N

ENTANGLEMENT ENTROPY IN
QUANTUM FLUIDS & GASES

Measuring quantum correlations in the spatial continuum

Chris Herdman Stephen Inglis PN. Roy Roger Melko

UVM U Waterloo / U Waterloo U Waterloo
.MU
Phys. Rev. B, 89, 140501 (2014) Adrian Del Maestro
A University of Vermont

LZOM CAP Congress



y
Entanglement is a resource for quantum
information processing

teleportation

necessary to provide an
exponential speed-up over

classical computation

R Jozsa and N. Linden, Proc. Roy. Soc. A: Math, Phys. and
Eng. 459 2011 (2003)
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'Detection and classification of quantum states 1

of matter

area law
entanglement scales with the
boundary size

S(A) ~ ¢4~}

L. Amico, A. Osterloh, and V. Vedral, RMP 80 517 (2008)
J. Eisert, M. Cramer, and M. B. Plenio, RMP 82 277 (2010)



'Detection and classification of quantum states
of matter

(V/0), v/t

area law 2d topological spin liquid

entanglement scales with the S(A) =4 —~
boundary size

(1+1) conformal field theory
S(A) ~ 41 & = Elog <£Sinﬂ—€> + ¢

3 Ta L
L. Amico, A. Osterloh, and V. Vedral, RMP 80, 517 (2008) S. V. Isakov, et al, Nat Phys 7,772 (201)
J. Eisert, M. Cramer, and M. B. Plenio, RMP 82, 277 (2010) A. Kitaev and J Preskill, PRL 96, 110404 (2006)
M. Levin and X-G. Wen, PRL 96, 110405 (20006)
. M. M. Wolf et gl PRL 100, 070502 (2008).
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Entanglement in quantum fluids and gases

Theoretical work has focused on systems with discrete

Hilbert spaces:

Experiments employ the quantum states of ultra-cold

atomic gasses and BECs
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B Lucke, etal, PRL 112, 155304 (2014)
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a 1

an we quantify and optimize
the entanglement of
interacting atoms in the
spatial continuum?
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Quantifying Entanglement

bipartite Rényi entropies in the spatial continuum

N\% Algorithmic Development
measurement and benchmarking using path

integral quantum Monte Carlo

Applications in 1d

interacting bosons and the connection between
entanglement and condensate fraction




Quantifying Entanglement

bipartite Rényi entropies in the spatial continuum




rStudy systems of quantum fluids and gasses

governed by the general many-body Hamiltonian

N hQ
2 E :

i—1 ? / i< /
external interaction
potential potential

trapped ions with a periodic
lattice potential

J Wernsdorfer et al. PRA 81 043620 (2010)

quantum nanofiuids of helium-4
B. Kulchytskyy et al. PRB, 88 064512 (2013)
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Quantifying bipartite entanglement

bipartition into two subsystems: A & B
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Different bipartitions of itinerant bosons

for identical particles in the spatial continuum, various
ways to partition ground state

Spatial Bipartition 0:0: o ' ;o° F
Constructed from the Fock space of % % .

. . “ °° Lo
single-particle modes ""°¢ oo °
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y
Different bipartitions of itinerant bosons

for identical particles in the spatial continuum, various
ways to partition ground state
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Example: entanglement in the free Bose gas

e

entanglement is and is generated via number fluctuations

1
52(A) ~ 9 log £ 4

Ground state is already in product-form in first quantized notation

SQ (TL) =

C. Simon, PRA 66,052323 (2002)

LW' Ding and K. Yang, PRA 80, 012329 (2009)
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How do interactions change this picture?

“toy” quantum fluid: 1d Bose-Hubbard model

| U _ Y Yy
HBH — Z —1 (b;'bj—l—l -+ hC) + §nj (le -+ 1) — M7y

E Haller et al, Nature 466,597 (2010)
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é N
Can any of this entanglement be put to use?

Accessing entanglement as a resource requires the ability
to perform local physical operations on subsystems

particle number conservation prohibits direct measurement

inaccessible due to the indistinguishability of particles



é N
Can any of this entanglement be put to use?

Accessing entanglement as a resource requires the ability
to perform local physical operations on subsystems

particle number conservation prohibits direct measurement

inaccessible due to the indistinguishability of particles

E,(A) = ZPnS (pAR) E,(A) < S(A)
; P oal E,(A)> 0= S(n) >0

H M. Wiseman and J. A Vaccaro, PRL 91 097902 (2003)



Quantifying Entanglement

bipartite Rényi entropies in the spatial continuum

% Algorithmic Development
—<——=  measurement and benchmarking using path

integral quantum Monte Carlo

Applications in 1d

interacting bosons and the connection between
entanglement and condensate fraction




Algorithmic Development

\—‘\*\’\‘
% measurement and benchmarking using path
integral quantum Monte Carlo
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Path integral ground state quantum Monte Carlo

V)

N
H = Z( 2m@V?+Ui> +3 Vi,

1=1 1<
e PH|Wr)

imaginary time

a trial wave function onto the ground state

‘\Ij> — lim e_BH‘\IjT> o . spce . =%y

B—00

discrete imaginary time worldlines constructed (R,R’) = (Rle ™ |R')
from products of the short time propagator

() = i (Tl O W)

o f—ro0 \IJT e—28H \IJT
an exact method for computing (Yr| V)
D. M. Ceperley, RMP 67, 279 (1995)

