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Abstract

Quantum gravity effects modify the Heisenberg’s uncertainty principle to the
generalized uncertainty principle (GUP). Earlier work showed that the GUP-induced
corrections to the Schrodinger equation, when applied to a non-relativistic particle in
a one-dimensional box, led to the quantization of length. Similarly, corrections to the
Klein-Gordon and the Dirac equations, gave rise to length, area and volume quanti-
zations. These results suggest a fundamental granular structure of space. This thesis
investigates how spacetime curvature and gravity might influence this discreteness of
space. In particular, by adding a weak background gravitational field to the above
three quantum equations, it is shown that quantization of lengths, areas and volumes
continue to hold. Although the nature of this new quantization is quite complex,
under proper limits, it reduces to cases without gravity. These results indicate the

universality of quantum gravity effects.
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Chapter 1

Introduction

1.1 Prologue

Quantum field theory describes the behavior of the fundamental constituent parti-
cles and the fields. General relativity, on the other hand, treats one of the fundamental
forces, gravity as a derived effect of spacetime curvature and explains the large scale
dynamics — from planetary and galactic motions to black hole physics and in general
the evolutionary history of the universe. The two theories are successful in their own
realms, but they are not really mutually compatible. Einstein’s formulation is essen-
tially a deterministic approach. Although it governs the force of gravity, it cannot be
applied the same way to explain gravitational field as the Standard Model does to
the three other fundamental forces of nature, electromagnetic, strong and weak.

Moreover, the presence of mathematical difficulties like singularities in the Feyn-
mann diagrams, renormalization failure etc. [1] [3] in quantum field theory clearly
indicates that a more general formalism is required in order to explain all of the
fundamental forces together.

Hawking Radiation [2] can be considered as an example that, despite being an
area more relevant to the general relativity, explained better with quantum mechanics
in curved spacetime. Rotating and Reissner—Nordstrom black holes, for example, are
expected to emit photons and other particles according to quantum mechanics, the

dynamics of which are well comprehended by general relativity. Although a direct



signature is yet to be found, this prediction has also been supported by analog gravity
experiments [14].

Observational evidence like this along with the technical problems with having
two distinct theories suggests a necessity for a successful unification, in other words,
a quantum theory of gravity.

There are a few candidates for a successful quantum gravity theory. String theory,
Loop quantum gravity and Causal set theory are among the most promising ones.

Here is a brief review of these theories.

1. String Theory — this mathematically rigorous theory has a rather simple un-
derlying concept. From the early age of the development of physics, reductionism
has always played the driving force of active research. We expect to find simpler
things as we go deeper. Macroscopic objects to molecules, molecule to atoms, atom
to its constituent particles - reductionism has always worked. Apparently dissimilar
forces boil down to four fundamental forces. Problem occurs beyond this point, when
a unification of these forces was much sought. Standard model required even many
more particles to explain the intrinsic nature of the fundamental forces, and the old
reductionism started to fail. At this point, it appeared string theory came up with a
much-simplified idea of having all fundamental particles either force carriers (bosons)
or that make matter (fermions) as different modes of vibration of the same string. A
string can be a closed loop, which typically represents bosons, or open-ended which
represents fermions [4].

String theory also introduces the concept of D-branes. A brane is a 2-dimensional
membrane or analogous object in lower or higher dimensions. A D-brane or a
Dirichlet-brane is a higher dimensional brane such that the two ends of open-ended
strings are attached to either one single D-brane or two different D-branes [5]. Clearly

this restricts how an open-ended string can vibrate. One of the vibrations can be as-



sociated with the gravitational field. In short, string theory appears to solve the
problem of merging gravity with standard model, at least theoretically [6].

Problem with string theory is that the predictions are extremely difficult to test.
For example, String theory predicts for the existence of 941 dimensions. This re-
quires postulating six additional unobserved spatial dimensions which is not quite in

agreement with the current experimental evidence.

2. Loop Quantum Gravity(LQG) — the leading alternative to string theory is
loop quantum gravity. This approach uses the principles of general relativity as its
starting point in an effort to quantize both space and time. The basic consideration
of LQG is a granular structure of space which can be viewed as a network of finite
quantized loops of size of Planck length. This network is technically known as a
spin network, the time evolution of which is called a spin foam. These fine loops are
thought to be excited gravitational fields. Unlike string theory, loop quantum gravity
does not head for a theory of everything. It mainly aspires to solve the problem of
quantum gravity, with having the advantage over string theory by not looking for
higher dimensions. A length quantization similar to what we are going to present in
this thesis has been shown in LQG [9].

The biggest flaw in loop quantum gravity is that it is not possible to show that a
smooth spacetime can be extracted out of a quantized space. Also, like string theory

the predictions of LQG are not quite testable yet [7].

3. Causal Set Theory — This approach is based on the assumption that the space-
time is fundamentally discrete and there is a one-to-one map between distinct past
and future events [8]. The consequence of the causal set hypothesis is technically
known as the dynamics of sequential growth. This theory identifies time as a birth

process of consecutive spacetime events, also called the elements of causal set [10].



It is debatable that an initial assumption of discreteness of spacetime in any the-
ory might have a conflict with Lorentz invariance. Causal set is able to address to
this problem [11]. Despite being in an early stage of development, causal set theory
successfully predicted the fluctuations in the value of the cosmological constant [10].

Although the dynamics has made progress, a complete theory is yet to come.

1.2 Quantum Gravity Phenomenology

1.2.1 Why Phenomenology

People have been working towards quantum gravity for over 70 years. All quan-
tum gravity theories start with assumptions about the structure of spacetime at scales
that are extremely small, way beyond the current experimental advancement. Be-
cause there is no direct experimental guidance, it is quite natural to try to develop
a correct theory based on indirect criteria of conceptual restrictions. Like any other
active field, what Quantum Gravity Phenomenology ideally needs is a combination of
theory and doable experiments. At the moment, Quantum Gravity Phenomenology
(QGP) can be thought of as a combination of all the studies that might contribute
to direct or indirect observable predictions [12] [13] and analog models [14] support-
ing small and large scale structure of spacetime consistent with string theory or any
other working formalism of quantum gravity. In this thesis we are more interested in

the small scale structure of the spatial dimensions in connection with quantum gravity.

1.2.2 Goals of Quantum Gravity Phenomenology

The first step to identifying the relevant experiments for quantum gravity research
would be the identification of the working scale of this new field. String theory
suggests the characteristic scale where the quantum properties of spacetime become

significant compared to the classical ones is the Planck scale which is E, ~ 10%%eV
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or the Planck length £p; ~ 1073° m [15]. This is a difficult part of quantum gravity
phenomenology, i.e., to find ways to detect this very small scale quantum properties
of spacetime. The solution of the quantum gravity problem should also be able to
address the quantum picture of particles in the presence of weak as well as strong
gravity. In other words, we hope quantum gravity phenomenology will helpful towards
grand unification.

The validity of the Equivalence Principle in quantum gravity was first discussed in
the mid 1970s with the famous ”COW?” experiment [16]. Experiments and modifica-
tion involving the dynamics of matter in earth’s gravitational field triggered question

on the legitimacy of the Schrédinger equation [17]

— (57 ) 7+ Moo w7y = in 20, (1)

where M| denotes inertial mass and M denotes gravitational mass, ¢(7) is gravita-
tional potential.

There are no experiments that suggest the inertial and gravitational masses are dif-
ferent on earth. This might indicate a modification in the Schrodinger equation.
String theory suggests a modification in the commutation relation between position
and momenta, which leads to a modified Schrédinger’s equation [32] as well.

One of the basic aims of quantum gravity phenomenologists is to find a way to
test Planck-scale effects of spacetime, which also means providing with boundaries for
the theoretical framework (within which a proper quantum theory of gravity is to be
developed) and information on what is compatible with experimental data. This is
particularly important as the phenomenology is still in its early stage of development.
In this thesis, we will focus on one such experimental limit suggested by quantum

gravity phenomenology which is also consistent with one of the candidate theories,



viz., string theory. We will show how quantum gravity changes the classical idea of

the spacetime continuum, by making the space around us discrete.

1.2.3 Uncertainties within Quantum Gravity

Since classical gravity is considered as a derived effect of deformation of spacetime,
let us consider the case of distance fuzziness [17], an effect expected within quantum
gravity. This also directly relates to the very basic principle of quantum mechanics,
i.e., the uncertainty principle. Although the distance operator is affected by inherent
uncertainties, usual quantum theory allows us to measure it exactly at the cost of
complete obscurity of the conjugate observable (momentum). On the other hand, in
the realm of quantum gravity, distance is likely to be subject to uncertainties that
are not reducible. This uncertainty is often denoted by 6D > {p;, which means the
minimum variation in the distance measurement is of the order of Planck length.
Some phenomenologists prefer to use a more general version, 6D > f(D,{p;), where
f is a function such that f(D,0) =0 [17].

The above idea of QGP-induced uncertainty might also suggest a modification
in the usual Heisenberg’s uncertainty principle, and incidentally string theory also
suggest a similar idea of modified uncertainty principle which in fact goes by the

name of Generalized Uncertainty Principle (GUP).

1.3 Generalized Uncertainty Principle from String Theory: Discreteness

of Space

In a way, the motivation for quantizing gravity comes from the remarkable success
of the quantum theories of the three other fundamental forces of nature and their
interactions. Also, if not direct, experimental evidence suggests that gravity can

show quantum effects. Analogue gravity experiments are among them [14].



String theory has emerged as the most promising candidate for a quantum theory
of gravity. Among the many stringent mathematical results of string theory the one,
which is of particular interest and relevant to quantum gravity phenomenology, is
a modification of one of the basic principles of quantum mechanics, the uncertainty
principle. The form string theory suggests is Az > Aip + o/% [18-25], where Vo &
1073%2cm [1].

Recently proposed doubly special relativity theories (DSRs) suggest a similar
modification of position-momentum commutation relation [26-28] which leads to a
modification of the uncertainty principle as well. A suggested form of commutator

consistent with string theory is [12]

[a:i,pj] =1h (52] — (p&] + pfj) + Cl/2(p26ij + BPZPJ)) R (12)
3
where p? = 3" pipi, o = g /Mpic = 292L
i=1
Mp; = Planck mass, {p; = Planck length, Mp;c? = Planck energy. So p can be
interpreted as the magnitude of p.

Then we get a Generalized Uncertainty Principle (GUP) [29-31],

I
AxAp > 5[1—2a<p>+4042<p2>}
h Q
> — |14 | ———= + 4% | Ap* +40® < p >? 2a/<p>2|. (1.3
5 ( s > (1.3)

Here, the dimensionless parameter o is assumed to be of the order of unity.

Hence, modifying the position and momentum operators accordingly and applying
this to a non-relativistic situation where a particle is trapped in a one-dimensional
box one can find the GUP-corrected Schrodinger equation. It has been shown that

the solution to this new equation gives rise to the result that the length of the box can



assume certain values only [32]. This result suggests that although the space looks
smooth to us it the structure of so-called spacetime continuum, at Planck scale, is

complex. We will discuss these results in the next section.

