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Symmetry and Conformal Symmetry

Symmetry has proved to be a fruitful principle in Physics.

Besides aesthetic appeal it is also useful: guides us in constructing our models
e.g. Lorentz and gauge invariance are at the heart of the standard model.

Spontaneous symmetry breaking (SSB): breaks part of the symmetry without destroying
renormalizability. Not true if the symmetry were broken by hand.

Conformal symmetry: local scale invariance
- 15 parameter conformal group. Poincare is a subgroup.

- (classical) action of standard model already scale invariant (except for the
Higgs mass term).

- Conformal (Weyl) invariance requires gravity.

Recent paper by C.T. Hill : Is the Higgs Boson Associated with Coleman-Weinberg
Dynamical Symmetry Breaking? They start with classical scale invariant action.



1) How does one introduce a length scale in a (classically) scale invariant theory?

add quantum corrections = renormalization scale M
2) How does one generate SSB when there is no mass term?

It is radiatively induced after quantum corrections
(dimensional transmutation: Coleman-Weinberg scenario)

The VEV is obtained from the effective potential after one-loop quantum
corrections.

We will apply this to the magnetic monopole conformally coupled to gravity. This
will build on previous classical work (Paranjape et al, 2006).



Action for the conformally coupled magnetic monopole
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No “mass term” ;.52@2. “Replaced by” term | .-j';?
Invariant under the conformal transformation
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Spontaneous symmetry breaking (SSB) via gravitation.
_ E AdS background, R=positive constant in our convention
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Magnetic monopole in AdS space (Paranjape et al, 2006).



Quantum Corrections and Trace Anomaly

W=W,, + W, (divergent and finite part of the effective action)

One loop divergent part of effective action (local part)

Waiw = % d*r /g trag(r,z) (n —4)

Trace is no longer zero (trace anomaly)
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Feynman Diagrams for a Triplet of Scalar fields
R ¢? and Ad* interactions

The classical potential is given by
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There are two vertices which can be combined into a single vertex:
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The Renormalization Scale M

Vi=V+2V[A— /3]

V, divergent: add counterterms
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Apply renormalization conditions to find constants A and B

d*Viot 4B Vi
do? bo=M 3 dp?

A =

=0

A=A(M) = running coupling constant



Effective Potential and Dimensional Transmutation
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Let v =minima of V Free to choose M=v.

We will see that the gravity equations yield R 4;5 = v/110 A 2
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. | — (). Yields a numerical value for A. No longer
do. Pe=V free parameter.

R=y/110\ 2

dimensionless A traded for dimensionful VEV.



Equations of Motions for Magnetic Monopole

Spherical Symmetry

metric: ds® = N(r)dt* — (r)dr® — r* (d6* + sin*(6) do?)
| re o .
scalar: ¢“(r) = f(r) — = f(r)[sinfsin p, sin 6 cos ¢, cos 6]
”
gauge: AL = q(r) & where & are the Killing vectors for SO(3), namely

¢l = 10,0, cos ¢, —sin g cot A, €5 = [0,0, — sin ¢, — cos pcot #] and & = [0,0,0,1

Metric fields: N(r), y(r).
Scalar field: f(r)

gauge field: a(r)=1+r? q(r)



Variation with respect to N(r) yields
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Variation with respect to f(r) yields
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Analytical solution in the asymptotic regime
Ricci scalar of AdS space determined solely by the VEV
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AdSspace:  ds® = (L+kr?)dt? — — 7%(df? + sin® 0 do?)
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Composite Operator [E]

[E] appears in the scalar field equation of motion as a quantum correction.

[E] is the derivative of the one loop part of the effective potential.
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Numerical solutions for the magnetic monopole: scalar
field f, gauge field a and metric function ¢ .
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Future work

e Add gauge field fluctuations to the effective potential. Gauge fields would now run
around loops.

= A will now be expressed in terms of the electromagnetic coupling
constant e. The two parameters in the theory become e and the dimensionful VEV.

* Determine if de-Sitter (dS) space is a viable solution for the quantum-corrected
effective potential.
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Notation

We use the notation of Mukhanov & Winitzki, Introduction to Quantum Effects in
Gravity (2007).

Metric signature is (+,-,-,-),

Rf, . = 0,10, — ... and Ry, = R
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Commutator Curvature

a _ spa b . D gpa
D, D)o =%, ,,¢" with £, = £, ,,
D;:Dug}a — v;:{D:ﬂ_ﬂa} + £ b,:A Dy'f‘jc
a - i} (0 b C . 3
=V, (V0" + %, A 0°) +¢ be A, (Vu@© + e ng:f )
; - d te | . d S b - - b
=V, V,¢"+e, VA ¢4, AJ V;;{ﬂe—l—:ﬂbcA#vyr_ﬁc—l—aabc: A Af b9 .

The commutator is then given by

[D.“‘ DV]{.:JEI — Eade (v,u-‘q-j — vaAlf) fj)E ‘|‘~u be £ fg (Ab A f Ai A;{) r:_."')g
cf d d d
=% (Vudy = VoA +e fQAEiAaE)‘;"
— ¢, F? ¢

pers r'

L@;m = R° :Eﬂd Fd

NI pers

J o 0 . |
Fi; = _O‘TE)\E (uam ) = —4 )\ (037 Pad® +2 i @5 )



Delta in effective potential

4 (—1584R* + 11904M 2R3\ — 20360M 4 R?\? + 12480M O RA? — 2475M5)\%)

A= \?
Pe 13824 72 (=21 + M2\)2(—2R + 3M2)\)2



Quantum corrections

One loop divergent part of effective action

1

Wi =
div —  — 4

d*z /g tras(z, ) (n — 4)

Schwinger-Dewitt coefficient
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running coupling constants governed by an RG equation
-> length scale introduced



Trace anomaly involves composite operators

The SO(2,3) symmetry of AdS background yields
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need to calculate value of composite operators in vacuum
with spontaneous symmetry breaking (non-zero VEV @, )

use the effective potential formalism



Conformally invariant action for the magnetic monopole
Previous classical work (Paranjape et al. 2006)
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Action invariant under the conformal transformation

v — 02 () G and ¢ — QL)

Spontaneous symmetry breaking (SSB) via gravitation.

2R AdS background, R=positive
DY constant

VEV: 5=

This does not introduce a length scale. At the classical level, this must be done “by hand”
by picking an R background.

Paranjape et al. obtained a magnetic monopole solution in AdS
background.



Global scale invariance is not broken classically

SSB at the classical level does not introduce a scale (scale had to be introduced by “hand” by
choosing a specific R background)
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Two vacuums are related by a conformal transformation if
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For a global scale transformation, (2(x)=constant and the above
automatically holds.

No natural length scale classically.



Quantum corrections:
Trace anomaly in AdS space
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To evaluate [E] calculate one loop effective potential V4

Yields VEV and [E] as derivative of V 4

Asymptotically, in AdS space, one has SO(2,3) symmetry and
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