Qround state expectation values A Sarsa, et o/.: J. Chem. Phys. 113, 1366 (2000)



Computing Rényi entropies in Monte Carlo

Replicate the system




Computing Rényi entropies in Monte Carlo

Replicate the system Permute (swap) the subregions




rCZomputing Rényi entropies in Monte Carlo

Replicate the system Permute (swap) the subregions

Technology imported from QFT to QMC

P Calabrese and J Cardy, J. Stat. Mech.: Theor. Exp. 2004, PO6002 (2004)
M. B. Hastings, . Gonzélez, A. B. Kallin, and R. G. Melko, PRL 104, 157201 (2010)
R Melko, A. Kallin,and M. Hastings, PRB 82, 100409 (2010)

For ot = 2 replicas, expectation value of the permutation operator is a
measure of the 2nd Rényi entropy.

So = — 10g<HA>
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Porting to the path integral representation

Break continuous space paths at the center time slice 3

Imaginary time

space



Porting to the path integral representation

Break continuous space paths at the center time slice 3

The bipartitions only exist at this time slice.
Broken links are in A.

- spaceW .
A gttt R ; ;
p /5 A

B

Imaginary time

space

(I5') ~ <p;f1 (RB ® RB;H‘24 [RBJFT ®RB+T]>>

spatial bipartition

C. Herdman et al Phys. Rev. B, 89, 140501 (2014)
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Benchmarking on a non-trivial model

harmonically interacting and confined bosons

N 2 2
H = Z — - . 1mwg:v? + 1mw?t (x; — x -)2
—~ | 2m de? = 2 v = J

exact solution can be computed using Wigner quasi-distributions for bosons or
fermions C. L Benavides-Riveros, |. V. Toranzo, and J. S. Dehesa, arXiv:1404.444 /1 (2014)
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Benchmarking on a non-trivial model

N-Harmonium in 1d
harmonically interacting and confined bosons

N 2 72
H = Z — - | 17rzw§:1:2 + 1mw?t (x; — x -)2
—~ | 2m de? = 2 v = J

exact solution can be computed using Wigner quasi-distributions for bosons or
fermions C. L Benavides-Riveros, |. V. Toranzo, and J. S. Dehesa, arXiv:1404.444 /1 (2014)

QMC Results: Particle Entanglement

C. M. Herdman et al arXiv:1404.7104
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Benchmarking on a non-trivial model

Spatial Entanglement

__exact: Ay

0.8 —_exact: Ao

06 } QMC Al

= § QMC: A,
72

 bipartition size -~ C. M. Herdman et al. arXiv1404.7104
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Benchmarking on a non-trivial model

Spatial Entanglement

__exact: Ay
—exact: A,
$ QMC: 4,
§ QMC: A,

. bipartition size ~

Entanglement of Particles
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interaction strength

The useful entanglement is
zero for non-interacting particles

and peaks at some value of Wiy

C. M. Herdman et al arXiv:1404.7104
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Moving towards a physically realizable system
one dimensional short-range interacting bosons

h? d? 2¢
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H =

N

1=1

as 0 — O we recover the Lieb-Liniger model of delta-
function interacting bosons. E H Lieb and W. Liniger PR 130, 1605 (1963)



rMoving towards a physically realizable system 1

one dimensional short-range interacting bosons

7 Z hZ d2 2c Z —|£C'—a?-|2/20‘2
— { Q ¢ J)
. 2m dx? = /2102

i=1 j>i

as we recover the model of delta-
func:tion interacting bosons. E H Lieb and W. Liniger PR 130, 1605 (1963)

In the low energy limit, the system can be described via

1. no phase transitions as a function of interaction strength
2. algebraic decay of all correlation functions

o . B Paredes, et al, Nature 429, 277 (2004)
Tonks-Girardeau gas: ; Kinoshita, T. Wenger and D S. Weiss, Science 305, 1125 (2004

. ),



rSir\gle particle entanglement is related to the 1

condensate fraction!

the fractional population of the zero-momentum state is
experimentally accessible via the momentum distribution

S. Trotzky et al, Nat. Phys. 6,998 (2010)

® 1o is the largest eigenvalue of the one-body density matrix

o determines the “single-copy” entropy: S., = — logng

e fixes the binary (qubit) entropy: Sqp = —log [ng + (1 — ng)”]

C 4



Bounding entanglement of interacting bosons
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Bounding entanglement of interacting bosons

Seo < Sqp < Sa(n =
Son < See < Sa(n =
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Finite size scaling and universality

Canonical Form
A universal canonical scaling function for particle entanglement entropy

S(n,N;a,b) =anlog N + b

O. Zozulya, M. Haque, and K. Schoutens, PRA 78, 042326 (2008)

Tonks-Girardeau
limit
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‘Can now quantify entanglement in
itinerant boson systems in the
spatial continuum

Experimental measurement & optimization

Bound entanglement via the condensate fraction and learn how to optimize
the functional entanglement that can be transferred to a register for
quantum information processing.

Applications to low dimensional quantum field theory

Scaling pre-factor of the one-particle entanglement is related to the
Luttinger parameter of the effective field theory.
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Computing resources and partners in research

CQ

Calcul Québec

compute «calcul

CANADA
v e XSEDE
Resirrann Extreme Science and Engineering

Discovery Environment



