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Universal features of 
quantum dynamics: 
Quantum Catastrophes
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Natural focusing: caustics



Cusp caustic

Leonardo	  de	  Vinci	  c.	  1508
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Structurally stable catastrophes with K≤3

Berry & Upstill, Prog. Opt. 18, 257 (1980)
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Structurally stable caustics and their generating functions with 
K≤4

name codimension K f(s;C) [generating function]

Fold 1 s3/3+Cs
Cusp 2 s4/4+C2s2/2+C1s

Swallowtail 3 s5/5+C3s3/3+C2s2/2+C1s
Elliptic umbilic 3 s13-3s1s22- C3(s12+s22)-C2s2-C1s1

Hyperbolic umbilic 3 s13+s23- C3s1s2-C2s2-C1s1

Butterfly 4 s6/6+C4s4/4+C3s3/3+C2s2/2+C1s
Parabolic umbilic 4 s14+s1s22+C4s22+C3s12+C2s2+C1s1

R.	  Thom	  Structural	  Stability	  and	  Morphogenesis	  (Benjamin,	  1975);	  	  	  V.I.	  Arnol’d,	  Russ.	  Math.	  Survs.	  30	  (5)	  (1975)	  p.1	  

Mathematically, catastrophe theory describes 
the singularities of gradient map @�
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How it works

�(s;C) = s4/4 + C2s
2/2 + C1sExample of the cusp:

Ray equation (Fermat’s principle) :
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Wave theory: Feynman path integral
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The Pearcey function

T. Pearcey, Phil. Mag. 37, 311 (1946)
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Dynamics of  N particles on a ring
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Catastrophes in superfluids

1. Bosonic Josephson junction (two tunnel-coupled Einstein condensates)

2. Rotation of a Bose-Einstein condensate around a ring
Tunnelling region

BEC

Double well trap

Nc = # of clockwise rotating atoms

Na = # of anticlockwise rotating atoms

NL = # of atoms in left well

NR = # of atoms in right well



Quantum field theory description
Bose-Hubbard model: Ĥ = �J
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â†i â
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Classical field theory (mean-field theory)
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Ec

2
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where:

Mean-field theory is equivalent to Maxwell’s theory for light…
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Classical-field cusps in the dynamics of a bosonic Josephson 
junction

�̇ =
Ec

~ n

ṅ = �EJ

~ sin�

Josephson’s equations [mean-field theory] :

Note that in quantum mechanics: [�̂, n̂] ⇡ i ���n � 1
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Quantum field dynamics
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Fine structure: vortex-antivortex pairs

amplitude phase



Fine structure in the quantum cusp: vortices in Fock space

-1.0 -0.5 0.0 0.5 1.0
0

p

2 p

3 p

nê 2 l

t

0

0.05

0.10

0.15

0.20

0.25

-6-4-20246

0p2 p
3 p

!! !! !
!

!! !! !
!

!! !! !

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

-1.0 -0.5 0.0 0.5 1.0
3

4

5

6

7

l=50,112.5, 200, 312.5, 450, 612.5, 800, 1012.5 and 1200
l=200



Dynamics near a quantum phase transition

H =

Ec
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Triple well

Elliptic umbillic
Triple well simulations

classical quantum
Hyperbolic umbillic

� = 750 N
total

= 42



Summary

• Catastrophes are universal objects in classical and quantum in the dynamics. 
• They fall into equivalence classes.
• The wave function and it scaling properties in the immediate vicinity of a catastrophe 

are given by one of the Thom-Arnold generating functions.
• Catastrophes have three levels of structure (geometric, interference fringes,vortices)
• Quantum catastrophes live in Fock space and are naturally discretized; they also 

contain discretized vortices.
• Dynamics near phase transitions can generate catastrophes.

Donald Sprung, Yohan Yee, Eric Turner
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Outline

1. The big question
2. Gallery of catastrophes in nature
3. Catastrophes in quantum fluids
4. Fine structure of a quantum catastrophe



The big question

When	  do	  we	  need	  to	  second-‐quanFze	  
waves	  in	  order	  to	  avoid	  singulariFes?

M.V.	  Berry,	  Nonlinearity	  21,	  T19	  (2008),	  
“Three	  quantum	  obsessions”	  



When do we need to 1st quantize?

René	  Descartes’	  geometrical	  ray	  theory	  of	  the	  
rainbow,	  Discourse	  on	  Method	  (1637)	  

Ray	  ABCDE	  gives	  the	  primary	  bow	  

Ray	  FGHIKE	  gives	  the	  secondary	  bow	  



The rainbow as a caustic

Single'ray'in'a'raindrop' Many%rays%in%
a%raindrop%

Caustic = envelope of a family of rays

In ray theory the light intensity diverges 
on a caustic: “a lot goes into a little”

Caustics are the singularities of ray theory, 
i.e. places where it fails
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Taming the singularity: wave theory (1st quantization)

Supernumerary	  arcs	  =	  Airy	  fringes	  made	  by	  white	  light	  

Airy	  funcFon	  

WKB	  theory	  	  
(Thomas	  Young,	  1803)	   Geometric	  opFcs	  

G.B.	  Airy,	  On	  the	  intensity	  of	  light	  in	  the	  neighbourhood	  of	  a	  causBc,	  Trans.	  Camb.	  Phil.	  Soc.	  6,	  379	  (1838)	  

Intensity pattern for one colour, e.g. yellow, as a function of angle



Twinkling of starlight



Quantum catastrophe: Hawking radiation
U.	  Leonhardt,	  Nature	  415,	  406	  (2002)	  

Waves	  approaching	  an	  event	  horizon	  suffer	  
a	  logarithmic	  phase	  singularity:	  λ	  ~	  (r-‐reh)	  



Rogue waves 



Caustics in atom diffraction

0 Π 2 Π 3 Π 4 Π 5 Π 6 Π!
2" Τ

$Π

$
Π
2

0

Π
2

Π

Φ

channeling (classical mechanics) dynamical diffraction (matter waves)

sin(x) potential

standing wave laser

-1.0
-0.5

0.0
0.5

1.0
0 p

2
p

3
p

nê
2
l

t

0 0.05

0.10

0.15

0.20

0.25

-6-4-20246

0 p
2
p
3
p



Wave theory removes geometric singularity



The Airy function as a path integral
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Two interfering rays when C<0:

Rays coalesce on caustic at C=0.



Universal quantum dynamics! Catastrophes in Fock space 
following the sudden coupling of two independent BECs
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Poisson resummation of wave function
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Already predicted by catastrophe theory!



Caustics emerge as N⟶∞
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Scaling exponents
Catastrophe Arnold Index b Berry Indices sj Berry Index g

Fold 1/6 2/3 2/3

Cusp 1/4 3/4, 1/2 5/4

Swallowtail 3/10 4/5, 3/5, 2/5 9/5

Elliptic umbilic 1/3 2/3, 2/3, 1/3 5/3

Hyperbolic umbilic 1/3 2/3, 2/3, 1/3 5/3

Butterfly 1/3 5/6, 2/3, 1/2, 1/3 7/3

Parabolic umbilic 3/8 5/8, 3/4, 1/2, 1/4 17/8

 (Cj ; k) =
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Airy function in critical Anderson model


