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Introduction
Motivation

output
4

@ Generally, develop tools to
study large quantum
systems

@ Role of quantum noise
@ Dynamical systems,

driven-dissipative, no
steady state

d
. input t t| oo | ¢ output
@ Excitable laser systems _y M m-r

*Fitzpatrick et al. [2017]

4
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Introduction Excitable systems

Excitable systems

Iin

» Iout
J.

0.4

‘ ™ 0.3
@ Threshold response to input I
502
@ Optical: excitable lasers )
S 0.1

@ Interesting dynamical system

@ Effect of quantum noise?
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e Theory

@ Phase space methods
@ Phase space representation of the single mode laser
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Theory Phase space methods

Fokker-Plank equations

Op="Lp W OP(e) = 0o A(@)P(e) + oo, 1D5()P(e)

@ A: drift vector, evolution of mean
@ D: diffusion matrix, evolution of distribution width
@ (aad) = (had) = [daP(a)okal

@ Linear — gaussian P; very difficult to solve in general

*Gilchrist et al. [1997], Carmichael [1999], Carmichael [2009]
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Theory Phase space methods

Equivalent stochastic differential equations

@ Map Fokker-Plank to equivalent stochastic differential equation
@ Easy to simulate!!

OP(ar) = —0p,Ai()P(ax) + 04,0, 1D,-j(ac)P(oz)

aiajy

da = A(a)dt +BY (a)dW!)

@ Noise matrix: BBY =D
@ Normal-ordered expectation values: (a'7a%) (1) = (o£a?)(z)
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Theory Phase space representation of the single mode laser

System of interest: single mode laser

d . . .
o = — iwfa'a, p) + wDlalp — i< [J:, o] + %[&*L —aly,pl
R N Y R
+ Y WDl + #DEwalo + 5 Dldnclp.

n

Y11
° J:ZQV&,“ Ay =wy — we

@ YW=+ m=+ 2%

o=y —-n

Yi2 Y12
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Theory Phase space representation of the single mode laser

Transformation to phase space

.Wgq 14 8 A1y A%
- liq[‘lzap] + 7[01-]7 _a‘]+7:0]

VN

+Z'7¢D nlp +1Dlo+, n]p“‘ D[Unz]

d
1P =—iwcla'a, p| + wDalp

o {a,a" J_,J. b} — {a,a.v,ve,ml=a
@ Aside: Non-FP terms from discrete spin J.

*Carmichael [1999]
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Theory Phase space representation of the single mode laser

Scaled Fokker-Plank equation

o {a,at,J_, 7, 1.} —  {o,a.,v,v.,m}

@ a=+vNa, v=Nv, m=Nm — on =N"0

d N1

—P'(&) = [ — 05,Ai(&) + 05,05,——Dij(@) + O(N?)|P'(&,1)

dt 2
—50 + gv
_%0_4* + gvs
A= — (iAg + L) v + gima = Maxwell-Bloch Eqns.

— (iAg + %) Vs + gmav,
Ly =y — 2g(avs + a.v)
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Theory Phase space representation of the single mode laser

Scaled Fokker-Plank equation

o {a,at,J_, 7, 1.} —  {o,a.,v,v.,m}

@ a=+vNa, v=Nv, m=Nm — on =N"0

d N1

—P'(&) = [ — 05,Ai(&) + 05,05,——Dij(@) + O(N?)|P'(&,1)

dt 2
2gav T+ vs(1 +m) -1y
D = {4+ 75(1 +m) 2800,V —V1Vx
—%v — s 2(v — Tpim — 2g(av, + a.v))

@ In spin subspace
@ Quantum noise correction, from 2nd order moments
@ “Spontaneous emission noise”
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Theory Phase space representation of the single mode laser

Fluctuation expansion

@ Decouple motion of macroscopic mean (a;) from fluctuations (d;):
@ Look at fluctuations about semiclassics
ea=a(t)+Nid v=J_()+N v m=T1(t)+N iy

Semiclassics:

da K_ = )
a2t te-
dJj_ . Yhy+ -
— == (iAg + ?)J_ +gl.a = Maxwell-Bloch Eqgns.
dj 7 T* = T =%
— =T =l —2g(Jta+J a")
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Theory Phase space representation of the single mode laser

Second order van Kampen’s expansion

@ Retain nonlinear terms:

=

4
d

N-

P/(d) = [~ 04Ai(d,1) + 0304 ——Dij(d, 1) + O(N~7)]P'(a)

@ Both A and D depend on fluctuations!