As discussed before (section 1.2.3), quantum gravity phenomenology indicates
an irremovable uncertainty in distance measurement. String theoretic modified com-
mutation relation of position and momentum operators results in the generalized
uncertainty principle which has a similar, but subtler consequence that the appar-
ently continuous-looking space on a very fine scale is actually grainy. One can ask
whether this is a sole influence of gravity or a fundamental structure of the space-
time. Now, if we admit the fact that classical gravity is a derived effect of curvature of
spacetime caused by mass, we expect to find this discontinuity even in the regions of
the universe far from a massive object, if the granular structure of the spatial dimen-
sions is fundamental. The nature of this discreteness may or may not change when
the spacetime is no more flat, i.e., in the presence of a gravitational field. In order to
investigate that, we use a bottom-to-top approach as the geometry of spacetime is a
manifestation of gravity as well. In our analysis (chap 2 and 3), we trap a particle in
a box with a gravitational potential inside the box and see if gravity influences the

discreteness shown in [32,33].

1.4 Discreteness in Flat Spacetime

1.4.1 Non-relativistic case

Now we briefly review the solved case of a particle in a box without the influence
of gravity [32].

The modified position and momenta operators consistent with Eq.(1.2) and (1.3) are



given by,
T = xo;, pi = poi(l — apo +2a°py), i =1,..,3. (1.4)

Here, x;, po; satisfy the old canonical commutation relation [xg;, po;| = ihd;j, which
makes pg; = —ih% the usual momentum (operator) at lower energy and p; as mo-
mentum at higher energy. Like p, py can be defined similar way, given by p2 = 23: PoiPoi
32]. -

We see, the a dependent terms in all the above equations are only important when
energies are comparable with Planck energy and lengths are comparable with the
Planck length.

Following the above prescription, a usual Hamiltonian of the form H = % —i—V(?)can

be written as

2

_ Po -\ @ 3 2
H = 2m—|—V(r) mp0+(’)(a ). (1.5)

The extra term in the above Hamiltonian can be viewed as a perturbation caused by
Quantum Gravity effects which holds for any classical or quantum system. Now, if we
consider a single test particle in one-dimensional box of length L, boundaries being
at © = 0 and = L, such that V(7") = V(z) = 0 inside the box and V = co outside,

we can write the usual Schrodinger equation Hv = E1 in the following form,

3

& . d

where ko = /2m£E /h?. This is the GUP-corrected version of the Schrédinger equation

for a particle in a one-dimensional box.



Let us consider a trial solution of the form 1 = €™*. Using this trial solution the

above equation becomes
m? + ki + 2iahm® = 0 (1.8)

It can be shown that this equation has the solution set to the leading order in « given
by m = iky, —iky,i/2ah, where ky = ko(1 + koah) and ko = ko(1 — koarh) [32].
The general solution to the GUP-corrected Schrodinger equation in flat spacetime is

thus given by,
w _ Aeikgx _i_Befikg":r +Ceix/2ah (19)

If we impose the boundary conditions the first two terms, with k(l) = kg = ko, lead to
the usual quantization of energy. It is to be noted that lim,_,o |C| = 0 because the
last term should drop out in the o — 0 limit. This and making A real by absorbing

any phase in ¢, under the boundary condition (0) = 0 yield,
A+B+C=0. (1.10)
Substituting B from the above in Eq.(1.9),

¥ = 2iAsin(ko) + C [—e ™" + eix/2ah] — ahkiz [iCe™ ™" + 2Asin(kz)]

(1.11)
The other boundary condition (L) = 0 gives,
2iAsin(koL) = |C| [e"(Rolt0e) — gilL/2an=00)] |
ahkiL [i|Cle™"*olt0e) 12 Asin(koL)] (1.12)

10



where C' = |Cle~%c. It is easy to notice that both sides of Eq. (1.12) vanish in the
limit « — 0, when kgL = nm,n is an integer and C' = 0 which in turn means when «
is not zero koL must be equal to n7 plus a small real number €y, where lim,__,5 €y = 0.
Also the term containing «|C| on the RHS of Eq.(1.12) has a faster convergence to
zero in the same limit compared to O(«a) so it can easily be ignored. Now, collecting

real parts of the rest of the equation and considering sin(nm + ¢)) = 0 we get [32]

L
cos (_ — 90) = cos(koL 4 0¢) = cos(nm + 0c + do)

2ah
(1.13)
which implies

L L +2qm + 26 + 20 (1.14)
_ = =N = .
2ah angpl m an © pr ©

L L +2 (1.15)
_ = = —N = .
2ach QOéogpl m an P

where p = 2¢q £+ n is a natural number.

The above equations clearly show that L is a quantized quantity. This result can
be interpreted as the fact that, like the energy of the particle inside the box, the
length of the box can assume certain values only. In particular, L has to be in units
of aplp;.

This indicates that the space, at least in a confined region and without the influence

of gravity, is likely to be discrete.

1.4.2 Relativistic one-dimensional case

Further work has shown that this consequence of the GUP can be extended to

11



relativistic scenarios in one, two and three dimensions [33]. There are several reasons
for why we need relativistic cases. High energy particles are much more likely to
probe the fabric of spacetime near the Planck scale, which means they are necessarily
relativistic and ultra-relativistic particles. Also, the fact, that most elementary par-

ticles are fermions, replaces the Schrodinger equation with the Dirac equation.

We need the Klein-Gordon equation which is the simplest equivalent of the
Schrodinger equation for such relativistic particles. For our one-dimensional box,

the Klein-Gordon equation

p*U(t,x) = (— - m202> W(t, ). (1.16)

It is easy to see that this is identical to the Schrodinger equation, by making the

B2 m?2c?
h2c? h?

connection: 2mE/h* = ki — . By arguing that the quantization of length
of the box does not depend on kg, we can safely deduce that the same would apply
to this case as well [33].

For a higher dimensional case, we no longer use the the Klein-Gordon equation for
the non-locality of the differential operators [33]. Instead, we use the Dirac equation,
the other reason being the fact that most of the fundamental particles are fermions.
Thus, it is worthwhile to investigate how the discreteness of space changes under the

Dirac equation even if we restrict ourselves to one dimension.

Using the Dirac matrix notations, the GUP-corrected Dirac equation is written as,

Hy(F) = (cd.p+ Bme*)(F)
= (ca.py — ca(a.p)(a@.py) + Bmc?)Y(F).

= Ey(7). (1.17)

12



For one spatial dimension, z for example, in position representation, this becomes

2
(—z’hcazdiz + cahQ% + Bmcg) P(z) = EY(z). (1.18)

The two linearly independent, positive energy solutions to the above equation are

given by [33],
| X
Y1 = Npe™ (1.19)
ro.x
- X
Py = Nye'/oh , (1.20)
02X
where k = ko + ahik?, ko being the wave number that satisfies E? = (hkg)? +
(mc?)?, 1= F4%5 and xTx = 1.

Using the MIT bag model and imposing boundary conditions on the two wavefunc-

tions, the following relations can be established [33],

h
kL = § = arctan <——K> + O(w), (1.21)
me
L L T
— = =2pm — — N. 1.22
ah Oéogpl pr 2’ pe ( )

Eq.(1.21) gives the energy quantization and Eq.(1.22) is the condition for length
quantization for relativistic situations. It can be shown that the non-relativistic
limit of this equation gives the quantization condition that was obtained from the

Schrodinger equation in the previous section.

1.4.3 Relativistic two and three-dimensional cases

As mentioned before, we use the Dirac equation when two and three dimensions

are considered. If we define the box under consideration by 0 < z; < L;, i=1,...d

13



where d can be 1, 2 or 3 depending the the dimension of the box, and assume the

following form of the wavefunction

T , (1.23)

where ¢ and p are two spatial vectors of dimension d and x'y = 1, the Hamiltonian
given by Eq.(1.17) becomes,

((me? — cah®?) + ch(t.p+io.(t x p))) X

Hip = et (1.24)

(cht — (mc® + cah®t?)p) .G'x

and the two linearly independent (for a particular spinor x) and positive energy

solutions follow [33],

o X
77[)1 = Nle”” (125)
rR.ox
4.7 X
Yy = Nae'on : (1.26)
q.ox

Note that 15 is the non-perturbative solution comes to existence because of GUP. This
new wavefunction gives rise to an additional condition which yields the quantization

of length along each direction the box independently [33],

kyLy = o = arctan (—%) + O(a) (1.27)

mec
|Gkl L Gl
oh apellp;

= 2ppm — 20, pr € N (128)

where k is the index corresponding to the axis of consideration, ¢ is the kth com-

ponent of the unit vector ¢ along g and 0, = arctan(qy). Eq.(1.27) gives the energy

14



quantization for d dimensions when we have d such equations for k = 1, .., d. Eq.(1.28)

yields the length quantization along xy axis. |gx| = \/+Tnf If we consider the sym-
metric case where no direction in space is preferred, ny = ny, = ... = ng, we get

|G| = \/L&? d =1,2,3; in which case Eq.(1.28) becomes

Ly,

aolpy

= (2pm — 20K)Vd,  pr €N, (1.29)

It is easy to see if we set d = 1 (one-dimensional case), 20, = arctan(1) = 7 and the

above equation reduces to Eq.(1.22). Moreover, we obtain area (N=2) and volume

(N=3) quantization from Eq.(1.29) as below [33],

N
Ly N
Ay = =d"? [ 2p.r — 20 N. 1.30
N Haofpz g( DK™ k), Dk € (1.30)

15



Chapter 2

Discreteness of Space from GUP : Non-relativistic Case

2.1 Discreteness of Space in Presence of Gravity

So far, it has been shown the GUP effects imposed on free particles, lead to
discreteness of space. Although our test particle was kept in a box, presence of any
force field inside the box was not assumed. If we wish to claim that the quantum
gravity effects are universal we hope to see the length quantization valid for any
situation in presence of any force. Also, the results must not be limited to the Dirac
equation, i.e., for fermions only. One must expect to have similar length area and
volume quantization in context with bosons as well. In other words, discreteness of
space must hold whether or not there is an external field present.Although, in this
thesis we restrict ourselves to fermions.

The first step towards this generalization is to consider gravity as the external
force field inside our box, since it is the weakest among the four fundamental forces and
also gravity is universal. Also, as we have discussed in sec 1.3, our particular interest
is to find how gravity determines the nature of discreteness. With a gravitational
potential present inside the box, we ignore all but the first term of Taylor expansion
of the potential, which is linear. This is reasonable because we are interested in the
behavior or spacetime fabric near Planck scale and gravitational potential changes
only at a very slow rate, over such small distances .

In practice, we often use the gravitational potential energy approximated as V' (h) =

16



mgh over a small vertical distance h and the field E;, = —% acg:'léh)

= —g. This justifies
the previous claim of using a linearized potential term as well.

First, we consider a toy model — a particle in a one-dimensional box with a linear
potential inside. We do not wish to involve GUP here. This is a case of the usual
Schroginger equation with a potential. The intension is to use this solution in the
actual problem with GUP.

In order to show discreteness of space in the presence of gravity we start with
the simplest case of a particle in a one-dimensional box. We will show that the new
solution to the Schrodinger equation will reduce to the usual solution under proper
limits.

This is a case without incorporating the GUP. We intend to use this as a model
for solving the actual problem. So, the Schrodinger equation has its usual form [34],

with a potential term.

2.2  Solution of Schrodinger Equation with a One-dimensional Linear Po-

tential

Let us consider a one-dimensional box of length L with a linear potential inside,

which has the form

kr f0<z<L
V(z) = (2.1)

oo otherwise.

k is a parameter of unit J/m. Smallness of k is assumed.

The Schrodinger equation governing the motion of a particle of mass m inside the

box (0 <z < L) [34],

d*y(x) _2m
dx? h?

