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Spontaneous Parametric Down

Conversion

In a 1-D structure ĤPDC(t) =

ε

∫
dωadωbdωpΦe i∆t ĉ(ωp)â†(ωa)b̂†(ωb) + h.c.

• Undepleted pump approximation: operator
c → scalar α(ωp).

• HPDC is Quadratic Bosonic Hamiltonian
(QBH)
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ε

∫
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Spontaneous Parametric Down

Conversion

In a 1-D structure ĤPDC(t) =

ε

∫
dωadωbdωpΦe i∆tα(ωp)â†(ωa)b̂†(ωb) + h.c.

• Undepleted pump approximation: operator
c → scalar α(ωp).

• HPDC is a Quadratic Bosonic Hamiltonian.

• Two mode squeezing generator.

• [HPDC(t),HPDC(t ′)] 6= 0



The phase matching function Φ

Φ(∆kL/2) =

∫ L/2

−L/2

dz

L
e iz(ka+kb−kp)

= sinc(∆kL/2)

∆k = ka(ωa) + kb(ωb)− kp(ωp)

For each k we linearize as follows:

kx(ωx) ≈ kx(ω̄x) +
dkx
dωx

∣∣∣
ωx=ω̄x

(ωx − ω̄x) = kx(ω̄x) +
δωx

vx

The central frequencies ω̄x are such that:

ω̄a + ω̄b = ω̄p Energy conservation

ka(ω̄a) + kb(ω̄b) = kp(ω̄p) Momentum conservation

∆k = ka(ω̄a) + kb(ω̄b)− kp(ω̄p)︸ ︷︷ ︸
=0

+
δωa

va
+
δωb

vb
− δωp

vp
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Time ordering

Dyson

Û(t, t0) = I− i

∫ t

t0

dt1Ĥ(t1) + (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2Ĥ(t1)Ĥ(t2) +

Magnus

Û(t, t0) = exp

(
−i
∫ t

t0

dt ′Ĥ(t ′) + extra stuff

)
extra stuff =

(−i)2

2

∫ t

t0

dt1

∫ t1

t0

dt2

[
Ĥ(t1), Ĥ(t2)

]
+ . . .

Magnus is unitary to any order, Dyson is not. [W. Magnus (1954). “On the

exponential solution of differential equations for a linear operator”. Comm. Pure and Appl. Math. VII (4): 649673.]

[S. Blanes, et. al. (2009) “The Magnus expansion and some of its applications”. Phys. Rep. 470 (5-6): 151238.]
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The Magnus Expansion for SPDC

Û = exp

(
−i
∫

dt ′Ĥ(t ′) + extra stuff

)

1st Order Magnus Term
H(t) ∼ e i∆t = e i(ωa+ωb−ωp)

Ω1 = −i
∫

dt ′Ĥ(t ′) = −2πiε×∫
dωadωbJ1(ωa, ωb)

× â†(ωa)b̂†(ωb) + h.c.

J1 = α(ωa + ωb)×
Φ(ωa, ωb, ωa + ωb)

2nd Order Magnus Terms

(−i)2

2

∫
dt1

∫ t1

dt2

[
Ĥ(t1), Ĥ(t2)

]
[
a† (ωp) b† (ωq) + h.c.,

a† (ωr ) b† (ωs) + h.c.
]

=

δ(ωq − ωs)a† (ωr ) a (ωp)

+ δ(ωp − ωr )b† (ωs) b (ωq)− h.c.
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dt ′Ĥ(t ′) = −2πiε×∫
dωadωbJ1(ωa, ωb)
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dt ′Ĥ(t ′) + extra stuff

)

1st Order Magnus Term
H(t) ∼ e i∆t = e i(ωa+ωb−ωp)

Ω1 = −i
∫
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× â†(ωa)b̂†(ωb) + h.c.

J1 = α(ωa + ωb)×
Φ(ωa, ωb, ωa + ωb)

2nd Order Magnus Terms

(−i)2

2

∫
dt1

∫ t1

dt2

[
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The Magnus Expansion in SPDC

|ψ〉 = e
−2πi

∫
dω1dω2

{
(J(ω1,ω2)â†(ω1)b̂†(ω2)+h.c.)