@ Non-FP terms vanish as O(N‘%)
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Theory Phase space representation of the single mode laser

Equivalent SDEs

fP/(d) = [ — 6dl.Ai(d, ) + 6d,.8dj?

¥

dd = A(d, r)dt + N~iBY (d, )dW)

D;j(d,1)|P'(d)

dd = (—gd + gu) dt + /i N5 (dWy — idW,,)
dv = (—%u +g(Jd+au+ N—idu)) dt + N4 [B(Odw(ﬂ

dy = (_'YH“ —2g(J_*d + av, + N~ idv, + h.c.)) dr + N~* [BU)dw(i)L

@ Noise matrices: BB = D(a + N~ id)
@ Semiclassical variables, nonlinear contributions
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Theory Phase space representation of the single mode laser

Calculating results

@ First solve Maxwell-Bloch: £a = F(a)
@ Then non-linear SDEs: dd = A(d, t)dt + N~ B (d, £)dW
ea=a(t)+Nid v=J_()+N v m=71()+N iy

o (@) = VN(@) (i) =N(@a) (J.)=N(m)
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Application to excitable laser systems

e Application to excitable laser systems
@ Classical excitable lasers
@ Response pulse reshaping
@ Temporal bistability
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Application to excitable laser systems

Response pulse reshaping

Excitable regime semiclassical results

Excitable regime: 6 < A <7

@ One stable solution with a = 0, o
two unstable

@ Basin of stability, large
excursions if escape J

Jz,l
@ Add quantum noise! o4 N
Q) \
@ Pulse shifting 703 !
@ Noise-driven excitation % 0.2 ! ]
0 A= Y&l = P
RY||Yn IS 0.9 i e
W\
'\ -
Parameters 0
2 5 20 40 60 80 100
o Al 1
|2 [2=2, 3=100%, 7 =102, ZTb2 =6 t 3]
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Application to excitable laser systems Response pulse reshaping

Fluctuation trajectories

mp

0.05 ¢

Time [1/k] Time [1/k]
@ A=6.5, N =10 Initial pulse
@ Noise changes escape time for each trajectory
@ Dramatically broadens average response
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Application to excitable laser systems Response pulse reshaping

Pulse photon number

0.025 _10°
0.02 2

510t
=0.015 2

0.01 =107
@

0.005 T 103

0 ‘ ‘
0 0.01 0.02 0.03
Time [1/k] 7

@ Earlier pulse, lower mean photon number
@ Large o; during pulse
@ Bimodal number distribution
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Application to excitable laser systems Response pulse reshaping

P-distributions

><10'3 P(a, t:20)

0.16 I i
i l ey
0.12 ; =
E .08 | | =
0.04 | N 0 0.01 002 003 004
00 20 _’40 | 60 80 Re{a}
Time [1/k]
P(a, t=49)
@ Non-classical 0.02
distribution S
, > 0
e Equivalent to E 002
Wigner function e
. . 0 0.05 0.1 0.15
@ 15,000 trajectories Re{a}
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Application to excitable laser systems Response pulse reshaping

System-size scaling

0.025 N=10°—=10"2 o025
0.02 0.02
£ 0015 £ 0015
0.01 pA 0.01
0.005 AN 0.005
0 5 - 0 e TN T
0 20 40 60 80 45 50 55
Time [1/k] Time [1/k]
P(a, t=49) . x10°3 P, t=51)
107 5 10°
&) 1078 » o o 102
B 10°° g 1074
2 = -2
10 4 106
0 0.05 0.1 0.15 -
Re{a} 015 0155 0.16 0.165

Re{a}
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Application to excitable laser systems Temporal bistability

Noise-driven excitation

0 100 200 300 400 500 600 700

@ A=69 N=10 Time [1/x]
@ No input pulse 05 |
@ periodic spiking 04
due to noise! 03
0.2
0.1

0 100 200 300 400 500 600 700
Time [1/k]
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Application to excitable laser systems Temporal bistability

Noise-driven excitation

6 /%
i | P(a, t=70)
P AN -
as [ I AN i
oL N
H 5 f 3 !
2 RN AN
I AN " ~
RNV
0 200 400 600
Time [1/k]
0
7z 10 —t=716
S =
B 102 = -0.2 0 0.2
— Re{a}

n
-
o

&
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Conclusions
Summary and Conclusions

@ Study of quantum noise in driven-dissipative quantum systems
@ Developed systemic phase-space approach

