&
coordinate, the Schrödinger-like equation (2) in black hole
scattering can be solved using standard techniques for 1D
tunneling in quantum mechanics. The asymptotic solutions
of the Schrödinger equation (2) are

c ðr&Þ ¼ Að!Þeþi!r& þ Bð!Þe!i!r& ; r& ! !1;

c ðr&Þ ¼ Cð!Þeþi!r& þDð!Þe!i!r& ; r& ! þ1:

For waves incident on the black hole from the right
(i.e., þ1), we have Bð!Þ ¼ 0, the reflection amplitude
Rð!Þ ¼ Dð!Þ=Cð!Þ and the transmission amplitude
Tð!Þ ¼ Að!Þ=Cð!Þ, so that

c ðr&Þ ¼ Tð!Þei!r& ; r& ! !1;

c ðr&Þ ¼ ei!r& þ Rð!Þe!i!r& ; r& ! þ1:

B. Critical parameters for black hole orbiting

An anomalous large angle scattering, called ALAS, was
observed often in nuclear reactions between !-like nuclei
such as 12C-16O, 16O-28Si, etc., [7] and has been attributed
to the orbiting mechanism in scattering. The origin of this
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• The deflection is related to the real part of the phase shift: 

• One finds:

mechanism can be traced back to classical dynamics,
where a particle approaching the potential center can get
trapped in a circular orbit of radius r0 if its energy equals
the maximum of the effective potential at r0. Ford and
Wheeler [2] found the connection of this phenomenon with
the classical deflection function which becomes singular at
a critical value of the angular momentum for which the
circular orbit can exist and leads to divergent cross sec-
tions. The analogous effect in quantum mechanical scat-
tering corresponds to the appearance of a diffraction
pattern (or peaks) in the scattering cross section in the
backward direction.

1. Deflection function in glory and orbiting

It was shown in Ref. [2] that as long as the classical
deflection function !ðlÞ remains between 0 and #!, the
semiclassical cross section can be entirely described by the
classical cross section. If the deflection function passes
smoothly through 0 or #!, it leads to the phenomenon
named glory. Though classically it corresponds to a singu-
larity in the cross section, quantum mechanically one
expects only a prominent peak in the cross section. Ford
and Wheeler related the deflection function to the real part
of the quantum mechanical scattering phase shift. Detailed
discussions on the topic can be found in Refs. [2,8]. Here
we directly state their conclusion, namely,

!ðlÞ ¼ 2
d"R

l

dl
(5)

connecting the deflection function with the real part of the
phase shift. There exists a critical value lg corresponding to
backward glory scattering. The deflection function at back-
ward angles can be approximated as

!ðlÞ ¼ !þ aðl& lgÞ: (6)

Orbiting occurs when the effective potential as a function
of the radial coordinate r possesses for some angular
momentum lC, a relative maximum equal to the available
energy.

For massive particles in classical general relativity, this
means Vm!0

eff ðrC; ‘CÞ ¼ E. Veff enters the geodesic equation
in the form _r2=2þ Veff ¼ const. For massless particles,
the same condition with Veff from the geodesic equation of
motion is

!
dVeffð‘CÞ

dr

"

rC

¼ 0; VeffðrC; ‘CÞ ¼ !2; (7)

with

VeffðrÞ ¼
‘2

2r2
&M‘2

r3
; (8)

where ‘ has the dimension of angular momentum per
mass which makes Veff dimensionless. Replacing ‘2 with
lðlþ 1Þ we return back to the quantum mechanical picture.

Note that part of V [i.e., the first term of VðrÞ in (4)] is
proportional to Veff and in the case of s ¼ 1, the entire VðrÞ
is proportional to Veff . We shall come back to this point
later. Under such a condition, the deflection function was
shown to vary logarithmically:

!ðlÞ ¼ #1 þ b ln
!
l& lC
lC

"
; l > lC;

!ðlÞ ¼ #2 þ 2b ln
!
lC & l

lC

"
; 0 ' l < lC;

(9)

where #1, #2 and b are constants. The particle is expected
to spiral below or above the barrier depending on the value
of l being greater or less than lC, respectively. If l ¼ lC, the
particle is trapped in a circular orbit and !ðlÞ is singular.
With!ðlÞ being related to the real phase shift as in (5), one
expects a steep jump down in the real part of the phase shift
at the critical value of l.

2. Radius of the unstable orbits and critical l

In black hole scattering with s ¼ 1, Eq. (4) is propor-
tional to the classical Veff from general relativity. Here one
expects an unstable photon orbit at rC ¼ 3M. Considering
the potential Vð3MÞ ¼ !2 with the semiclassical prescrip-
tion of lðlþ 1Þ ! ðlþ 1=2Þ2, it is easy to see that the
critical value of the angular momentum l is given by
lC ¼ ð3

ffiffiffi
3

p
=2Þ!r0 & 1=2, where r0 ¼ 2M. If one uses

lCðlC þ 1Þ instead, one of course ends up with a quadratic
equation for lC. The two values of lC should however
be quite close for large values of l. One could try to find
the critical lC for the occurrence of circular orbits in the
scattering of spin 0 and 2 particles in the same way too.
Considering VðrÞ in (4) at r ¼ 3M leads to

lWKB
C ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27

4
!2r20 &

2

3
ð1& s2Þ

s
& 1

2
; (10)

in the semiclassical approximation and

lQM
C ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27

4
!2r20 &

2

3
ð1& s2Þ þ 1

4

s
& 1

2
(11)

quantum mechanically. In Table I we list the two sets of lC
for different values of !r0. As expected, the difference

TABLE I. Critical values of l obtained using Vðr ¼ 3MÞ. The
numbers outside parentheses correspond to lWKB

C and those
inside to lQM

C .

!r0 s ¼ 0 s ¼ 1 s ¼ 2

0.5 ( ( ( 0.799 (0.892) 1.4203 (1.484)
1 1.966 (2.017) 2.098 (2.145) 2.458 (2.5)
2 4.632 (4.656) 4.696 (4.720) 4.885 (4.908)
2.5 5.944 (5.963) 5.995 (6.014) 6.147 (6.166)
3 7.251 (7.267) 7.294 (7.310) 7.422 (7.437)
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mechanism can be traced back to classical dynamics,
where a particle approaching the potential center can get
trapped in a circular orbit of radius r0 if its energy equals
the maximum of the effective potential at r0. Ford and
Wheeler [2] found the connection of this phenomenon with
the classical deflection function which becomes singular at
a critical value of the angular momentum for which the
circular orbit can exist and leads to divergent cross sec-
tions. The analogous effect in quantum mechanical scat-
tering corresponds to the appearance of a diffraction
pattern (or peaks) in the scattering cross section in the
backward direction.