(kx — E)y(z) =0 . (2.2)

17



Figure 2.1: Airy functions and the zeroes [35]

(xz) =0 when z < 0 or x > L because the potential outside the box becomes oco.

The above is an Airy equation which has the exact general solution given by [35],

%—Z”‘(kx —F)

(k)

. | 72 (kz — E)
() = CLAI + CyBi h(2—T)§ , (2.3)
h2

where Ai[u] and Bi[u] are Airy functions of the first and second kind respectively. We
plan on using this wavefunction for solving the GUP-corrected Schrodinger equation
for a particle in a box with a linear potential.

Before proceeding, we need to verify that this wavefunction reduces to the solution
corresponding to old Schrodinger equation for an infinite potential well, if we let the

potential factor k£ go to zero.

For a weak potential we can assume : £ > V()

Using the WKB approximation methods, we get

/OLp(x)dx:mTﬁ (n=1,2,3,...), (2.4)
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where p(z) = \/2m[F — V (x)].
This in turn gives the energy as,

B = J(VE+VE T k)

1 1\™
= E, = E2+§ka+0(<ﬁ) ),n:1,2,3,.., (2.5)

0 _ n2m2hp?
where E = "0,

In order to find the limiting forms of the energy and the wavefunction, we consider

the asymptotic form of the Airy functions.

Ai(—€) = %gi sin(z + %)

1
Bi(—€) = =€+ cos(x + ol (2.6)
when ¢ is very large.
2m 1 —kx
Here z = %5% and £ = ("172)1#
3

The use of asymptotic forms is justified as £ is very large in the limit £ — 0.

Q

2 (2m\? s (1 3u
il (L 0 Y f 1k
3(h2> (k; ZE) (for small k) ,



plugging this into Eq.(2.6) we get,

pypi=6) = i (- |
g

where H = \/%7 [(2—’”)%]5_—2’“&]7Z and H,

i k3

Similarly,

Now, in this limit

. . H1 ™ 3 X
Ai(=§) = Hsin ({7 + 11 — §Hlf)
H
= Hsin (?1 + %) cos (ngg) — Hsin (ghﬁ%)
and
. H1 s 3 T
BZ(—f) = HCOS <|:? —+ Z:| — §H1§>
H H
= Hcos (f—i—%) cos (g}h%) + H sin (?1—1—1

-

FE—kx

k3

)1/4

e\ V4
E_l/4k’l 11— —
’ E

20

H1 m

cos (? +Z

o

3 €T
“H,Z
2'E

(2.8)

)

)



1 2 3 4

Figure 2.2: H as a function of k (for particles with finite mass and large but finite
Energy)

2m 2m
Y(z) = CLAi @) + CyBi @)

Plugging all these into Eq.(2.3),

W=
W=

(kz — E) (kz — E)

k

(VIS
(V1N

k
= C1Ai[-¢{] + C.Bi[—¢]

B . (Hy 0w 3. . (3. x Hy
= (O |:HSHI (? + Z) Cos <§H1§> — H sin (§HIE) CoS <? + Z)}

H 3 H 3
+CY [HCOS (?1 + %) cos (§H1%) + H sin (f + %) sin (éng)] )

2mE

H 2
Here, & = £

= (z) = Asin (—VQ;L”E:U> + B cos <—V2;’"°E:L'>

One can easily identify this is the solution of the Schrodinger equation for a

particle in an infinite potential well [34].

Therefore we have shown in the limit £ — 0 Eq.(2.3) reduces to the usual wavefunction

without any potential, which in turn proves the robustness the solution.

Next, we try to solve the GUP-induced Schrodinger equation with the same po-

tential.
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2.3 GUP-corrected Schrodinger Equation with a One-dimensional Linear

Potential

Now that we have worked our way through a simple model with a weakly varying
gravitational potential, we can use this to a similar situation where we incorporate
GUP effects. We use the Hamiltonian given by Eq.(1.5), but in this case V' (z) = kx

inside the box and V(z) = oo ouside.

2.4 Solution of the GUP-corrected Schrodinger Equation:

Here. we are going to use the Schrodinger equation given by Eq.(1.7) with the
changes caused by this potential V() = kz inside the box and V() = oo outside.
Writing the Schrodinger equation with the modified Hamiltonian,

d? d? 2m
QZah—w + w + —(E kx)y =0 (2.10)

2.4.1 Perturbative Solutions

This is a third order linear differential equation. We hope to have the third
solution lead to a similar criterion [32] that would allow us to show the length of the
box can only assume some specific values.

Now, the above equation can be thought of as consisting of two parts,
part I = b+ 2(E — ka )y
and part II: QZah B@D
We intend to use a trial solution ©; = 1(E + ca, k, x), where the form of v is given
by Eq.(2.3), and claim that this is the solution we are looking for. It is to be noted

that 1o (FE, k, x) is the solution to part I
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¢1 - ¢0(E+Ca»kax)

= Yo(E k,z)+ cozdiE@DO(E, k,x) (2.11)

Substituting ¢; in place of ¢ in part I gives 0 + ca [terms containing diEz/Jo].

Since we are not interested in terms containing o, we can just use ¢, = ¥o(E, k, )

for part IT which in turn yields afterms containing derivatives of g(E, k, x)].

So, we get
aterms containing derivatives of ¢o(E, k, z)]+0 + car [terms containing - y).

In order to have this expression to be zero for a value of ¢ the terms in brackets
would have to be either independent of x or of the same leading order terms. In the
second case, we would argue that for small values of  we could neglect them and be
able to solve for c.

Combining all these along with Eqgs.(2.10) and (2.11) we get

3 3 2
22ahd—¢0(E k,x)+ 22ahcad— (diE@/JO(E, k,x)) + cad— (diE@/)O(E, k,x))

dz3 dx?
QHTZ(E lm)ca—@[zo(E k,x)
3 d? d 2m d
2271—;/}0(]5 k 93)} + co [@ (d—E@DO(E, k:,x)) + ﬁ(E kzx) EQ/JQ(E,]{?,ZU):| ,

(2.12)

where

o(E, k,x) = AAi(=E) + BBi(=¢)
A 2 3 ™ B 2 3 ™
= e VA Zes L 2 —_¢l/4 Zes o &
= ﬁf 4 gin (35 +4) +ﬁ£ Y cos (35 +4> (2.13)
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Wl

£ = ()3 k5(E — ka).

Now, plugging the derivatives (refer to appendix C) into Eq.(2.12),

dx? \dE h?

o (dEY? B d§\* dg dPyy d¢ o
- [m (i) df3]+ca [(d) @t g

{zmd—g%(E k a;)] + ca [d—z ( D ok x)) + 2™ k) ‘fE%(E,k,x)]

(2.14)

For simplicity, we are going to use one of the two independent solutions { and
P! as 1y in Eq.(2.14). Our intention is to check if coefficients of @ and ca in the

above expression have at least the same leading order terms.

Using 1o = ¢,
de\’ d*uy dE\? d¢ vy | 2m de o
° [m (daz) ag? ] ea [(%) R I TP o
=« {22’71 (_2_m) k ( \/1_ {35 4 sin <2£3/2 ) + &/ cos ( 32 4 Z)})}
2
<2h_”;> < ) —k2/3 (i 1/4sm< §3/2 ) §5/4cos (253/2 + %))

1/3
o) e Chemalie ) (i)
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—1/4

= a(2ih) (2—?) (iﬂ) % ((2—?) 1/3 k2/3> (E — kz) *sin <§53/2 4 %)

5/4

o () () [ (G ) "G

—~1/4

1 3 om\ /3 ) 9 -
— = = —2/3 ey YA (232 T
( 7r> 4 ((ﬁ2> ’ (8~ ha)™ " sin <3£ +4)

: 5/4
2m 1/3 9 9 T
- —-2/3 E— 5/4 432,
<( s ) k ( kx)”" cos <3§ + 4)
ca |1 /2m 11/12 1 92 -
_ | = /6 E o —1/4 . < 3/2 ™
N [4 <_h2 ) kP ( kx)” " sin (35 + 4>

2m) 7" 5/6 5/4 2,30 | T
- - E— Z Z
( s > k ( kx)”"" cos (35 + 4)

(2.15)

Since we are interested in the terms containing powers of x, it is to be noted that
the above expression would give the same leading order term for both « and ca.

Expanding the above expression using Taylor series and collecting coefficients of
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2° (ignoring terms containing x and higher orders of ),

—-1/4

1/3
a(2ih) (271—?) (%) Z ((%) k—2/3) B (€0+ 9 .
5/4

om\ 1—2/3 /4 T
e oS (fo + Z)

—1/4
_ca2m |3 2m\ /3 Lo / — (5 +7r)+
/TR |4 72 sin ( & 1
5/4

2m 1/31/;_2/3 o/ ( +7T>
B2 cos (& 1

ca |1 /2m\ Y12 T om\ /12 -
+— ( ) LY/ p—1/4gin (fo + —) — ( ) E5/6 [55/4 oog (&J 4 Z)

VT4 \ R 4 "2
(2.16)

5 /o 1112 - om\ 17/12 T
= 2ih ( ) KO E sin (fo + Z> + (ﬁ) KOES cos (50 * Z)

il
om \ /12 ) ' -
(%) (o)

(2.17)

=c = Qih% (25_21)11/12 KSE""sin (& + §) + (277?)17/12 kYSES cos (& + %)
(%)11/12 k1/6E_1/4 sin (60 + %)
) 3 E3/2 m

where,

3/2
2 ((2m\'"*
&)Zg((ﬁ) k~2BE
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Now we are going to use the actual wavefunction in expression (3.31).

Yo = Cryg + Coy!
For Cy1¢ part, (3.31) yields,

L Cu (3 (2m\" 7/6 cag (232 T
om\ /12 X 9 -
£m [6( 0 _ 1..\5/4 “e32 | T
( 2 ) EV°(E — kx)** cos (35 + 4)
& 2m\ /"2 1/6 a2 T
= (C@)ﬁ (ﬁ) k? (E — kl’) S111 gf —I— Z s

(2.19)

and for C1t! part, (3.31) gives,

™

17/12
a(2fih)% [(2—?) kl/G(E _ ka:)5/4 sin (§€3/2 i 4) _

3/ 2m 11/12 2 T
<[ 2 k7/6 E—k —-1/4 “¢3/2 -
( > ( x)" % cos 35 + 1

4 \ h?
Y om\ /12 1/6 _1 2 T
=== E— /4 Ze32 4 0

(h2 ) E°( kx)~* cos 3£ + 1

= C@ﬁ

Combining them we get,

3 /2m\ V12 9 T 9 =
aem? (3r) e =) o (5674 5) — ucos (3624 7] +

4\ h?
3 (2m\'"? 2 ™ 2 w
A il (6010 _ 1..\5/4 (32 T Ze3/2 T
a(22h)4 ( = ) k°(E — kx) [Cg sin (3§ + 4> + C cos <3£ + 4>}
om\ /1 . (2 s 2 T
= ca (ﬁ) kYO (E — kx)~1/4 [C’l sin (553/2 + Z) — Cycos <§§3/2 + Z)] :
(2.20)

Expanding the above equation using Taylor series and collecting coefficients of z°
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(ignoring terms containing = and higher orders of z),

a2ty (Z2) o [y g + ) - -

L (%) Lsin(Eo + ) — Crcos(ey + )]
om 17/12 T T

+a(2ih) <§) k16 pa/ [02 sin(&o + Z) — Ccos(& + Z)}

B om,\ /12 L1/ g1/ _ - T

= ca <ﬁ) E [C’l sin(&y + Z) — Cycos(&y + Z)]

(2.21)
So,

9 11/12
c= [(Qih)z (_m) E7/6 p1/4 <C1 sin(&o + %) — Cycos(&y + ﬁ)) +

h? 4
- 2m\ "2 1/6 25/4 7T 4
a(2ih) (ﬁ) kPR (C’g sin(&o + Z> — Cycos(& + Z)> +
om \ /12 P - -
(n—) BB (Crsin(e + ) = Cacon(éo+ 7))
(2.22)
Hence, the wavefunction is given by,
’l/Jl = 7vDO(Ej—i_COQk?x)
d
= E —o(E
wg( ,k,.CC) + CadEQ/J()( s k', x)
d d
= Yo(E,k,x)+ Cad_§w0<E’ k,x)%
(2.23)

where Vo (F, k, x), d%wo(E,k,x) and & are given by Egs.(C.1), (C.8) and (C.3) in
order(see appendix C).
It is to be noted here, that the above general solution consists two independent

solutions instead of three. The reason is that they are basically coming from a second
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order differential equation (Eq.(2.2)). We just used them to find a general solution
of the actual third order differential equation as each of them satisfies it separately.
This perturbative solution is mathematically rigorous and complex to deal with.