@ Quantum noise modifies excitable response pulse

@ Noise driven excitation, blurs transition to self-pulsing phase

@ Highlights important role of quantum noise at mesoscopic scales
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Conclusions
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Appendix Self-pulsing regime

Phase diagram

dn - -y dJy N\ =
= = (Rt Xl xleaf o) mo = =Ty = () + 2x18d7) Tz
@V >K>, 8 >8&

o Fp’l >0 > Fp’2

@ 3 steady states 3 | |
o, (B) (SP) | ]

@ excitable phase (E) ' -
= : o
@ self-pulsing phase (SP) 10! /” !
] &’ ]
@ A— 4|i1|2Fp,1 0 |(. :
T 6 8 10 12
A

*Dubbeldam et al. [1999]
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Appendix Self-pulsing regime

Semiclassical results

Self-Pulsing regime: 7 < A < 10
@ a = 0 becomes unstable ©
@ Orbit in phase space 0.1
@ Output is pulse train

0.3
=02

0.1

o
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Appendix Self-pulsing regime

Trajectories

02t 1 06m
!
Ll
i
o
i P
v
Al o
| ./ \ 7
il 7 ol )
. . . . \ . s . —
0 50 100 150 200 0 50 100 150 200
Time [1/x]

Time [1/k]
® A=85N=10

@ Pulse period shortened due to noise
@ Field phase is random, (a) = 0
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Appendix Self-pulsing regime

Pulse photon number

0.08
0.06

£ 0.04
0.02

@ Earlier pulse, mean broadens
@ Bimodal number distribution

—t=11.1
—1t=48.8
—t=102

£ 100

=1
E 107
§10'2
-3
10°]

0 100 200
Time [1/k]
E
E

0.02 0.04 0.06 0.08

-0.2

P(a, t=11)

0
Re{a}

n

0.2

21/21

Quantum noise in excitable laser systems



Appendix Self-pulsing regime

System size scaling

N=10°—10"
0.2
: 0.2
0.1 N 1\
L —- < » 0.1
0.1 v W[
-0.2 0 - v
0 50 100 150 200 0 50 100 150 200
Time [1/x] Time [1/k]
0.08 [ | 0.08
0.06 0.06
% 0.04 » € 0.04
0.02 A A 0.02 A
0 AL~ 0
0 100 200 0 100 200
Time [1/x] Time [1/x]
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Appendix Phase space representation of the master equation

Quantum noise

Schrédinger: H|y) = id;|))

¥

Unitary, so what fluctuates?

@ Correlations lead to noise during measurement

@ HO: 4p = Lp = —iwld'a, p] + r(np + 1)Da)p + kngDla']p

© §=\/y(a+al), AgqAp=rnp+}
@ Quantum noise at T = 0, (¢*) # (§)(@)!
@ Differences in Heisenberg and semiclassical equations

@ Arises from higher-order correlations: (afa) # (a')(a)
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Appendix Phase space representation of the master equation

Positive-P Representation

@ Write density matrix in off-diagonal basis of coherent states

@ p= fdazaip(oﬁa*)%

*| ea&T|0)<0|ea*&

)
Qs *|a> ek

@ dp==Lp — [dadP(a)A(a)= [daP(a)L[A(a)]

o [daP(a)LA(a)] » 8P(a) = L(c, 9a)P(c)
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Appendix Phase space representation of the master equation

Phase space transformation

@ah=ah Aat=a,A  afA=@u+a)A  Aa= (0, +a)A
@ Result is a phase space equation

o [dadP(a)A(a) = [daP(a)Lt(a,du)A(a)

@ Integrate by parts

@ 0P(a) = L(at,0q)P(@)
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Appendix Phase space representation of the master equation

Characteristic function

0 X(¢) = tr{pec oo} = r{ pei€T}
° X(C) = de tr{P(V)AeiC'j} = fva(V)eiC'V

o P((v) = | ex(¢)e ¢

@ 4x(¢) =t{Lpe*T} = D(¢,0)x(C)
© 4X(Q) = [dvP(V)e™S = [ dvP(¥)D(C, O)e™

o [dve” 4dp(v) = [dve”SL(v,0y)P(v)
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Appendix Phase space approach to the laser

Single mode laser Chapman-Kolmogorov equation

d
EP(a,m) = ( — OuAi(a,m) + 8a18a]2DU(a, m) + M(a, m))P(a, m)

A\ _ —gat gy
A, ) —(iAq—l—%)v—i—%ma

D= (DW D,,. > _ Z%mv Y+ Yo(N + m)
D,., D,,,, Y + Y4 (N + m) 2%111\/*

< C200" (v, o)+ 5 5500 CO (N ) 40,00, 02, C2m (N )

n=1

NI
M

020y, v+, 02, v+ 3222 | 20 (Nt 0048, v 0202, (N+m)))

n!