1. Deflection function in glory and orbiting

It was shown in Ref. [2] that as long as the classical
deflection function !ðlÞ remains between 0 and #!, the
semiclassical cross section can be entirely described by the
classical cross section. If the deflection function passes
smoothly through 0 or #!, it leads to the phenomenon
named glory. Though classically it corresponds to a singu-
larity in the cross section, quantum mechanically one
expects only a prominent peak in the cross section. Ford
and Wheeler related the deflection function to the real part
of the quantum mechanical scattering phase shift. Detailed
discussions on the topic can be found in Refs. [2,8]. Here
we directly state their conclusion, namely,

!ðlÞ ¼ 2
d"R

l

dl
(5)

connecting the deflection function with the real part of the
phase shift. There exists a critical value lg corresponding to
backward glory scattering. The deflection function at back-
ward angles can be approximated as

!ðlÞ ¼ !þ aðl& lgÞ: (6)

Orbiting occurs when the effective potential as a function
of the radial coordinate r possesses for some angular
momentum lC, a relative maximum equal to the available
energy.

For massive particles in classical general relativity, this
means Vm!0

eff ðrC; ‘CÞ ¼ E. Veff enters the geodesic equation
in the form _r2=2þ Veff ¼ const. For massless particles,
the same condition with Veff from the geodesic equation of
motion is

!
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¼ 0; VeffðrC; ‘CÞ ¼ !2; (7)

with

VeffðrÞ ¼
‘2

2r2
&M‘2

r3
; (8)

where ‘ has the dimension of angular momentum per
mass which makes Veff dimensionless. Replacing ‘2 with
lðlþ 1Þ we return back to the quantum mechanical picture.

Note that part of V [i.e., the first term of VðrÞ in (4)] is
proportional to Veff and in the case of s ¼ 1, the entire VðrÞ
is proportional to Veff . We shall come back to this point
later. Under such a condition, the deflection function was
shown to vary logarithmically:

!ðlÞ ¼ #1 þ b ln
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where #1, #2 and b are constants. The particle is expected
to spiral below or above the barrier depending on the value
of l being greater or less than lC, respectively. If l ¼ lC, the
particle is trapped in a circular orbit and !ðlÞ is singular.
With!ðlÞ being related to the real phase shift as in (5), one
expects a steep jump down in the real part of the phase shift
at the critical value of l.

2. Radius of the unstable orbits and critical l

In black hole scattering with s ¼ 1, Eq. (4) is propor-
tional to the classical Veff from general relativity. Here one
expects an unstable photon orbit at rC ¼ 3M. Considering
the potential Vð3MÞ ¼ !2 with the semiclassical prescrip-
tion of lðlþ 1Þ ! ðlþ 1=2Þ2, it is easy to see that the
critical value of the angular momentum l is given by
lC ¼ ð3

ffiffiffi
3

p
=2Þ!r0 & 1=2, where r0 ¼ 2M. If one uses

lCðlC þ 1Þ instead, one of course ends up with a quadratic
equation for lC. The two values of lC should however
be quite close for large values of l. One could try to find
the critical lC for the occurrence of circular orbits in the
scattering of spin 0 and 2 particles in the same way too.
Considering VðrÞ in (4) at r ¼ 3M leads to
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in the semiclassical approximation and
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quantum mechanically. In Table I we list the two sets of lC
for different values of !r0. As expected, the difference
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C and those
inside to lQM
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is its similarity to the Regge-Wheeler potential in the
tortoise coordinate. Indeed,

r20Vðrðr"ÞÞ $
r20V0

cosh2ðr"=ar0 % bÞ (14)

fits the Regge-Wheeler potential quite well for s ¼ 0, 1, 2
provided we choose a ¼ 2:4, b ¼ 0:4 and the height V0 to
be the Regge-Wheeler potential at r ¼ 3M, i.e., V0 ¼
Vðr ¼ 3MÞ which is different for different choices of s
and l dependent. For instance, in the cases s ¼ 0, 1, 2 we
obtain

r20V0 ¼
1

27

!
4lðlþ 1Þ þ 8

3

"
; s ¼ 0;

r20V0 ¼
4

27
4lðlþ 1Þ; s ¼ 1;

r20V0 ¼
1

27
½4lðlþ 1Þ % 8); s ¼ 2:

(15)

The comparison between the Regge-Wheeler and the pa-
rametrized cosh%2 potential is shown in Fig. 2. Evidently,
one would expect some quantitative agreement in both
cases for the reflection coefficient for tunneling at higher
energies, i.e., where the two potentials almost overlap.
We will see that this is indeed the case. To be able to
use the analytical results from Ref. [9] we use: k2 ¼ !2,
! ¼ 1=ar0 and 2mU0 ¼ V0. This gives the following
transmission coefficients:

jTlj2 ¼
sinh2ða"!r0Þ

sinh2ða"!r0Þ þ cos2
#
"=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1% 4V0a

2r20Þ
q % ;

(16)

if 4V0a
2r20 < 1 and

jTlj2 ¼
sinh2ða"!r0Þ

sinh2ða"!r0Þ þ cosh2
#
"=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4V0a

2r20 % 1Þ
q % ;

(17)

for 4V0a
2r20 > 1. The Pöschl-Teller potential defined in

Eqs. (13) and (14) has been used to extract quasinormal
modes of black holes, either as an approximation [10] or
in obtaining exact results in the Nariai spacetime [11] for
which the scalar field equation reduces to the radial equa-
tion with the Pöschl-Teller potential.

B. The rectangular barrier approximation

In Ref. [1] Handler and Matzner used a rectangular
barrier as an approximate solution to obtain the transmis-
sion coefficients corresponding to the black hole scattering
problem of spin 1 particles. Their choice of the height of
the barrier is V0 with the same definition as explained
above. The width b is energy and l dependent, b ¼ l=!.
The standard analytical results for the rectangular barrier
read for ð!r0Þ2 < r20V0,

jTlj2 ¼
1

1þ r40V
2
0 sinh

2ðyÞ
4½r40V0!