In the next few sections, we will find the non-perturbative third solution and

develop a method to impose the boundary conditions on the general solution.

2.4.2 Non-perturbative Solution

The solution given in Eq.(2.23) is perturbative and based on the solutions of a
second order differential equation.

We assume the form of the third non-perturbative solution of the Eq.(2.10) as ¢/ =

eiﬂz/fPl )

If we can find a valid p that satisfies Eq.(2.10) then we can write the general

solution as ¥(x) = Cif + Cotpl? + Cpi!.

id}H[: ﬂ ei,um/zpl:i_:u 117
dx 0 gpl gPl

2
& __ ([ 1T
dx?"° Cpp 0

3
&’ I _ H III
dx?’ 0 14 Pl 0

(2.24)

Plugging the above into Eq.(2.10) we get

3 2

. N o 2m

2iah(—1) (—) — 4+ —(F—kz)=0
Cp) o B2

= 2aou” — p?> =0 (in the limit £p; — 0)
= 11*(200p — 1) =0

= u=—
# 20[()
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Therefore, i = ei#/2a0tr — giz/2ha

2.4.3 General Solution

The general solution of the GUP-corrected Schrodinger equation (one-dimension)

is given by,

A

Y(zr) = —= ¢ V4sin 2534-1 + zm 1/3/572/30(} —1575/45111 253/2+E +
J 35 1 2 4 3 1

2 s B 25 7

1/4 £ 432 Doy 4.2 T
¢ cos<3£ +4>)}+ﬁ{§ cos(3§2+4>+

om\ ', 2 ™\ 1 2 w

<m -2/3 Cela e (232 T\ Le5 “e3/2 . T

(712> k=""ca | —£7/" sin (3§ —|—4> 45 coS <3£ +4>) +
Ceix/Qha

(2.25)

The constant C' is such that |C| becomes zero in the limit & — 0 as the last term
should drop out in this limit. Phase of A can be absorbed in 1 so A can be treated
as a real constant.

In the limit £ — 0, the above equation should reduce to the general solution of
the free particle (no field inside the box) GUP-corrected Schrodinger equation. Using
the asymptotic forms of the Airy functions in the same limit and ignoring terms
containing higher orders of a we can show that the wavefunction given by Eq.(2.25)

becomes,

.3 N B , 3z
w(x) = H A1 sm(éHlﬁ) + H A2 Sln(iHlﬁ) + (ZOéh> {(7]1 A1 — 12 Ag) Sln<§H1§)+

3 )
(m Ay + 19 Aq) cos(iHlé)_i_} + Ceio/ha

(2.26)

30



where

) 87 \ 12
3 o\ ¥/12 3 fom\ ¥/12
_ 2 [em V(o VA e 2 (2T L—1/6 /4
W~ ( 2 ) (E = ke) 8y \ 12
H, ™ H, s
A= —Acos(? + Z> + Bsm(? + Z>
H H
Ay = Asm(71 + %) + Bcos(?1 + %) (see section 2.2)

~1/12 ~1/12
/ k?/G(E _ kx)_5/4 ~ 3 (2m) / 17/6 p—5/4

Also, in the limit a — 0 Eq.(2.10) becomes a second order inhomogeneous dif-

ferential equation and in that case the solution given by Eq.(2.25) must become

¥ (x) containing the Airy functions only, i.e., lim,_,o ¥ (z) = \%5_1/4 sin (%53 + %) +

\%6*1/4 cos <§§% + %) This implies lim, o [C] =0
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2.5 Boundary Conditions and Length Quantization

Now that we have the wavefunction corresponding to the GUP-induced Schrodinger
equation, we can use the boundary conditions ¥ (0) = 0 and (L) = 0. Like the case
without a gravitational potential [32], here we hope to find a new condition that

would lead to a restriction on the length of the box.

Imposing the boundary condition ¢(0) = 0 on Eq.(2.25) we get,
A

. 2 2m\ /? 1 - 2
7 ¢ " sin (5502 + Z) -+ (—Q) k2B (—150 54 sin (5 Gt %) -
1/4 2.3/ T B | -1 2,3 0w
0/ COS <§ 0/ —+ Z>>:| —+ ﬁ 0 / COS ggo + Z +

om\ '/* _a/3 14 . (232 T L, 5 2 30 T
(ﬁ) k=2ca <—§0 sin (§ + Z) - 4_150 cos <§ 0 +Z>)

+C =0

(2.27)

Substituting for C in Eq.(2.25),

“aja . (2.2 T om\ /? —2/3 Lo sa . (2.0 T
f Sin §€2 + Z + ﬁ k (0] _4_15 Sin gf + Z =+
2 B 2 :
Y4 cos <§£3/2 + %))] + ﬁ {51/4 cos (gfg + %) +
om\ \/* 9 2 ™ 1 2 T
<m —2/3 Cel/a (232 T Leos 2e32 T
(h2> k ca( &Y% sin (3§ + 4> 45 coS <3§ +4>>
1/3
& Y4 gin (g E + %) + <2h_7’;1) k=3ca (—i£05/4 sin <§ 8/2—1—
™ 2 T iw/oha B |~ 23
Z) + 5(1)/4 COS (g 3/2 + Z)>:| —e /2h ﬁ |:£0 1/4 COS <§£O + Z) +

om\ '/* _a/3 14 . (232 T I 5 2 30 T
(ﬁ) k=23 ca (—{0 sin <§ 0 +Z> —150 cos <§ 0 +Z>> .

(2.28)
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Now, the remaining boundary condition ¥ (L) = 0 implies,

eiL/Qﬁa — f(gL)7 2.99
7(&) (229)
where
f&) = “Lletign (2T 4 (2 e g (Zer T L
g N 3Ty h2 4°L 3% Ty
2 T B 2.3 7
1/4 2.3/2 | T D1 fey I
& 003(3 —1—4))}—1—\/%[5 Cos<3§L+4)+
2m 12 —92/3 1/4 . 2 32, T 1 —5/4 2 3/2 T
<§) k=ca (—fL sin (§ 5 +Z) —ZfL cos (§ T —1—1)) ;
A —1/4 . 23 s 2m 1/3 —2/3 1 —5/4 . 2 3/2 ™
f(fo) = ﬁ 0 S1n 555 -+ Z + ﬁ k C _4_150 S1n g + Z +
1/4 2 30 T B | 1 23 9w
ot )] A e (33)-
om\ /? _9/3 14 . (232 T L, 5 230 T
(ﬁ) k=2Rea (—fo sin (5 o+ Z) — 150 cos (5 o+ Z)) ,
and
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Expanding f(&1) and f(&) w.r.t. a we get,

2 _
A O el S eV
sin <3 2 T

B 2 [2m( E—kL)3/2+7r
cos | =/ 5 ————+ —
3V h? k 4

2m

flér) = (h2) VI2pVS(B — kL)~Y4

Dj
5
~
e
=
N——
+

+ O(w)
and
2 [2mE®? &
1/127.1/6 f—1/4 L m
f(&) = (h2> EYPE~ Asin (3 2 +4>—|—
2 [2m E®/?
B cos <§ E + %) + O(a)
Thus,
Lo (E — kL)~'/4 [Asin (% %—Tw—i—%) + B cos <§ %—@W‘F%)]
eZ QL —
E-1/4 [Asm <§\/2—mEZ/2 + %) + B cos (%w%E:Z + %)}
+0(a)
: — kL) _
- (1_@>1/4Asm 2 %—?%jL )+Bcos< Zh’?ij%)
E A 1n< ,/Q}imEZ/Q+%>+Bc0s<§,/%—'§Ez/2—i—%)
+0(«)
(2.30)
Writing B = | B|e®® we get from the RHS of the above equation,

m — 3/2 s 7 m _ 3/2 -
oin (3 BE 1 5) 4 i cos (3 A 1

2m E3/2 |« i 2 [2mE3/2 | o«
Asm( \/ 52 +4)+]B|e Beos |34/ + 5

. / 3/2 3/2
B Asin (% %%-ﬁ-%) + | B cos(8p) cos (% 2m (B- kL) %) + i|B| sin(fp) cos (%,/ m (B kL) / %)
+

Asin((%,/%E?z +%))+|B|COS(OB)COS <%,/— +%) i| B| sin(6p) cos %,/ )

M:
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(2.31)

Thus the real part the RHS of Eq.(2.30) is given by,

2'mE3/2 s

A251n( ViE Tt I
(Asin<2,/2—mE3/2+ >+|B|Cos(9 (
3V EE R B) cos

) + A|B| cos(0g) cos (2\/2717?’31/2 + %)
%,/ 2m E3/2 %)) + |B|2 sin?(65) cos? (%,/ E3/2 + g)

Xsm(a/ m (B kL )
3 4

k

(Asin (%,/%Eip + %) + |B| cos(8p) cos (%,/ 7 Ek/ + %)) +|B|2sin?(05) cos? (%,/%ES& +7

k

. |:A|B|cos(93)sin (%1 / %%/2 + ) + |B|? cos?(6) cos <§,/ Qh"; Ek/ + %) + |B|?sin?(Ag) cos? (%,/%sz + Z)]

2 [2m (E — kL)3/?
Xcos | — —_—
2 k

— 3/2 _ 3/2
= Ax Sm<2‘/2h72n(E iL) +Z>+B COS<2 2};;7(E kL) +7r>

3V n2 k 4

Collecting real terms form both sides of the Eq.(2.30),

KL\ Y 2 [2m (E — kL)*>
cos(L/2ha) = (1 - f) (A* sin (5 h_?% + %)

+
2 [2m(E —kL)*? n«
B cos <§ ® k1

(2.32)

Following the same argument in sec 2.2, the limit £ — 0 the RHS the above

equation becomes

T
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where A, = H (A* cos (% + %) — B, sin (% + %)) and
B =H (A* sin (% + %) + B, cos (% + %)) (see page 19 for H, Hy ).
Without loss of generality, letting A; = sin™* 6 and B; = cos~'# for an arbitrary 6

we can write

2mE 2mE 2mE
cos(L/Qhoz):cOSQCos< Thnz L) —siné’sin( TI; L) :cos< 7;; L—l—Q)

Referring to [32], we know that this implies 2% = pr, p € N, Lo being the length

of the box in flat space-time [32].