Quantum noise in excitable laser systems 21/21



Appendix Phase space approach to the laser

Non—Fokker-Plank terms

-2
S oL = NT (040r. 0261 + ) — (203, + 405, )y + hc.
34 _ -
+ 8m§(f‘p — i + 2g(avs + h.c.))

@ Fluctuation expansion: N=2 — N3972 N—3 — N%—3 etc
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Appendix Phase space approach to the laser

Fluctuation expansion

@ Scaled FP fails for higher moments, powers of N hidden in O(N~2)
term

@ decouple motion of macroscopic mean (a;) from fluctuations (d;):
ea=alt)+N 49 v=J_(t)+N v m=J,(t)+ N9 0z — N0,

\ 4

B 0a)"
%P(d,t) = [N? (;Zli —Ai(a)) 04, — Ou; (;](;lj 2 Ai(a)>

174y

N2q71 _
+ 04,04 —5—Dij(a(r) + N~d) + O(N*""%)|P(d,1)

@ Choose ¢ =1/2
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Appendix Phase space approach to the laser

q = 7 Second order van Kampen’s expansion

=

d - N™ _
EP(d) = [ — 04,Ai(d,1) + 84,04, ——Di (4, 1) P(d)
—5d +gv
_%d* _—i— gV 1
A= —(iAg+ L) v+ g(Jd+ap+ N apud)
. - _ _1
— (—qu + %) Vi + g(Jody + a:fu + N™%pdy)
—y o —28(J1d + avs + N ivd + h.c.)
20(T_+N"iv)@+N"3d) yr+7s(1+T.+N"5p) (T +N"5v)
D= | (14T 4N "5 1) 280 AN ") (@ +N"3dL) N )
—(T_+N"iv) TN 2(y =Ty (AN ) =28 (T +N 1) (@+N"id)+h.c))
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Appendix Phase space approach to the laser

Noise Matrices

a(t)+N9d v=J_(t)+ N v m=J,(t)+N

@ o=
/e (1~ 0
B} = 2 —i 1
0 \/5\/7” — (v — i) — 2gi(v<a + hoc)
va 0 0
Bf = vai| 0 wa. 0
0 0 0
(1 0 i (000
B =y™"l0 0 o] Bf=y™™l0o 1 i
i 01 0 i 1
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Appendix Phase space approach to the laser

Comparison with exact Heisenberg equations

Scale and displace operator Heisenberg equations
L=a+ N = 4N k=L +N i

Exact agreement for all 1st and 2nd order moments with Ito SDEs
G =—5(d) +5(®)
4(41d) = N~ 2kp — r(dTd) + g((dDT) + h.c.)
N N = N _LA
G(0) = =%(0) + g(U(d) + al@) + N~+(d))
NN _1 _1 5 1, At A
@{7'0) = N2y + N72qp(1 4 T + N75 () — 3 (079)
+g(J(dDT) + a*(0Tf) + N2 (doT 1) + hee.)
Differences in 3rd order moments of O(Nfg)
@ Results in O(N~2) correction to in
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Appendix Stochastic calculus

Numerics

Ito calculus: f/ £(x(¢))dW(¥') = lim, o0 S0 F(x(ti-1)) (W(5) — W(1i-1))
(Ju f((Z))aW (7)) =0

@ Explicit Euler:

X(l‘,') = X(l‘l;l) + A(X(ll;l), l‘ifl)At + B(X(l‘l;l), tifl)\/E(ﬁifl

Stratonovich calculus:

Ju FE)AW () = limy, 00 37 F((521)) (W(5) = W(ti-1))
f flx () #0

strat __ Alto 1
@ Ajrt = Al — 15, By By

@ Semi-Implicit:
X(1) = x(ti-1) + A=) 1 )Ar4 BRUE=D 1, ) Arg,

v
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Appendix Stochastic calculus

lto’s formula

Ito calculus
@ Wiener increment: dW(k)de(l) = 0;0udt, (W) =0

i

© [o SO(e)AW (1) = limy o0 327 f (x(ti-1)) (W(t:) — W(ti-1))
o ([of(:(¢)dW() =0

dd = A(d, r)dr + BO(d, 1)aw"

) = (A02705) + 5 [BOOBT(],0,0,7(x) ) -+ Byx)0n )
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