2%!4r40)

; (18)

with y * l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r20V0=!

2r20 % 1
q

. For r20V0 < ð!r0Þ2, one

obtains

jTlj2 ¼
1

1þ r40V
2
0 sin

2ð~yÞ
4½!4r40%r40V0!

2)

; (19)

with ~y * l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1% r20V0=!

2r20

q
. Notice that with this prescrip-

tion one cannot calculate T for l ¼ 0 which as far as the
results of Handler and Matzner are concerned is a valid
assumption as they restrained themselves to s ¼ 1 and
therefore via l + s to l > 0.

C. The variable amplitude method

In this section, Rlð!Þ will be evaluated numerically via
the variable amplitude method. The variable amplitude
method was first introduced in Ref. [12] and has been
widely used to evaluate the reflection and transmission
coefficients for different potentials in literature [13].
This method involves writing the solution of the
Schrödinger equation as a superposition of the reflected
and transmitted waves, namely, c lð!; r"Þ ¼ Tlð!; r"Þ,
½ei!r" þ Rlð!; r"Þe%i!r" ), which leads to the following
equation for Rl:

dRlð!; r"Þ
dr"

¼ %Vðr"Þ
2i!

½ei!r" þ Rlð!; r"Þe%i!r" )2: (20)

The absence of reflection behind the potential at r" ! %1
imposes the boundary condition Rlð!;%1Þ ¼ 0 on the
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FIG. 2. The Regge-Wheeler potential compared with the
cosh%2 potential from Eq. (14) for different spins and angular
momentum. The discrepancy between the two cases is more
prominent at smaller energies where the Regge-Wheeler poten-
tial displays an asymmetric tail. Notice also that increasing l
results in an increasing height.
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Lasing medium
• In the presence of a Kerr black hole, light massless particles, 

such as the axion can exhibit the phenomena of super-
radiance. 

• This is a process described by Penrose where the black hole 
loses angular momentum pumping states of the axion into 
highly occupied angular momentum states.  

• A. Arvanitaki, with collaborators has described exactly such 
phenomena.  

We can also estimate the size of the axion cloud as

rc !
!n2

!2 rg; (11)

which is always significantly larger than the black hole
gravitational radius, as a consequence of (3).

These estimates provide the following physical picture
of the superradiant axion cloud. The cloud is composed of
a wave packet of the axion field rotating on a Keplerian
orbit around the black hole. This axion wave packet always
has a tail that goes into the near-horizon ergosphere region
and gets amplified there leading to the exponential growth
of the number of axions in the packet.

Given the complexity of the Kerr metric it is not surpris-
ing that a precise analytical expression for superradiant
rates is unavailable (partial numerical results can be found
in [28]). However, the above physical picture gives rise to
two useful analytical approximations for the superradiant
rates. Before introducing them let us recall that the massive
Klein-Gordon equation in the Kerr background allows
separation of variables [29] with the following simple
ansatz for the scalar field

" ¼ e#i!tþim’Yð#ÞRðrÞ þ H:c::

The equation for Yð#Þ is the standard equation for the flat
space spherical harmonics plus an extra term that can be
neglected if ð!=lÞ2 ' 1. As before, the superradiant con-
dition (3) implies that ð!=lÞ2 < 1=4, so we will always
use this approximation (one can check its accuracy using
known numerical results for oblate spheroidal harmonics,
see e.g. [30]). Then the equation for the radial function R
takes the form

"@rð"@rRÞ þ ð!2ðr2 þ a2Þ2 # 4argrm!þ a2m2

# "ð$2
ar

2 þ a2!2 þ lðlþ 1ÞÞR
¼ 0: (12)

At the horizon, a nonsingular solution of this equation
satisfies [23]

R ¼ const ( e#ið!#mwþÞr) as r ! rþ; (13)

where r) is the ‘‘tortoise’’ coordinate defined through

dr) ¼ ðr2 þ a2Þ"#1dr: (14)

A. Nonrelativistic approximation !=l ' 1

This approximation [18,20], that initially was applied
for superradiant scattering rather than the calculation of the
instability rate [16], makes use of the separation of scales
between the size of the cloud and the black hole horizon
following from relations (9) and (11). The radial equation
is now solved in two different regimes: the near and far
horizon regions. In the region far from the black hole
horizon, r * rg, neglecting terms suppressed by ð!=lÞ2,

the solution takes the same form as the radial wave func-
tion of the Schroedinger equation with an 1=r potential,

RfarðrÞ ¼ ð2krÞle#krUðlþ 1# !2

rgk
; 2ðlþ 1Þ; 2krÞ; (15)

where U is the confluent hypergeometric function of the
second kind, and k is the axion momentum,

k2 ¼ $2
a #!2: (16)

In the ordinary Schroedinger equation with an 1=r poten-
tial the spectrum of frequencies ! is determined by requir-
ing the regularity of R at the origin. Instead, in the black
hole case one has to impose the regularity of the field at the
horizon—the incoming wave boundary condition (13).
One way to do this is to solve the radial Eq. (12) in the
near-horizon regime. After dropping terms of order !=l
the solution in the near-horizon region, 0< r# rþ '
ðl=!Þ2rg, that satisfies the boundary condition (13) takes
the form

RnearðrÞ ¼
!
r# rþ
r# r#

"#iP

2F1ð#l; lþ 1; 1þ 2iP;
r# r#
rþ # r#

Þ;

(17)

where

P ¼ 2rþ
!#mwþ
rþ # r#

and 2F1 is the Gauss’s hypergeometric function. At
!=l ' 1 the ranges of validity for the two approximate
solutions (15) and (17) have an overlap, so the approach in
[18,20] was to match the lowest terms of the Taylor ex-
pansion for Rfar at small r with the asymptotic behavior of
(17) at large r, with the following result for the imaginary
part of the frequency,

#lmn ¼ 2$!4lþ4rþðmwþ #$aÞClmn; (18)

where

Clmn ¼ 24lþ2ð2lþ nþ 1Þ!
ðlþ nþ 1Þ2lþ4n!

!
l!

ð2lÞ!ð2lþ 1Þ!