Since, L is a perturbation over L we can write,

L
T Py(kLg) + pr. (2.33)

It is to be noted that F, is a small perturbative term and that 2%% = py itself for
p1 € N. Py is a polynomial in kL derived from the RHS of Eq.(2.32).

We can write Eq.(2.33) as ,

she = (k)pim + pr. (2.34)

For each p we have a finite set of p; values. As the perturbative term has to be
small, the number of p; values, for each p, depends on the smallness of f(k). Fig.(3.3)
is included to provide a qualitative comparison. We can see we have a fine structure
(splitting) of the length quantization when gravity is involved compared to the much
simpler shell structure when gravity is not involved. This might remind one of the
similarities with the energy quantization of the hydrogen atom.

One might be interested to delve into the possible connection between the two.
Consideration of the significance of this apparent coincidence may further suggest

investigation of discreteness of space(time). Although the original Heisenberg Un-
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Figure 2.3: Comparison between Lg(solid lines) and L (dotted lines)

certainty Principle is restricted to position-momentum commutation and time-energy
uncertainty principle has been merely thought of a statistical measure of variance, a
more generalized idea of GUP corrected commutation relation involving 4-momentum
might give rise to discontinuity of time. This is beyond the scope of our work, but

we hope to shed light on this topic in the future.

According to this relation it is evident that there can not exist a single particle
inside the box unless the length of the box assumes only certain values. It is also
noted from the above relation that the length must be in units of aylp.

So, like the case with flat spacetime, GUP effects lead to length quantization in
presence of gravity. Although we have shown it for a particle inside the box under
the influence of gravity it can be extended to more general cases. Also, a particle in a
box provides a way to measure length in one dimension. This result is sufficient but
not limited to one-dimensional or non-relativistic scenarios.

We will discuss the relativistic and higher dimensional counterpart in the next

chapter.
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Chapter 3

Discreteness of Space from GUP : Relativistic Case

As explained in section 1.4.2, we need a formalism to investigate the modification
of discreteness of space in a relativistic situation. The structure of spacetime does
not necessarily change depending on relativistic or non-relativistic test particles used
to probe it with, but it is quite fair that particles with speeds compared to the
speed of light can potentially reveal the structure better compared to less energetic
particles. In this chapter, we will have a closer look at the relativistic equivalent of the
Schrodinger equation and in particular the modification induced by GUP. Now, the
relativistic version of Schrodinger equation is Klein-Gordon equation. First we will
derive the GUP-version of the Klein-Gordon equation with a linear potential and then
try to solve it to obtain possible length quantization. Notwithstanding it’s relative
simplicity, Klein-Gordon equation has mathematical difficulties, especially when it
comes to dimensions higher than one, it’s much easier to resort to a more versatile
Dirac equation. In the consecutive sections we will try to solve the Dirac equation in

3-spatial dimensions and hope for getting a similar length quantization as in [33].

3.1 Klein-Gordon Equation in One dimension

The Klein-Gordon (sometimes known as Klein-Gordon-Fock) equation with no
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field is given by [36],
(RO + m*c*)y = 0, (3.1)

where [0 = C%g—; — V2,V = a%% + a%j + %lzx It is basically same as Eq.(1.16). In
order to find the GUP-corrected Klein-Gordon equation we start from the Lorentz

invariant energy momentum equation,

nwo__ 2 .2
pup =m-c

= B? = p*? + m?c? (3.2)

Einstein summation notation is followed here. Now we replace the momentum with

the GUP-corrected momentum p = py(1— apy) and calculate the following quantities,

P’ = pg — 20p;
o 9
Po = —ZFLE,E = Zh@
0? °
2 2 RS S 2
Th="Namn=ilys

Plugging these into Eq.(3.2) we get,

2y 3
TW(b) _ 022aih38 (%) +mc

o 232 T\ _ - T\
3 D3 oL

Considering the stationary solutions only,

2y A3
_02h288—x‘(2‘r) _ QCQQHB% + m204\p — EZ\IJ(.I')
d3 d2 E 2 .2\2 1
= 2mhd;§ + d;f ( /mi;) ) ey = 0 (3.3)

This is the GUP-corrected one-dimensional Klein-Gordon equation in flat space-time.
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If we are to consider a relativistic particle in a one-dimensional box with a linearized

potential V' (z) = kx, we can write the above equation in an equivalent form E ~

\/—Qiahd%b - %ﬁ + m?c* + V(z) and then rewrite this as,

Y Py A
—220&h$ - E +m-c 1/} (E V( )) w
>y d? 1
= 2iah®Y + v + (E* —m’c* = 2Ekz) ¢ =0 (3.4)

dr®  dx?  Rh%c?

If we can make the following connections between the variables in the above equation

and those in equation (2.10): szhd ¥+ dmg + 2(E — kx)yp =0

2m 1 9 9 4
FE%%(E —mc),

9Bk 2mk
e R

we get similar length quantization result as in section 2.5.

3.2 Dirac Equation

The three-dimensional version of Klein-Gordon equation suffers from non-locality
of differential operators. The term p?, when GUP is considered, becomes p? =
P2 — 2apd = —h*V? + 2iah*V3. Now the second term is 2iah® <aa;2 + 86;2 + 822>3/2'
Without going into the mathematical details of fractional calculus [37], we can simply
use the Dirac equation in order to avoid this problem.

The free particle Dirac equation is given by [39],

(9\1!

i5r (Bmc + cdl. P) v, (3.5)
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where

I, O
B=9"= (3.6)
0 -1
and
i 0_i 12 0 0 o; 0 g;
o' =y = = : (3.7)
0 _12 —0; 0 g; 0

o;, i=1(1)3 for the 3 spatial dimensions, are the Pauli spin matrices and they are

given by [38],
Op = , Oy = , O, = (3.8)

Here Smc? + ¢@.P is the Dirac Hamiltonian with no field. It is to noted that @ is
distinct from the parameter a present in the GUP-corrected quantum mechanical
equations.

For an addition of a potential term in the form V(x) = kx we can write the Dirac

equation as,

0V

p— 2 = P
i (Bmc ted. P+ k;xI4> v, (3.9)

Particularly, for one spatial dimension, say z, the GUP-corrected Dirac equation

becomes,

, d o d? 5
(—zchaza + cah 2 + pme” + kzI4> P(z) = EY(z). (3.10)

Unlike Eq(3.6), the above is an eigenvalue equation.
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3.3 Solution of Dirac Equation

Rewriting Eq.(3.11) we get,

2

(—ichozzj + cah2% + Bmc* — E + kz) v(Z) =0. (3.11)

3.3.1 Perturbative solution

In order to solve the above equation we develop the following formalism.

The differential operator in Eq.(3.12) can be thought of composed of two components
—z'chaz% + cah? d2 + fmc? — E and kz. This second component can be considered
as a perturbative term as both k and z are small. The solution to the first being
already known [33], we can add a small perturbative term to that solution in order
to get the complete solution of Eq.(3.12).

Let us use a trial solution of the form ¥ = ¢)(x + C1k) which can also be written as
¢ =1 (k = 0) + Cik-Lip;(k = 0) to the first order of approximation since a small k

perturbative term seems logical to use.

: X
Here, 91 (k = 0) = Nye™*
ro.,x
K = Ko + ahKkd, Ko being the wave number that satisfies E? = (hrg)? + (mc?)?,r =
ET;’;Q and Ty = I. Now, we re-write Eq.(3.12)using the above.
d d? . X . X
(—ichozzd + cahQP + Bmc® — E + k‘z) Nype'® 4+ C1kizNye"?
ro.X ro.X
=0
(3.12)
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As we have discussed above,

, d d? : X
(—zchazd + cahQﬁ + Bmc® — E) Nye'™ = 0.
ro.x
. . ) - X
Also, since k is very small, (kz) | kizNye™? =0
ro.Lx
In that case, Eq.(3.13) reduces to,
d d? 4 X , X
(—ichazd + cah2ﬁ + Bmc? — E) CikizNie"™ + kzNqpe"™* =0
roLX ToLX

d d?
= C (—ichozzd + cahQﬁ + Bmc? — E) iz = —z2y

(3.13)

If we can find a valid C; for the above, we can claim ; is a solution of Eq.(3.13)

which in turn means v is a solution of Eq. (3.12).

d d?
4 <cha 7 —(z101) + zcah2 (zwl) +mc?B(izy) — zE(qu)) = —z1
(3.14)
0 o I, O I, 0
= C1 | (ch+ ichkz) +imc’z — (20&&/72 +izFE + icah2z) P =
Oz 0 0 —]2 0 .[2
—z1)
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(ichz — 2cakh?® —izE — iccthZ) I ch(1l+ kz)o 2

ch(l + kz)o (—imcgz — 2cakh?® —izE — icakchzz) I

This is clearly an eigenvalue equation the associated matrix of which must be

singular in order to have nontrivial solutions. In other words,

(Cil + imc?z — 2cakh® — izE — icothz) I ch(1 +ikz)o.
=0

ch(1 + ikz)o, (cil —imc?z — 2carxh® —izE — icathZ) I

(3.16)

Clearly, this is a characteristic equation in z/C, which by expanding the determinant,

can be written as,

2
<Ci — 2icakh® —iz(E + comﬁ?)) — (imc?2)? = R (1 +ik2)? = 0.
1

For small z (which is quite reasonable considering the fact that the dimension we are

dealing with is close to the Planck length), the above equation gives,

(Ci — 2cakh)? — 22(0i — 2cakh)(E + cakh?) — h*c® — 2ic*h*kz = 0
1 1

deakh?
% = dicakh’z(E + carxh?®) — h*c*(1 + 2ikz)
1
1 diakz(E + cakh?®) — (¢ + 2ickz)
= — =
Cq dakz
1 ¢+ 2iakz (c(1 — 2axh?) — 2F)
= =
o dakz
4
= O an (3.17)

- ¢/z + 2k (¢(1 — 20kh2) — 2E)
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So, the solution of Eq.(3.12) is given by,

. X dak ; X
Y = Npje'? — . 5 kizN,e"*
ro.x c/z+ 2iak (¢(1 — 2axh?) — 2F) rox
dikarz - X
_ (- N, ein? 3.18
( c/z+ 2iak (¢(1 — 2axh?) — 2E)) 1e ro.x (3.18)

The above is the perturbative wavefunction corresponding to the GUP-corrected

Dirac equation.

3.3.2 Non-perturbative solution

Let us suppose the non-perturbative solution has the form

X

Ynp = er/tr (3.19)
o.X
Now, plugging this solution into Eq.(3.12),
d d? ' Y
—icha,— + cah?— + mCQ@’ — F+kz ethz/tri —0
dz dz?
o.X
e 1
= = -
fpl Oéh

3.4 Boundary Condition and Length Quantization

It is to be noted that GUP-induced Dirac equation with a linearized potential is a
second order inhomogeneous differential equation. Also because the matrix associated
is of order 4x4, one can expect eight linearly independent solutions. Here, we wish to

restrict ourselves to positive energy solutions only. In that case we have four linearly
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independent solutions given by,

dikarkz X
Y= N (1 - . 5 ) e (3.20)
c/z+ 2iak (¢(1 — 2akh?) — 2F) ro.x
. X
1hy = Nae'*/*" (3.21)
02X
1
where  is a normalized spinor, meaning 'y = 1. x could be chosen as for
0
spin up state or for spin down state or any linear combination of the two.
1

It is to be noted that similar to the case of GUP-induced Schrodinger equation this
non-perturbative solution here should disappear in the limit @ — 0 as we should
get our old Dirac equation back in the same limit which is essentially a first order
differential equation.