}
×

e
−2πi

∫
dω1dω2

{
G(ω1,ω2)â†(ω1)â(ω2)+H(ω1,ω2)b̂†(ω1)b̂(ω2)

}
|vac〉

= e
−2πi

∫
dω1dω2

{
(J(ω1,ω2)â†(ω1)b̂†(ω2)+h.c.)

}
|vac〉

J(ωa, ωb)︸ ︷︷ ︸
JSA

= εJ1(ωa, ωb)︸ ︷︷ ︸
Exact w.o. time order

+ ε3(J3(ωa, ωb)− iK3(ωa, ωb))︸ ︷︷ ︸
time order correction

+ . . .

Magnus expansion is a perturbation theory “inside the
exponential”.
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A simple Gaussian Model

Φ = sinc(∆kL/2)

≈ e−γ(∆kL/2)2

γ ≈ 0.193

Φ(ωa, ωb, ωp) = exp

(
−
(√

γL

2va
δωa +

√
γL

2vb
δωb −

√
γL

2vp
δωp

)2
)

= exp
(
−(saδωa + sbδωb − spδωp)2

)
,

{
sx =

√
γL

2vx

}
α(ωp) =

τ√
π

exp(−τ2δω2
p)

The Hamiltonian is (∆ = ωa + ωb − ωp)

ε

∫
dωadωbdωpΦe i∆tα(ωp)â†(ωa)b̂†(ωb) + h.c.
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First order Magnus term

J1(ωa, ωb) = α(ωa + ωb)Φ(ωa, ωb, ωa + ωb) =
ετ√
π

exp
(
−uNuT

)
=

N =

(
µ2
a µ2

µ2 µ2
b

)
, u = (δωa, δωb)

ηa/b = sp − sa/b, µ2 = τ 2 + ηaηb, µ2
a/b = τ 2 + η2

a/b.

∆Ωa � Τ

∆Ω
b

�Τ

J1 H Ωa , Ωb L , Μ 4 ~ Μa
2 Μb

2

∆Ωa � Τ

∆Ω
b

�Τ

J1 H Ωa , Ωb L , Μ 4 << Μa
2 Μb

2
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(First Order) Entanglement

properties

Unentangled photons
µ ∼ 0
(sa − sp) ∼ −(sb − sp) ∼ ±τ

Entangled photons
det(N) ∼ 0
vpτ/|vx − vp| � L/vx
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Magnus correction

J(ωa, ωb)︸ ︷︷ ︸
JSA

= εJ1(ωa, ωb)︸ ︷︷ ︸
Exact w.o. time order

+ ε3(J3(ωa, ωb)− iK3(ωa, ωb))︸ ︷︷ ︸
time order correction

+ . . .

For an arbitrary Φ and α

• The Joint Spectral amplitude is now complex

• The time corrections vanish exactly if Φ ≈ constant

For the gaussian model

r ≡ maxωa,ωb
|ε3J3(ωa, ωb)|

maxωa,ωb
|εJ1(ωa, ωb)|

<
13π2ε2τ2

6
√

4(ηa − ηb)2τ2 + 3(ηaηb + τ2)2︸ ︷︷ ︸
≡rmax
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Time ordering and entanglement

if (det(N) ∼ 0)

rmax = 13ε2

6
√

3
τ

sa−sp
τ

sa−sp ≪ 1
sa−sp = −(sb−sp) = ±τ (µ = 0),

rmax = 13ε2

24

Time ordering more relevant for unentangled pair generation.

[consistent with numerics from A. Christ et. al. (2013) “Theory of quantum frequency conversion and type-II

parametric down-conversion in the high-gain regime” New J. Phys. 15 053038 ]
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Outline

1 Parametric Down-Conversion and the Magnus expansion

2 Entanglement and Time Ordering in SPDC

3 Summary



Take home Message
On the Magnus expansion

• The Magnus expansion is the “right” expansion for Quadratic
Bosonic Hamiltonians.

• Unitarity and Gaussian preservation come for free!

On Time Ordering and Entanglement in SPDC

• Time ordering effects can be relevant for unentangled pair
generation. They are rather small for entangled pairs.

• Time ordering effects give the Joint Spectral Amplitude a
non-trivial phase structure.

• Time ordering effects are irrelevant for very broad phase
matching functions.
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