"
2

+
Yl

j¼1

!
j2
!
1# a2

r2g

"
þ 4r2þðmwþ #$aÞ2

"
:

Note that the real part is well approximated by the hydro-
gen spectrum (7). These approximate formulas exhibit
many of the features of the full answer. In particular, the
sign of #lmn is determined by the sign of (mwþ #$a), in
agreement with (3) within the accuracy of the nonrelativ-
istic approximation used to derive (18). Also, in the regime
of applicability of (18), !=l ' 1, widths #lmn drop expo-
nentially as l increases. This implies that for a given value
of ! the fastest superradiant level is the one with a smallest
possible l, i.e., the l ¼ m level withm chosen in such a way
that the superradiance condition (3) is satisfied.
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We can also estimate the size of the axion cloud as
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which is always significantly larger than the black hole
gravitational radius, as a consequence of (3).

These estimates provide the following physical picture
of the superradiant axion cloud. The cloud is composed of
a wave packet of the axion field rotating on a Keplerian
orbit around the black hole. This axion wave packet always
has a tail that goes into the near-horizon ergosphere region
and gets amplified there leading to the exponential growth
of the number of axions in the packet.

Given the complexity of the Kerr metric it is not surpris-
ing that a precise analytical expression for superradiant
rates is unavailable (partial numerical results can be found
in [28]). However, the above physical picture gives rise to
two useful analytical approximations for the superradiant
rates. Before introducing them let us recall that the massive
Klein-Gordon equation in the Kerr background allows
separation of variables [29] with the following simple
ansatz for the scalar field

" ¼ e#i!tþim’Yð#ÞRðrÞ þ H:c::

The equation for Yð#Þ is the standard equation for the flat
space spherical harmonics plus an extra term that can be
neglected if ð!=lÞ2 ' 1. As before, the superradiant con-
dition (3) implies that ð!=lÞ2 < 1=4, so we will always
use this approximation (one can check its accuracy using
known numerical results for oblate spheroidal harmonics,
see e.g. [30]). Then the equation for the radial function R
takes the form

"@rð"@rRÞ þ ð!2ðr2 þ a2Þ2 # 4argrm!þ a2m2

# "ð$2
ar
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¼ 0: (12)

At the horizon, a nonsingular solution of this equation
satisfies [23]

R ¼ const ( e#ið!#mwþÞr) as r ! rþ; (13)

where r) is the ‘‘tortoise’’ coordinate defined through

dr) ¼ ðr2 þ a2Þ"#1dr: (14)

A. Nonrelativistic approximation !=l ' 1

This approximation [18,20], that initially was applied
for superradiant scattering rather than the calculation of the
instability rate [16], makes use of the separation of scales
between the size of the cloud and the black hole horizon
following from relations (9) and (11). The radial equation
is now solved in two different regimes: the near and far
horizon regions. In the region far from the black hole
horizon, r * rg, neglecting terms suppressed by ð!=lÞ2,

the solution takes the same form as the radial wave func-
tion of the Schroedinger equation with an 1=r potential,

RfarðrÞ ¼ ð2krÞle#krUðlþ 1# !2

rgk
; 2ðlþ 1Þ; 2krÞ; (15)

where U is the confluent hypergeometric function of the
second kind, and k is the axion momentum,

k2 ¼ $2
a #!2: (16)

In the ordinary Schroedinger equation with an 1=r poten-
tial the spectrum of frequencies ! is determined by requir-
ing the regularity of R at the origin. Instead, in the black
hole case one has to impose the regularity of the field at the
horizon—the incoming wave boundary condition (13).
One way to do this is to solve the radial Eq. (12) in the
near-horizon regime. After dropping terms of order !=l
the solution in the near-horizon region, 0< r# rþ '
ðl=!Þ2rg, that satisfies the boundary condition (13) takes
the form

RnearðrÞ ¼
!
r# rþ
r# r#
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2F1ð#l; lþ 1; 1þ 2iP;
r# r#
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Þ;

(17)

where

P ¼ 2rþ
!#mwþ
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and 2F1 is the Gauss’s hypergeometric function. At
!=l ' 1 the ranges of validity for the two approximate
solutions (15) and (17) have an overlap, so the approach in
[18,20] was to match the lowest terms of the Taylor ex-
pansion for Rfar at small r with the asymptotic behavior of
(17) at large r, with the following result for the imaginary
part of the frequency,

#lmn ¼ 2$!4lþ4rþðmwþ #$aÞClmn; (18)

where
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Note that the real part is well approximated by the hydro-
gen spectrum (7). These approximate formulas exhibit
many of the features of the full answer. In particular, the
sign of #lmn is determined by the sign of (mwþ #$a), in
agreement with (3) within the accuracy of the nonrelativ-
istic approximation used to derive (18). Also, in the regime
of applicability of (18), !=l ' 1, widths #lmn drop expo-
nentially as l increases. This implies that for a given value
of ! the fastest superradiant level is the one with a smallest
possible l, i.e., the l ¼ m level withm chosen in such a way
that the superradiance condition (3) is satisfied.
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We can also estimate the size of the axion cloud as
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which is always significantly larger than the black hole
gravitational radius, as a consequence of (3).

These estimates provide the following physical picture
of the superradiant axion cloud. The cloud is composed of
a wave packet of the axion field rotating on a Keplerian
orbit around the black hole. This axion wave packet always
has a tail that goes into the near-horizon ergosphere region
and gets amplified there leading to the exponential growth
of the number of axions in the packet.

Given the complexity of the Kerr metric it is not surpris-
ing that a precise analytical expression for superradiant
rates is unavailable (partial numerical results can be found
in [28]). However, the above physical picture gives rise to
two useful analytical approximations for the superradiant
rates. Before introducing them let us recall that the massive
Klein-Gordon equation in the Kerr background allows
separation of variables [29] with the following simple
ansatz for the scalar field

" ¼ e#i!tþim’Yð#ÞRðrÞ þ H:c::

The equation for Yð#Þ is the standard equation for the flat
space spherical harmonics plus an extra term that can be
neglected if ð!=lÞ2 ' 1. As before, the superradiant con-
dition (3) implies that ð!=lÞ2 < 1=4, so we will always
use this approximation (one can check its accuracy using
known numerical results for oblate spheroidal harmonics,
see e.g. [30]). Then the equation for the radial function R
takes the form

"@rð"@rRÞ þ ð!2ðr2 þ a2Þ2 # 4argrm!þ a2m2

# "ð$2
ar

2 þ a2!2 þ lðlþ 1ÞÞR
¼ 0: (12)

At the horizon, a nonsingular solution of this equation
satisfies [23]