Now, if we try to impose the boundary conditions on the wavefunction by letting
the gravitational potential go to infinity just outside the box, like we did in the non-
relativistic case, the so-called Klein paradox occurs. In other words, the flux of the
reflected plane wave on the infinite walls (boundaries) of the box appears higher than
that of the incident wave [40].

In order to avoid this situation, we resort to the famous MIT bag model of confined
quarks once again [41].

As discussed in [33], the mass of the relativistic particle of interest is considered as a

function of z,

M if 2<0
m(z)=<¢ m 0<z2<1L (3.22)
M z> L,
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where m is the rest mass of the particle and M is a constant. In order to have an
equivalent picture as infinite potential walls we will let M eventually grow infinitely
large causing the particle trapped inside the box. The advantage of this method
is that now we have the opportunity to consider the solution of the GUP-induced
Dirac equation separately in three regions, region I associated with z < 0, II with
0 <z < L and III with z > L. Now, in all of these three regions the wavefunction
should assume the same form of a linear combination of the perturbative and non-
perturbative solutions. Although, inside the box, i.e., in region II one might consider
an incident and a reflected wave whereas outside the box, it would suffice to consider
only one wave travelling outward from the walls. It should be a plane wave travelling
left in region I and travelling right in region III.

So, with reference to [33], the wavefunctions in the three regions are given by,

dikark 2 ! X iz X
¢1=A(1—|— — 3 >e‘““ + Gean
c/z — 2iar’ (c(1 4 2ak'h?) — 2F) —Ro.y o.x
(3.23)
dikarz ; X
=Bl1-— ikz
Vi ( c/z + 2iak (¢(1 — 2arxh?) — 2E)) ‘ ro.x
dikakz - X

C 1 —1lRkZ

* < * c/z — 2iak (c(1 + 2axh?) — 2E)> —ro.y

tFean
02X
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(3.24)

dikark 2 L X

(i ik z H %
Yrrr ( c/z+ 2iar’ (e(1 — 2ak'h?) — 2E)) ‘ Ro.x T 02X

(3.25)

where & = k) + ahry, E = V (hrge)? + (Mc2)? and R = ETAO/;CQ. To give the above

wavefunctions a little simpler form, let us have

_ (4 dikakz
L= c/z + 2iak (¢(1 — 2akh?) — 2F

(14 dikakz
P2 = c/z — 2iar (c(1 + 2arh2) — 2F

)
)
dikark'z )
)

/: 1_

fr ( /2 + 2iar (c(1 — 20w K2) — 2E
(14 dikor' 2

Pz = c/z — 2iar’ (¢(1 4 2ak'h?) — 2FE

and re-write the wavefunctions as,

X 1z X
= Ap)e iz + Geon (3.26)
—Ro.x 02X
Yr1 = Bpe™* + Cpoe™™* + Fean
rozx —TrozX OzX
(3.27)
’ ./ X iz X
Yrr = Dpe™® + Heon : (3.28)
Ro.x 02X

Following the same line of argument as in [33], we can say that when M is very large,
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E? — M?c¢* < 0 which means k, = \/Z — M?2c¢2/h is imaginary. So, in the limit

’ - i e a(ng22 _ BN
M — oo, ky = io0 and k = 7/ Mc? - Z — F(M?c® — %) is a very large com-

0 2l Sare2 B2 ialz| _E?
plex number. It follows that e™* % = (e & e c2) (6_ e 52)) O

L z 2 iz 2
e = (e_ﬁ MCL??) <eﬁ(M202§2)) — 0 in the limit M — oo. This is simply
because the modulus of each of these complex numbers becomes zero in this limit.

Moreover, both p} and py’ ~ 1 — O(i/k,) so they become unity in the limit M — oco.

So, in the limit M — oo the terms containing A and D becomes zero. As for the the
terms associated with G and H, the fluxes are nonzero [33] which means we have to
set G =0 and H = 0. Now, in the limit @« — 0 and &k — 0 Eq.(3.12) becomes the old
Dirac equation without any effects of GUP. As we can see from Eq.(3.27), this means
p1 and po must become unity which is evident. Moreover, this means the term with
F must vanish in the limit o« — 0, which compels us to choose F' ~ o*, s > 0. This
will also take care of the possible blowup of the exponential term, especially if we let
s > 10 F will decrease reasonably faster than ea increases. This lower bound of s is

based on a numerical comparison between « and s calculated in Maple ™ 16.

Finally, without loss of generality we can choose B = 1 like in [33] but the selec-
tion of C' is to be determined from its relationship with B, which we are about to
figure out.

The usual boundary conditions that one would expect for the Schrodinger equation,
viz., ¥rr(z = 0) = 0¢r;(z = L) do not quite work in this case as they would make the
wavefunction inside the box vanish. Alternatively, we use the MIT bag model which

is having the outward flux of the Dirac current at the boundaries z = 0 and z = L
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zero [40]. Equivalently one can write [41],

iy =1, at z =0 (3.29)

iV = —1, at z = L. (3.30)

Using ¢ = 97 in Eq.(3.29) we get,

iv*rr(0) = 177(0)

0 o, X 0 o, X
= 1iBp + ZCPZ

—o, 0 TO,X —o, 0 —ro,X

0 o, X

+iF

—o, 0 %

X X X

= Bp + Cpa + F

ro,xX —ro,X o,X

Collecting terms,

irBpy —irCps +1iF = Bpy + Cpy + F
= iT(plB — ,020) = plB + pQC + F(l — Z)

= ir(pB — p2C) = p1 B+ p2C + F\/2e7m/4
;B + p,C + F'emim/4
=
pB — pC

where F' = /2F.
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From the other boundary condition (Eq. (3.30)),

. 0 g, . 0 P X
inlesz + iszG_ZHL
-0, 0 Y -0, 0 —Tro,X
+Z'FeiL/ah 0 Oz X
-0, 0 O,X
. X . X ' X
_ _BplemL . Ce—mLp . FezL/ah
roX —TrozX 02X

Collecting terms,

Z'TBpleinL _ Z.’T‘CpQG_ML + iFeiL/ah _ _BplemL . sze—me _ FeiL/ah

Beitl Cle— L F’ i(L/ah+m/4)
poe tpte A Le — _ir, (3.32)
plBemL _ ng@fML

In order to establish a relationship between B and C' let us start with Eq.(3.31),

p1B + poC + Fle—im/4

=r
;1B — p2C
r — 1 , —im /4
p2ir+1 pa(ir +1)
It is to be noted that z:: is unimodular as it can be expressed as
iZ;} = _rijgl__fir = :z;} + ir22-:1 = ¢ where
2r
0 = tan™* : 3.34
an (r2 — 1) ( )

po increases with k, the linear potential term, and ps — 1 as k — 0. So, Eq.(3.33)

can be re-written as,

C= %ei(epl _902)@i‘sB + O(a), (335)
P2
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and

C] = |B|% +O(a). (3.36)

Clearly, in the limit k =+ 0, py = 1=py=1and 0, =0,, =0.
To find a condition on the length of the box, we will consider the other boundary

condition. We get from Eq. (3.32),

plBemL + pQC«eme + F’ei(L/aﬁ+7r/4) _ _irplBemL + z'rnge*mL

= pi(ir + 1)Be™t + F' Lot/ — ) (i — 1)Ce™ L (3.37)

Now, if we substitute C' = %ei(epl ~0r2)e® B in Eq.(3.37) we get,

o (Z"I“ + 1)BemL + F’ei(L/ah+7r/4) — pQ(iT _ 1)%61(9”1 79p2)efinLei6B
P2
lei(L/aﬁ+7r/4) ir—1 s

= B 2ikL F —
o p1(ir +1) ir+ 1
(3.38)
Choosing B = 1 and substituting ¢” = 2= in Eq.(3.38),
' r— 1\ 2 , gi(L/antm/4)
Q2RL _ (" ) e (3.39)
ir+1 p1(ir+1)
) . _1( 2 , i(L/ah+m/4)
= kL = ¥ tn (F=) o pe ‘ (3.40)
pi(ir +1)
2
= kL = tan™? (r2 i 1) + O(In(a)) (3.41)
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Now, from Eq.(3.37)

p1<i,’ﬂ + 1)BemL + F’ez‘(L/aﬁ-l-Tr/él) _ pg(i’f’ . 1)Oe—iﬁL

pilir — 1) (aw—m_;(“ta"‘l(vf%)))

_ pilL/ahtm/4) _ 7 (3.42)
It follows from Eq.(3.42),
i —1) (<< m)
éz—%—i—m’g I +2nm, neN
(3.43)

It is to be noted unlike the case without the presence of gravity [33] ¢ and xL here
are not the same as given by Eq.(3.34) and (3.41). They become the same in the
limit & — 0.

Thus, a relativistic particle can be trapped in a one-dimensional box, with a linearized
gravitational potential inside, only if the length of the box is quantized and the nature
of quantization is given by the above equation.

One would expect in the limit £ — 0 Eq.(3.39) to reduce to the old quantization rule
given by Eq. (27) in [33]. To verify this we begin with Eq. (22) in [33] which on
slight algebraic rearrangement gives,

Cimga (i =1) = (ir + 1)e®

e I

(3.44)
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Now, if we let k£ go to zero, p — 1, kL — §. So the RHS of Eq.(3.42) becomes,

F/
(ir — 1) — (ir + 1)e®
= 3.45
F/ ( )
So, comparing Eqs.(3.42),(3.44) and (3.45) we can write (in the limit £ — 0),
ei(L/ah+7r/4) — e*'hr/4
L T
éﬁ——i—i-er, n €N, (3.46)

which is nothing but the length quatization rule for a relativistic particle in a box

without the influence of gravity (see Eq.(1.22)).

3.5 Dirac Equation in Three Dimensions

As discussed in section 1.4.3, discreteness of space for two and three dimensions
has been shown without gravity. In this section we consider the generalized Dirac
equation for three dimensions and extend the result for a box with a slowly varying
gravitational potential inside, which can be linearized as before.

Let us consider a box defined by 0 < z; < L;, i = 1(1)d, d being the dimension of the
box, i.e., d = 1,2 or 3. This box can be one two or three-dimensional. Now, we have
a linear potential inside as before. Without loss of generality, we can consider the

direction in which the potential changes as our x-direction. The Dirac Hamiltonian
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with a potential term can be written as

H = cap+ Bmc + V(M1
= c(aups + ayp, + azp.) + Bmc® + kal
= ca.py — ca(a.py) (@.py) + Bmc? + kal

(3.47)

It is to be noted that we used the GUP-corrected momenta, p; = po;(1 — apy), i =
1,..,3, where py; = —ihdixi and followed Dirac prescription, i.e., we replaced pg by
a.po.