R ¼ const ( e#ið!#mwþÞr) as r ! rþ; (13)

where r) is the ‘‘tortoise’’ coordinate defined through

dr) ¼ ðr2 þ a2Þ"#1dr: (14)

A. Nonrelativistic approximation !=l ' 1

This approximation [18,20], that initially was applied
for superradiant scattering rather than the calculation of the
instability rate [16], makes use of the separation of scales
between the size of the cloud and the black hole horizon
following from relations (9) and (11). The radial equation
is now solved in two different regimes: the near and far
horizon regions. In the region far from the black hole
horizon, r * rg, neglecting terms suppressed by ð!=lÞ2,

the solution takes the same form as the radial wave func-
tion of the Schroedinger equation with an 1=r potential,

RfarðrÞ ¼ ð2krÞle#krUðlþ 1# !2

rgk
; 2ðlþ 1Þ; 2krÞ; (15)

where U is the confluent hypergeometric function of the
second kind, and k is the axion momentum,

k2 ¼ $2
a #!2: (16)

In the ordinary Schroedinger equation with an 1=r poten-
tial the spectrum of frequencies ! is determined by requir-
ing the regularity of R at the origin. Instead, in the black
hole case one has to impose the regularity of the field at the
horizon—the incoming wave boundary condition (13).
One way to do this is to solve the radial Eq. (12) in the
near-horizon regime. After dropping terms of order !=l
the solution in the near-horizon region, 0< r# rþ '
ðl=!Þ2rg, that satisfies the boundary condition (13) takes
the form

RnearðrÞ ¼
!
r# rþ
r# r#

"#iP

2F1ð#l; lþ 1; 1þ 2iP;
r# r#
rþ # r#

Þ;

(17)

where

P ¼ 2rþ
!#mwþ
rþ # r#

and 2F1 is the Gauss’s hypergeometric function. At
!=l ' 1 the ranges of validity for the two approximate
solutions (15) and (17) have an overlap, so the approach in
[18,20] was to match the lowest terms of the Taylor ex-
pansion for Rfar at small r with the asymptotic behavior of
(17) at large r, with the following result for the imaginary
part of the frequency,

#lmn ¼ 2$!4lþ4rþðmwþ #$aÞClmn; (18)

where
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Note that the real part is well approximated by the hydro-
gen spectrum (7). These approximate formulas exhibit
many of the features of the full answer. In particular, the
sign of #lmn is determined by the sign of (mwþ #$a), in
agreement with (3) within the accuracy of the nonrelativ-
istic approximation used to derive (18). Also, in the regime
of applicability of (18), !=l ' 1, widths #lmn drop expo-
nentially as l increases. This implies that for a given value
of ! the fastest superradiant level is the one with a smallest
possible l, i.e., the l ¼ m level withm chosen in such a way
that the superradiance condition (3) is satisfied.
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We can also estimate the size of the axion cloud as
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which is always significantly larger than the black hole
gravitational radius, as a consequence of (3).

These estimates provide the following physical picture
of the superradiant axion cloud. The cloud is composed of
a wave packet of the axion field rotating on a Keplerian
orbit around the black hole. This axion wave packet always
has a tail that goes into the near-horizon ergosphere region
and gets amplified there leading to the exponential growth
of the number of axions in the packet.

Given the complexity of the Kerr metric it is not surpris-
ing that a precise analytical expression for superradiant
rates is unavailable (partial numerical results can be found
in [28]). However, the above physical picture gives rise to
two useful analytical approximations for the superradiant
rates. Before introducing them let us recall that the massive
Klein-Gordon equation in the Kerr background allows
separation of variables [29] with the following simple
ansatz for the scalar field

" ¼ e#i!tþim’Yð#ÞRðrÞ þ H:c::

The equation for Yð#Þ is the standard equation for the flat
space spherical harmonics plus an extra term that can be
neglected if ð!=lÞ2 ' 1. As before, the superradiant con-
dition (3) implies that ð!=lÞ2 < 1=4, so we will always
use this approximation (one can check its accuracy using
known numerical results for oblate spheroidal harmonics,
see e.g. [30]). Then the equation for the radial function R
takes the form

"@rð"@rRÞ þ ð!2ðr2 þ a2Þ2 # 4argrm!þ a2m2

# "ð$2
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2 þ a2!2 þ lðlþ 1ÞÞR
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At the horizon, a nonsingular solution of this equation
satisfies [23]

R ¼ const ( e#ið!#mwþÞr) as r ! rþ; (13)

where r) is the ‘‘tortoise’’ coordinate defined through

dr) ¼ ðr2 þ a2Þ"#1dr: (14)

A. Nonrelativistic approximation !=l ' 1

This approximation [18,20], that initially was applied
for superradiant scattering rather than the calculation of the
instability rate [16], makes use of the separation of scales
between the size of the cloud and the black hole horizon
following from relations (9) and (11). The radial equation
is now solved in two different regimes: the near and far
horizon regions. In the region far from the black hole
horizon, r * rg, neglecting terms suppressed by ð!=lÞ2,

the solution takes the same form as the radial wave func-
tion of the Schroedinger equation with an 1=r potential,

RfarðrÞ ¼ ð2krÞle#krUðlþ 1# !2

rgk
; 2ðlþ 1Þ; 2krÞ; (15)

where U is the confluent hypergeometric function of the
second kind, and k is the axion momentum,

k2 ¼ $2
a #!2: (16)

In the ordinary Schroedinger equation with an 1=r poten-
tial the spectrum of frequencies ! is determined by requir-
ing the regularity of R at the origin. Instead, in the black
hole case one has to impose the regularity of the field at the
horizon—the incoming wave boundary condition (13).
One way to do this is to solve the radial Eq. (12) in the
near-horizon regime. After dropping terms of order !=l
the solution in the near-horizon region, 0< r# rþ '
ðl=!Þ2rg, that satisfies the boundary condition (13) takes
the form

RnearðrÞ ¼
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r# rþ
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where

P ¼ 2rþ
!#mwþ
rþ # r#

and 2F1 is the Gauss’s hypergeometric function. At
!=l ' 1 the ranges of validity for the two approximate
solutions (15) and (17) have an overlap, so the approach in
[18,20] was to match the lowest terms of the Taylor ex-
pansion for Rfar at small r with the asymptotic behavior of
(17) at large r, with the following result for the imaginary
part of the frequency,

#lmn ¼ 2$!4lþ4rþðmwþ #$aÞClmn; (18)

where
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Note that the real part is well approximated by the hydro-
gen spectrum (7). These approximate formulas exhibit
many of the features of the full answer. In particular, the
sign of #lmn is determined by the sign of (mwþ #$a), in
agreement with (3) within the accuracy of the nonrelativ-
istic approximation used to derive (18). Also, in the regime
of applicability of (18), !=l ' 1, widths #lmn drop expo-
nentially as l increases. This implies that for a given value
of ! the fastest superradiant level is the one with a smallest
possible l, i.e., the l ¼ m level withm chosen in such a way
that the superradiance condition (3) is satisfied.
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from axion-to-photon conversion in the near-horizon
magnetic field.

Section Velaborates on an issue which is aside from the
main line of the paper, but still a very important part of
the theoretical motivations for string axions in the mass
range probed by the black hole superradiance. Namely, all
these axions are ‘‘anthropic’’—their initial misalignment
angle needs to be tuned to an atypically small value in the
observed part of the Universe. It has been known for a long
time [26], that this is not a problem for a single QCD axion,
and here we discuss what changes if several anthropic
axions are present. We conclude in Sec. VI.

II. SPECTROSCOPY OF SUPERRADIANCE

In this section we review the spectroscopy of super-
radiant levels around a rotating black hole. Throughout
the paper we are using the Boyer-Lindquist coordinates
for the spinning black hole metric [27]

ds2 ¼ "ð1" 2rgr

!
Þdt2 " 4rgarsin

2!

!
dtd"þ !

"
dr2

þ !d!2 þ ðr2 þ a2Þ2 " a2"sin2!

!
sin2!d"2;

! ¼ r2 þ a2cos2!;

" ¼ ðr" rþÞðr" r"Þr& ¼ rg &
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2g " a2

q
;

a ¼ J

M
;

rg ¼ GNM;

(5)

where M and J are black hole’s mass and spin, respec-
tively. The physical horizon corresponds to the larger root
of ", which is r ¼ rþ.

One of the most fundamental equations for the under-
standing of superradiance is condition (3), so let us review
how it arises, following [27]. Interestingly, one has to know
remarkably little about the Kerr geometry to derive (3).
The first fact one needs is that the black hole metric in the
Boyer-Lindquist coordinates is invariant under time trans-
lations, or more formally it possesses the Killing vector
H #@# ¼ @t. Second, it possesses another Killing vector
related to rotational invariance, J #@# ¼ @’ and the linear
combination

G ¼ H þ wþJ ;

is normal to the horizon and null there. In the above
equation wþ is given by (4).

Now, let us consider an incoming wave of a scalar field
of the form

" ¼ e"i!tþim’fðr;!Þ þ H:c::

The conserved energy flux of this field is given by

P# ¼ "T#$H $ ¼ "@#"@t"þ 1

2
g#tL;

where T#$ andL are the energy-momentum tensor and the
Lagrangian density for ", respectively. For a space-time
region between two constant time slices, conservation of
the current P# implies that the time-averaged energy flux
at the infinity is equal to the time-averaged energy flux
through the black hole horizon. The latter is equal to

hP#G#i ¼ "hð@t"þ!þ@""Þ@t"i ¼ !ð!"m!þÞjfj2;
(6)

where the g#$ term in the energy-momentum tensor
dropped out because vectors G and H are perpendicular
at the horizon. We see that the energy flux is negative in the
superradiant frequency range indicating that the wave gets
amplified in this regime. The argument changes a bit when
the frequency ! corresponds to the discrete spectrum so
that the energy flux at the infinity necessarily vanishes. In
this case the only way to reconcile the flux (6) at the
horizon with the energy conservation is for the frequency
! to acquire an imaginary part, so that the time-averaged
energies on the two constant time slices are not equal any
longer. For the real part of the frequency in the superradiant
interval (3) the imaginary part should be positive indicating
the presence of an instability.
One important consequence of the instability condition

(3) is that the superradiant levels are always in a (quasi)
nonrelativistic Keplerian regime. Indeed, in this regime the
real part of the frequency follows the hydrogen spectrum

! #n ' #a

"
1" %2

2 #n2

#
; (7)

where #n ¼ nþ lþ 1 is the principal quantum number, l is
the orbital moment and % ¼ #arg. For such a level the
velocity of the particle is

v( %

#n
: (8)

On the other hand, if we approximate the frequency in the
superradiance condition (3) by the axion mass, !n ' #a,
the condition translates into a bound

% & mwþ ¼ m

2

a

rþ
; (9)

where we made use of the expression (4) for wþ. We see
now that the velocity for superradiant states may be at most
moderately relativistic,

v &
1

2

m

#n

a

rþ
<

1

2
; (10)

where the bound is saturated at the upper boundary of the
superradiant range (3) for extremal black holes a ¼ rþ, at
n ¼ 0 and large l ¼ m ) 1.
In principle, this argument does not exclude the presence

of a family of nonhydrogenic unstable bound states, how-
ever numerical results of [28] confirm that all superradiant
states are hydrogenic.
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Super radiance
• Is a kinematical phenomena, other examples include 

Cherenkov radiation and a rotating axisymmetric body. 
• If the rotational velocity is faster than the angular phase 

velocity, super radiance occurs. 

• for black holes the angular velocity at the horizon is used 
• this rotation rate is relativistic, which can give rise to 

significant super radiance rates 
• gravity is universal, so the effect is universal for all particles 
• the effect is maximal if the Compton wavelength of the 

particle is comparable with the size of the black hole.  For 
astrophysical black holes, this requires masses between
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I. WHAT IS SUPERRADIANCE?