We are going to use the same ansatz here as in [33] (see section 1.4.3) . The Dirac
Hamiltonian here is same as that in [33] except for a potential along z-axis. We
already know the modified perturbative and non-perturbative wavefunctions under
the influence of a one-dimensional linear potential. So, combining Eqgs.(3.20), (3.21)
in section 3.4 and Eq. (30) and (31) in [33] we can write the two independent wave-

functions corresponding to the above Hamiltonian,

X

Py = Nipje™™ (3.48)
rR.0X
P4 X
g = Nae'on ; (3.49)
q-0x

j = 1,2 for wavefronts going rightward and leftward respectively.

dikokx
pr= (1 /x4 2iak, (c(1 — 2akh2) — 2E))
dikakix
2= (1 * c/x — 2iaky (c(1 + 2ak h?) — 2E)) '

Now, just like we did in section 3.4, here also we distinguish between regions in-
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side and outside the box, but unlike the one-dimensional case, here we consider the
wavefunction inside the box only. We impose the boundary conditions on this wave-
function by resorting to the MIT bag model again.

Let us consider the following general form of a wavefunction inside the box going in

a particular direction,

d

- ey i I

T — 51+12€1 1;1 ez<ileznm+ 5 6z> X
=M P2

d , (3.50)
7Y RO

i=1
where §; (i = 1(1)d) and d = 1,2,3. The highest value of d clearly depends on how
many spatial dimensions the box has. There are 2¢ possible individual wavefunctions,
for all possible combinations with ¢;(i = 1,..,d) = £1. The wavefunction inside the
box would be a superposition of those 2¢ kets and F1),,
|:H (plilelﬁixi + p2i16—l(ﬁixi—5i)) + Fe’bah:| X

i=1

P =

Y

d ; ) e S ~ FLEN
S T (e (e ey o Pt o
j=1 Li=

(3.51)

where ¢;; is the usual Kronecker delta. The number of terms in row I is 2¢ + 1 and

that in row ITis (27 + 1) x d.

3.6 Boundary Conditions

The MIT bag model boundary conditions are,

i =, at z; =0 (3.52)

it ==, at © = L, (3.53)
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for [l = 1,..,d. Like the one-dimensional case, these conditions make sure the flux of
the Dirac probability current through any of the six surfaces is zero. This way we
can also avoid writing six different wavefunctions for six different regions outside the

box.

Now, the above conditions imposed together on the wavefunction given by Eq.(3.51)

for any x; gives,

d d .
j=1 Li=1
d . 4.7
_ [H (p i1 giriTi | pgile—i(mazi—éi)) + Fez?m:| orX
=1
d ) ) G.F
[H (pflsilemimi + pgile—z(mmi—&i)) + Felah:| X
d d (5: 5 . R RN
Z |i (pl eiriTi +( 1)51']'102116—1(%1'%—51')) TKj + F@Zﬂﬁq]':| o X

j=1 Li=1

(3.54)

Equating row I we get,

d
8 —i(kimi—0s N RN

7=1 z:l

di1 mlrl 051 —z(mxl 6;) i &
P1 +poe ) + Feten

Z mlzl 031 0i1 ,—i(Kkixi—8; N o LT
i1 + (=1)%uphie (k ))Tlil+2F€ oh g

d
d_
; d iy

[H /)111 iRt + 1)5Z‘jpgile*i(:‘iiﬂfi*6i)) T@jglaj_FFeiihquO'lO'j]

=1

di1 ik 0i1 ,—i(Kizi—0; 4T
(pl1eu€x +p21€ (ki 6))—|—F€Zaﬁ.

- H II
£::1:~
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A little rearrangement yields,

d
( St pikiis + 05 di1 = l(mxr&‘)) +F€i%§
1

i=

d
i (p e g ( l)é“pg“e_i("wi_éi)) TR+ Z'Fei%q}
=1
d d -
j=1#1 \i=1
(3.55)
and equating row II,
d -
H 8i1 mlxl +p zlefz(n T;— z)) + Fei?;h] o
=1
d .
=+) H (piite™imi 4 (=1)% pire*(5imi=00)) pii; 4 F ei%%] E
Jj=1 Li=
Post-multiplying by 20y,
d .
H (piileuiizri + pgzl e—i("iizi_‘si)) + F@z%
=1
d -
i H ( 8i1 mm + 1)5,-lpgi1€fi(mx¢76¢)) r/%l + Z'Fei%dl
=1
d .
+iq (H plzl ’Uizxz + 1) z]p 6—z(mari—6i)) T/fAj 4 Fei%qj) Ujgl] )
j=1#1 \i=1
(3.56)

These two equations are almost the same except for the order of multiplication of o;
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and o; in the RHS. Adding Eq. (3.55) and Eq. (3.56),

d
9 H (p(;“@mizi + pgn e—i(ﬁiwi—éi)) + QFQi%

d .
_ H it 4 (—1)% phire iRm0 1y 4 24 Fel st G

=1
d
i H p ilemixi + (_1)6ijp5i1€—i(m:ci—61:)) rE. -+ Fei%; A~ (0_0_‘ —l—O‘*O‘)
§ 1 2 J qj 19 o -

+i
j=1#1 1=1
(3.57)
Finally, using the anti-commutator {o;,0;} = 0 we can write,
d Pa——
H (p 1161H1$7 + p 0;1 _7»("‘%7:1 di )) _|_ FBZ%
i=1
d ~ =
= 44 H (p(;ileiﬁixi + (_1) 05 zlefl(mxl 51)) T'K:l + iFei%(j[
i=1
(3.58)

In order to substitute ; = 0 and z; = L in the above equation we need terms con-
taining (x, k1, 0;) and rest of the variables depending on a different i separately. The
easiest way to get such terms is to divide Eq.(3.58) by a product of terms that contain
all indices but ¢ = [. Now the structure of this product depends on whether we want

to find a restriction on x; or on ;4.

3.6.1 Case 1 : Length quantization along x axis

In this case, [ = 1, i.e., ; = x. Dividing Eq.(3.58) by
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d
f[(l'i,"fiyfsi) _ H (eimxi + e—z‘(maci—di)) we get,
=141

plem1x + pze—i(nlx—&) + fl_—lFei%;:
— i (€17 — poe Y py £ R Gy (3.59)

Eq.(3.59), at « = 0, yields,

p1+ pae® + [TF =i(py — poe™® )iy +if Féy

= e iy + 1)py = (irky — py + f7 e ™, (3.60)

where F' = \/1+ ¢*F and 6, = tan"'(¢;). Although we used the index I, ffl is
nothing but f{l, i.e., evaluated at z; = x.

Eq.(3.59), at x = Ly, yields,

a1l

pleiﬁlLl + p2€—i(inlL1—§1) + f[—lFei iﬁlLl _ p26—i(51L1—51))r1‘€1 _

51

P PR R
Zf[ Fe'an ¢y

. ;. .q1L .
= e/ (g 4 1)py = (irky — 1)py + f7 F et ant eiltali=on,

(3.61)
It is to be noted that the modulus of % is 1 as it can be expressed as,
TR, — itan—! 2rky
iy 1 _ <T2‘”~2*1). (3.62)
irk + 1
Using this Eq.(3.60) can be re-written as,
e = —Z:T/{:I m il + flleI(fw1 —— }
1Ky + 1 ps p2(irky + 1)
itan—?! QTkhl
_ P (T2“2—1) + 0(a) (3.63)

P2
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It is evident that |p1| = |p2| and

2rk
§; = tan™! <7~2/<;—i1) + 6, —0,,+ O(a), (3.64)

where 0, = arg(p1) and 6,, = arg(ps).
To find a restriction on the length along z-axis we will have to consider the other

boundary condition. Eq.(3.61) yields,

ei(2n1L1*51) — ”ﬂl{_ 1= -7 1 P2 + fl 1F 619161 alil el(nlLlfél)—, }
irk; + 1 p1 p1(irky + 1)
| —1 o
= e?Zimll — —Z,Wil + fle 01 iR il La—61) .eA
irk; + 1 p1(irk; +1)
. an—1( 28L
= teﬁlLl — €2t (T‘QNA12*1) _|_ O(O[) (365)
Thus,
1 27“/61
KlLl = tan 2 1 + O(Oé) (366)
r2g° —1

Note that in the limit £ — 0, 8, = 0 for j = 1,2 which implies §; = Kki1L; =

tan—! < 2Rl ) + O(«) when the potential vanishes.

212 -1

Combining Eq.(3.66) and (3.61) we get,

SR = B (i 4 1)py — e (iry — 1)py
—itan—1(—2rL
= pl(z’rﬁfl — 1) — pg(l"f’/{\l — 1)6 ttan ( r21y 2 71) 101

= p(irky — 1) — polirky + 1)e™
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Thus,

AL g pr(irky — 1) — po(irky + 1)e™

e K

fi (3.67)

It follows from Eq.(3.67),

oh Oéogpl

(lel o quLl — 9, + arg (pl(ll'f’liAl — 1) —F€2<Z-7”k;1 + 1)ei51

fl—) 4+ 2nym, nqp €N

(3.68)

Eq.(3.68) gives the quantization of length along z-axis.
As shown for the one-dimensional Dirac equation, one would expect, in the limit & —
0, Eq.(3.68) to yield the length quantization without the influence of a gravitational
potential. In other words, Eq.(3.68) must reduce to Eq.(41) in [33]. Eq.(38) in [33]
can be re-written as,

e®1(irky + 1) — (irk; — 1)

e = s : (3.69)
l

In the limit £ — 0 the RHS of Eq.(3.67) yields,

p1(irkL — 1) — po(irky + 1)e®
7 It
_ L(irky — 1) — 1. (irky + 1) 81
fF
_eM(irky + 1) — (irky — 1)
= s
Thus, from Eq.(3.69) and (3.67) we get,
ei((ﬁLl/aﬁ-‘rGl) — €—i91 <370)
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which implies

nL nL
fin D —20, + 2nym, ny € N,
ah Oé()fpl

This is identical with Eq.(41) in [33].

3.6.2 Case 2 : Length quantization along y and 2z axes

In this case, [ # 1, which means we divide Eq.(3.58) by

d
g[(xia /%50 - H (pllsneimxi + pgilefi(nizi—@))
=11
and get

eimaz + e—i(mac—&l) +g[_1F6i%

= 4 (ei’”x — e_i("‘lw—‘sl)) ri; £ igi_lFei%;qu
Just like case 1, Eq.(3.72), at ; = 0 and x; = L; gives,
e (irk +1) = (irk — 1) + gl—_lﬂle_w’,

and

; _ A A 1~ 40, ALt _
'R0 (jrig) 4 1) = (irk; — 1) + g7 'Fetetan gltrli=a),

(3.71)

(3.72)

(3.73)

(3.74)

where F, = /1 + §,°F and 6, = tan~'(g;). Also g; is assumed to be evaluate at the

point on z; axis. Clearly, ¢ # [. These equations are much simpler compared to the

ones in case 1, and they are practically identical with the case without gravitational
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potential except for a different function g;. It is quite easy to show that,

7;51 o 7;7"/‘%[ - 1 -1 / —iel 1
= ——— +tg; Fe 1
i+ 1 I S irk; + 1

() L0

and

R 2 ) is
imin — (T ! + frUF ™ e et gilmli—on _° :
irkr +1 rr, + 1
itan—! ( il
_ 62 t (7-2@2,1) + O(Oé),
which imply
1 27’/2&[
(Sl = /@'lLl = tan a9 + O(Oé) (375)
r2g° —1

Now, if we plug §; = k;L; into Eq.(3.70) and then compare it with Eq.(3.69), we see

the following relation must hold,

L
£+91 = —91+2nl7r, n, € N
ah

ali  qly

= —20, + inﬂ', n; € N (376)

ah N Oz()fpl

Eq.(3.68) and (3.76) prove length quantization in all directions inside the box. For

area and volume quantization we can simply multiply the two equations,
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N . . ,
p1(irky — 1) — po(irk; + 1)e?
= | | 2 — 20 2 —0 7
a/OgPl ( mm l) ( nm 1 + arg ( F/ fl P

n; €N

(3.77)

where N = 2 and N = 3 represent area and volume quantization.
Eq.(3.68), (3.76) and (3.77) show that the space, in presence of weak gravity, is

discrete in one, two and three dimensions.
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Chapter 4

Conclusions

4.1 Introduction

In this thesis, we have shown if we trap a particle in a one-dimensional box of size
close to the Planck length, impose a gravitational potential inside the box and then
try to measure the length of the box, the length would appear as a quantized variable
in units of aglp; where £p; is the Planck length. This can be translated as the fact
that the discreteness of space holds equally for curved spacetime, as previous work
showed space is discontinuous near the Planck-scale in flat spacetime [32,33]. We
have repeated this calculation for one, two and three-dimensional relativistic cases
and the discreteness of space seem to exist in every situation. Moreover, the presence
of the lengths being proportional to the Planck length in all cases strengthens the
claim of the existence of a minimum measurable length.