A wave that scatters from a rotating black hole can exit
the black hole environment with a larger amplitude than the
one with which it came in. This amplification happens for
both matter and light waves and it is called black hole
superradiance. It is an effect that has been known for nearly
50 years [1].
Massive bosonic waves are special. They form bound

states with the black hole whose occupation number can
grow exponentially [2]; for fermions, Pauli’s exclusion
principle makes this lasing effect impossible. This expo-
nential growth is understood if one considers the mass of
the boson acting as a mirror that forces the wave to confine
in the black hole’s vicinity and to scatter and superradiate
continuously. This is known as the superradiance (SR)
instability for a Kerr black hole and is an efficient method
of extracting angular momentum and energy from the black
hole. Rapidly spinning astrophysical black holes thus
become a diagnostic tool for the existence of light massive
bosons [3,4].
Black hole superradiance sounds exotic and mysterious

since it naively appears to be deeply connected with

nonlinear gravitational effects in the vicinity of black holes.
Instead, superradiance is a purely kinematic effect, and
black hole superradiance is just another manifestation of
the superradiance phenomenon that appears in a variety of
systems. The most famous is inertial motion superradiance,
most commonly referred to as Cherenkov radiation [5].
In Cherenkov radiation, a nonaccelerating charged particle
spontaneously emits radiation while moving superlumi-
nally in a medium. The emitted radiation forms a cone with
opening angle cos θ ¼ ðnvÞ−1, where n is the index of
refraction of the medium, and radiation that scatters inside
the cone ðωγ < ~v · ~kγÞ is amplified [6].
Similarly, superradiance occurs for a conducting axi-

symmetric body rotating at a constant angular velocity
Ωcylinder [7]. Here, superluminal motion is in the angular
direction: a rotating conducting cylinder amplifies any light
wave of the form eimφ−iωγt when the rotational velocity of
the cylinder is faster than the angular phase velocity of
the light:

ωγ

m
< Ωcylinder; ð1Þ

where ωγ and m are the photon energy and angular
momentum with respect to the cylinder rotation axis,
respectively. This is the same as the superradiance condition
for rotating black holes, with Ωcylinder substituted by the
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angular velocity of the black hole at the horizon. The only
difference is in the (dissipative) interaction required for
superradiance to occur: in the case of a conducting cylinder,
it is electromagnetism, while for black holes, it is gravity.
Although the kinematic condition is easy to satisfy, the

amplification rate is typically small, and rotational super-
radiance in particular is very hard to observe. The ampli-
fication rate is determined by the overlap of the scattered
wave with the rotating object; for nonrelativistic rotation,
this overlap is proportional to ðωγRÞ2m where R is the size
of the object. The superradiance condition in Eq. (1)
implies that this quantity is generically much less than 1.
As Bekenstein notes, only superradiance for the m ¼ 1
mode could potentially be observed in the lab [6]. For black
holes, however, several modes with m ≥ 1 can be super-
radiating within the evolution time scale of the black hole
since their rotation is relativistic.
The smallness of the superradiance rate also highlights

the importance of axisymmetry. For nonaxisymmetric
objects, SR modes mix with non-SR (decaying) ones,
and hence the amplification rate is even smaller or
nonexistent. This is another complication for observing
rotational superradiance in the lab as well as around
astrophysical objects such as stars and planets.
To summarize, rotating black holes are just one type of

system in which superradiance can occur. However, they
have special properties that make them ideal for observing
superradiance of massive bosonic particles:

(i) They are perfectly axisymmetric due to the no-hair
theorem.

(ii) Their rotation is relativistic so the SR rate can be
significant.

(iii) Gravity provides the interaction necessary for SR to
occur, so the effect is universal for all particles.

In particular, the superradiance rate for black holes can be
significantly faster than the dynamical black hole evolution
rate. It is maximized when the Compton wavelength of the
massive bosonic particle is comparable to the black hole
size: astrophysical black holes are sensitive detectors of
bosons with masses between 10−20 and 10−10 eV.
This mass range encompasses many theoretically moti-

vated light bosons. In particular, the QCD axion, a pseudo-
Goldstone boson proposed to solve the strong CP problem
[8], falls in this mass range for high decay constant
fa ≃ 1017 GeVð6 × 10−11 eV=μaÞ, where μa is the axion
mass. Many light axions can also arise in the landscape of
string vacua [3]. Other classes of particles probed by
superradiance include light dilatons [9] and light gauge
bosons of hidden Uð1Þs (see [10] and references therein).
Black hole superradiance can probe parameter space that
is inaccessible to laboratories or astrophysics since natu-
rally light bosons have small or no couplings to the
standard model.
As long as the self-interaction of the boson is sufficiently

weak and its Compton wavelength comparable to the size

of astrophysical black holes, superradiance will operate,
regardless of the model or the abundance of the boson. We
mostly refer to the QCD axion, but our result is directly
applicable to general scalars via λ↔ ðμa=faÞ2 for a scalar
with mass μa and quartic interaction L ⊃ λϕ4=4!. The same
results can also be approximately applied to light vector
bosons.
When the superradiance effect is maximized, a macro-

scopic “cloud” of particles forms around the black hole,
giving dramatic experimental signatures [4]. The signals
are sizable even after taking into account bounds suggested
by measurements of rapidly spinning black holes, which
would have spun down quickly in the presence of light
bosonic particles of appropriate masses.
Black hole superradiance is fast enough to allow multiple

levels to superradiate within the dynamical evolution time
scale of astrophysical black holes. Axions occupying these
levels can annihilate to a single graviton in the presence of
the black hole’s gravitational field. Levels with the same
angular momentum quantum numbers but different ener-
gies can be simultaneously populated; axions that transition
between them emit gravitational radiation. As we will see,
both axion transitions and annihilations produce mono-
chromatic gravitational wave radiation of appreciable
intensity. The gravitational wave frequency and strain for
grand unification scale to Planck-scale QCD axions fall in
the optimal sensitivity band for Advanced LIGO (aLIGO)
[11] and VIRGO [12].
The annihilations signature is also promising at future,

low-frequency gravitational wave observatories. Another
signal relevant for bosons with self-coupling stronger than
the QCD axion is the “bosenova” effect [4], where the
bosonic cloud collapses under its self-interactions, produc-
ing periodic gravitational wave bursts.
In this paper, we focus on the prospects for detecting

gravitational wave signals at aLIGO and discuss the reach
for future gravitational wave detectors operating at lower
frequencies. In Sec. II, we review the parameters for black
hole superradiance and how it evolves for an astrophysical
black hole. In Sec. III, we estimate expected event rates at
aLIGO and at future lower frequency detectors. In Sec. IV,
we revisit bounds from black hole spin measurements and
include our results for both stellar and supermassive black
holes. We examine the effects of black hole companion
stars and accretion disks on superradiance in Sec. V, and
conclude in Sec. VI.