Being at an early stage of development, one of the main goals of quantum gravity
phenomenology (QGP) is to clarify to the prospective theories what is consistent
what is not, with the possible experimental search for quantum gravity effects. One of
these effects, also present within the scope of string theory, is the non-zero irreducible
uncertainties. In terms of the distance measurement, it can not be smaller than
the Plank length. The significance of this effect is a modification of momentum,
which gives rise to a Planck-scale correction to the uncertainty principle, known as

the generalized uncertainty principle (GUP). This correction adds new terms to the
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quantum mechanical differential equations, which result in new solutions. Finally,

these new solutions infer the quantization of the spatial dimensions.

4.2 Summary of the Results

To show the non-relativistic one-dimensional length quantization, we used a lin-
earized potential term, proportional to the distance, with the Schrodinger equation
for a particle in a one-dimensional box. We considered the GUP-induced term, con-
taining a third order differential operator, as a small perturbation to the original
Schrodinger equation with gravitational potential energy, and followed a perturbative
approach to solve this. The result is length quantization similar to the previous work
without gravity, but this time we get a fine structure of length quantization which is
different than the previous work.

Particle with speed close to ¢ (high energy) are more likely to give better picture
of the structure of space near Planck length. Motivated by this fact, work has been
done before to show discreteness for a relativistic particle in a one-dimensional box
(Klein-Gordon equation) and for more than one dimension (Dirac equation). The
justification for using the Dirac equation is evident, as most of the fundamental
matter particles are fermions and the easiest equation governs them is the Dirac.
Also Dirac equations has its mathematical advantage when it comes to dealing with
two and three dimensions. In this thesis, results for flat spacetime have been extended
to cases with an additional linear potential term, which we have considered a small
perturbation and solved accordingly. The subsequent quantization results for length,
area and volume are similar to those in flat spacetime but mathematically more
complex. Although, they are transcendental equations which makes it difficult to
have explicit formulas but several numerical techniques are available to find precise
values for the quantities whenever called for by experimental data.

All of these quantization formulas reduce to the old ones in flat spacetime in the
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limit the proportionality constant in the potential term goes to zero. This proves the

robustness of the results shown in this work.

4.3 Significance of the Results

This work has two main consequences. One, these results, showing discreteness
of space, come to existence from the GUP-induced corrections to the Schrodinger,
Kein-Gordon and Dirac equations which are essential near Planck-scale. This means
the classical notion of so-called spacetime continuum collapses if we look at it through
a magnifying glass, powerful enough to see lengths of the order of 1072° m.

Previous work showed discreteness of space in confinement without any force field,
which indicates the fundamental nature of space, at a microscopic level, is granular
in a region far from a black hole. In this work, this indication becomes even stronger
as we have not found any instances, within the scope of this research, where the
discreteness does not hold.

We have only shown the discreteness of space in the presence of weak gravity.
It surely requires a different approach other than a perturbative one to explore the
discreteness close to a massive body. Nevertheless, this work provides with useful
techniques to analyze the nature of space near Planck-scale, in slightly curved space-
time. Also, the spatial dimensions quantized as multiples of the Planck length in
presence of gravity implies that the claim of having the Planck length as the mini-
mum measurable length may be correct. In other words, we have got a GUP-version
of the Heisenberg microscope with maximum resolving power.

The other consequence is the fine structure of length quantization, found in the con-
text of the Schrodinger equation with gravity. This is somewhat similar to the fine
structure of energy levels of the hydrogen atom. The significance of this is a complex
discrete structure of space which might indicate a fractal discontinuity, addition of an

extra field reveals this finer structure. Also, a little more ambitious indication may
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direct towards the discreteness involving time coordinate. Although this is beyond

the scope of current work, we hope to explore this direction in the future.

4.4 Future Directions of Work

We noted in this thesis that the quantization formulas are complex and transcen-
dental. This makes it difficult to study them algebraically. Numerical or graphical
methods would be preferable for solving these equations for explicit length. Also,
these methods could be used for specific examples of elementary particles in given
curved backgrounds.

Future projects might include applications of our discreteness results to various
quantum mechanical systems, with the experimental signatures at scales larger than
the Planck scale. Quantization expressions for length are unbounded functions of a
natural number n. For large n, it may be possible to find experimental evidence of
discreteness at macroscopic length scales.

Finally, extension of the method used in this work for arbitrary curved spacetime
would be interesting. We have used the first term of Taylor series to describe a
linearized potential. Subsequent terms in Taylor series would give rise to a more
general curved spacetime. Hence, an arbitrary form of gravitational potential could
be analyzed following the same approach. This would still assume a fixed classical
background. A complete theory of quantum gravity, once formulated, should be
able to address the issues discussed here, with background spacetime which may
be fluctuating. In this event we hope that the results derived in this thesis would
continue to hold, at least approximately, and in the limit when such fluctuations can

be ignored.
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Appendix A

Dimensions and Relative Magnitudes

[h] = m*kgs™

k =mkgs

pp=m""

a="/lp/h
k*m?2a? _ (mkgs=2)2(kg)*m? _y
poa?hS  (m=1)%(Lpi/h)*(mPkgs—!)°
km (1 + pah)

PR 2a’h?
pah =m~ ({p/h)h =1

km  (mkgs kg .
peh?— (m=S)(mkgs~1)?

€ can be considered as having the dimension of 1/k.
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ho~10"**m%kgs™!

epl ~ 10735777/

m ~ 10"kg

€T ~ 10€pl

(1)E ~107% x (3 x 10*)? = 1072977 ~ 107 P kgm?s™2  (rest energy of an electron)
k2m2x2 10730%2 » 10072, x 10~2x34 1(—60—-68+2+90+39

(2) 6m2x6 ~ K —30x3 . g~k ~ 1071k
ok 8 x 10 x 10 03, 8

3) k2m? (1 + poh)\’
1614\ 2a2h?

omE ¢
pohi ~ ,/%%h A~ V2 X 1079 x 1018 x 10% x 1075 & 107225 ~ 1072

k2m? (1 + uah) 2 £210730%2 » 1()—34%2 141023 2 N 1090+39—60—68+92
M6h4 p2a2h? ~ ] % 10—30x3 « 10—13x3 10—23x2 )
2k*m ((1 - ,uah)) k210739 x 10734 (1 +107%

~ 10%E?

@) wh? \ p2a2h? ~ 93/2 5 10-30%3 » 10-13%5 \ 10-23x2

2k>ma K100 x 100 x 1073 5 2 iasiion g
§ ~~ ~~ .

,u3ah3 ~ 23/2 % 10—30><2><2 % 10—13><% X gPl 23/2
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(5)
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Appendix B

Dimension Check for £ and Comparison with «

1502 RS

2
k<< 5

m2ax?
] Q) (5%
m2x? kg?m?
m2ht
- kg?>m?
B m2(m2kgs—")*
N kg?m?
m0kg2s~4
ms
mikg?s~*

dim [

m2
27, —2
"] = m-kgs
m
Energy| m (kg (S%))
length m '

The underlying assumption of the perturbative approach is that the perturbation
must be very small compared to the unperturbed wavefunction, i.e., ky; < g

ki
%o

2 T k*m2a? N 2m? [ (1+ pah)\>  2ek*m [ (14 pah)  2ek*ma
160218 Rt \ pu2alh2 1312 120212 Bald

2
The term with the highest order of magnitude is ’f;’gf (%jolégog)) . Setting this as
<< 1 we get

k<< PR (et T 107
m? \(1+pah)) =

=k << 107,
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Taking x ~ 10¢p,

(O‘ g e Y10 =0

This means k can be considered as smaller than «.
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Appendix C

Derivatives

C.1 Computation of some useful quantities

Uo(E, k.x)

CLAi(—€) + CBi(—€)
%5_1/4 sin <§§§ + %) + %5_1/4 cos
Ol¢{) + 02110(1)17
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()G e
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dE (hz > k (C.3)
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d (dio\ d§  dipg d [ dE
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d& ¢ ) dxdx
dEN? d (g
- () i (%)
By d ((dENT Ao\ [dEN dPio
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dy  diy dE
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C.2 Calculation of derivatives required in sec 2.3.1

1 11
L Wo_ o %o g%

dg dg dg
= % [—35_5/4 sin (;53/2 + %) + &Y cos (253/2 + %)} +

2 s 1 2 T
S V2O G Vi B W . v “e32 , T
[ &Y% sin (35 —|—4) 45 cOS (35 —1—4)].
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1 1 2
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81



	List of Figures
	Introduction
	Prologue
	Quantum Gravity Phenomenology
	Why Phenomenology
	Goals of Quantum Gravity Phenomenology
	Uncertainties within Quantum Gravity

	Generalized Uncertainty Principle from String Theory: Discreteness of Space
	Discreteness in Flat Spacetime
	Non-relativistic case
	Relativistic one-dimensional case
	Relativistic two and three-dimensional cases


	Discreteness of Space from GUP : Non-relativistic Case
	Discreteness of Space in Presence of Gravity
	Solution of Schrödinger Equation with a One-dimensional Linear Potential
	GUP-corrected Schrödinger Equation with a One-dimensional Linear Potential
	Solution of the GUP-corrected Schrödinger Equation:
	Perturbative Solutions
	Non-perturbative Solution
	General Solution

	Boundary Conditions and Length Quantization

	Discreteness of Space from GUP : Relativistic Case
	Klein-Gordon Equation in One dimension
	Dirac Equation
	Solution of Dirac Equation
	Perturbative solution
	Non-perturbative solution

	Boundary Condition and Length Quantization
	Dirac Equation in Three Dimensions
	Boundary Conditions
	Case 1 : Length quantization along x axis
	Case 2 : Length quantization along y and z axes


	Conclusions
	Introduction
	Summary of the Results
	Significance of the Results
	Future Directions of Work

	Bibliography
	Appendices
	Dimensions and Relative Magnitudes
	Dimension Check for k and Comparison with 
	Derivatives
	Computation of some useful quantities
	Calculation of derivatives required in sec 2.3.1