II. THEORETICAL BACKGROUND

A. The gravitational atom in the sky

The bound states of a massive boson with the black
hole (BH) are closely approximated by hydrogen wave
functions: except in very close proximity to the black hole,
the gravitational potential is ∝ 1=r. The “fine-structure
constant” α of the gravitational atom is
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Lasing gain
• The wave functions of the axions are essentially hydrogenic 

states, with nothing particularly specific.  
• They can drop down in energy and emit a graviton.  The 

probability that such a graviton is emitted is given by the 
total amplitude for spontaneous emission of a graviton.  It 
will not behave any differently than our previous calculation.  

• From this amplitude, the absorption cross section can also be 
computed, in the particle picture for the graviton.  

• In the quantization of the gravitons we must use: 

• With              corresponding to the Schwarzschild metric. 

• However we will still find

gµ⌫ = �µ⌫ + hµ⌫

�µ⌫

� =
~G
c

3
⇥ o(1) ⇠ 10�68



• Thus the gain depends on the density of the axions.  This is 
completely dependent on the model for the axions and 
dependent on the super radiance. 

• It is calculated that the population of the axionic states 
quickly rise to 

• This gives rise to a density of approximately  

• Then the graviton would amplify with gain per meter of
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α ¼ rgμa; rg ≡GNM; ð2Þ

where rg is the gravitational radius of the BH, M its mass,
and μa the boson’s mass. Throughout this paper, we use
units where c ¼ ℏ ¼ 1. Like the hydrogen atom, the
orbitals around the black hole are indexed by the principal,
orbital, and magnetic quantum numbers fn;l; mg with
energies:

ω≃ μa

!
1 −

α2

2n2

"
: ð3Þ

The orbital velocity is approximately v ∼ α=l, and the
axions form a cloud with average distance

rc ∼
n2

α2
rg ð4Þ

from the black hole.
A level with energy ω and magnetic quantum number m

can extract energy and angular momentum from the black
hole if it satisfies the superradiance condition analogous to
Eq. (1):

ω
m

< ωþ; ωþ ≡ 1

2

!
a%

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − a2%

p
"
r−1g ; ð5Þ

where ωþ can be thought of as the angular velocity of
the black hole and 0 ≤ ja%j < 1 is the black hole spin
(a% ≡ a=rg in Boyer-Lindquist coordinates). The SR con-
dition requires

α=l ≤ 1=2; ð6Þ

with the upper bound saturated for m ¼ l and extremal
black holes (a% ¼ 1), so superradiating bound states are
indeed well approximated by solutions to a 1=r gravita-
tional potential (rc ≫ rg) with subleading relativistic cor-
rections (v2 ≪ 1).
The occupation number1 N of levels that satisfy the SR

condition grows exponentially with a rate Γsr,

dN
dt

$$$$
sr
¼ ΓsrN;

Γnlm
sr ða%; α; rgÞ ¼ Oð10−7–10−14Þr−1g : ð7Þ

The boson is not required to be dark matter or be physically
present in the vicinity of the black hole: just like sponta-
neous emission, superradiance can start by a quantum
mechanical fluctuation from the vacuum, and proceed to

grow exponentially. If the SR condition is satisfied, the
growth will occur as long as the rate is faster than the
evolution time scales of the BH, the most relevant of which
is the Eddington accretion time, τEddington ¼ 4 × 108 years.
The growth stops when enough angular momentum has
been extracted so that the superradiance condition is no
longer satisfied. At that point the number of bosons
occupying the level is

Nmax ≃GNM2

m
Δa% ∼ 1076

!
Δa%
0.1

"!
M

10M⊙

"
2

; ð8Þ

where Δa% ¼ Oð0.1Þ is the difference between the initial
and final BH spin.
The superradiance rates (or dumping rates for the levels

that are not superradiating) are given by the small imagi-
nary part of the energy of a free-field solution in the Kerr
background. Unless otherwise specified, we use the semi-
analytic approach for massive spin-0 fields presented in [4],
which agrees well with analytical formulas for α=l ≪ 1 [2]
and the WKB approximation for α=l ∼Oð1=2Þ [2,4], as
well as with partial numerical results in [13]. Rates for
massive spin-1 fields are expected to be larger, and some
numerical progress has been made toward calculating them
[14]; we choose to focus on the spin-0 case (including the
QCD axion) for the remainder of this paper, but further
studies with spin-1 fields are very worthwhile.
In Fig. 1 we show representative values of the super-

radiance rates, Γsr, and we list sample values in Table I
along with typical BH evolution time scales. The rate varies
with the relevant parameters of the system as follows:

(i) rg.—The dimensionless quantity Γsrrg depends only
on the coupling α, BH spin a% and the quantum
numbers of the state; the physical SR time can be as
short as 100 s for stellar black holes and is longer for
heavier black holes.
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FIG. 1 (color online). Superradiance times of levels l ¼ 1 to 4
(left to right) for spins a% ¼ 0.99 and 0.90, fixing m ¼ l and
n ¼ lþ 1. Time in years is shown for a 10M⊙ black hole as a
function of boson mass μa; on the right axis, we show the
dimensionless superradiance rate Γsrrg as a function of the
gravitational coupling α (top axis).

1The axion cloud surrounding the BH is described by a
classical field, and therefore does not have a well-defined
occupation number N. In this paper we define the occupation
number as the average value of bosons in the cloud.
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• For a solar mass black hole the radius is about 3000 meters, 
giving the gain per meter to be, for 1 to 10 solar masses 

• Thus the graviton is amplified once every second to one 
thousand seconds.  Eventually this would be an intense, 
coherent graviton beam. 

• For a super massive black hole of          solar masses, the gain 
per meter would be                . 

• If the density of the lasing medium is not anywhere near the 
projected maximum density, it can also drastically lower the 
gain.  

• It is clear observationally, we have not seen the existence of 
any intense, coherent beams of gravitational radiation, 
essentially death rays, thus the gains have to be smaller.
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TIME BOMB
• Thus in principle, since the beginning of the universe, about 

13 billion years or                         seconds, gravitons have 
been lasing in the vicinity of black holes with such super 
radiant axion clouds. 

• They are continually emitting coherent, amplified beams of 
gravitons.  

• There has not been enough time for the beams to be 
sufficiently amplified, to be a threat.  The gain per meter has 
not been sufficiently high. 

• But there is a ticking time bomb in the process of being 
created.  

• For gains per meter of the order of           the amplification is 
order 1 in the time the universe has existed. 

• If the axionic super radiant cloud prediction is valid, there is 
bad news on the horizon.
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