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When category theory enters your field, it is time to leave it.

Or may be not?

Symmetries are the guiding principle to construct the quantum theory:

= In 3d gravity, quantum groups are the natural tool to construct the quantum states.
= Turaev-Viro/Ponzano Regge model are state-sum models built on categories of representations.

- In 4d, from topological considerations, we should use “categorified symmetries”= higher order symmetries.
(Applications in condensed matter.)



Categorified symmetries in LQG?

2-groups

Florian Girelli, with H. Chen, M. Laudonio, S. Moeed.

] UNIVERSITY OF

%) WATERLOO



What is categorilying?

Consider a set of elements. To categorify it, we identify relations between elements to obtain a category.
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Category: set of elements with relations between them (+ extra potentially extra structures)
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What is categorilying?

Consider a set of elements. To categorify it, we identify relations between elements to obtain a category.
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Strict 2-group as a cross-module (G, H, t, > ).



Whatis categorifying?

In physics, categorifying can be viewed as gauging.

Chen, Girelli, Gauging the gauge, to appear.

Relations between gauge transformations
specified by group H, which is related to G, by a

homomorphism t (also need action of G on H)
tthy>h'=hh'h™"  t(g > h) = gt(h)g™!

Strict 2-group as a cross-module (G, H, t, > ).



Whatis categorifying?

In physics, categorifying can be viewed as gauging.

%&V 3( %\\90-‘/ 6’ Chen, Girelli, Gauging the gauge, to appear.

Relations between gauge transformations
specified by group H, which is related to G, by a

homomorphism t (also need action of G on H)
tthy>>h'=hh'h™"  t(g > h) = gt(h)g™!

Strict 2-group as a cross-module (G, H, t, > ).

At the infinitesimal level, this amounts to the shift symmetry

A—->A+ta) Aceg®A'M, aehRA'M

1
A=O,F=O—>F=t(da+5[a/\a])

The 2-connection 2 associated to such gauge transformations is therefore about curvature (up to the t map).

F = tX) F=X
If t map is identity then it is exactly curvature!
F=0

If t map is O then they are disconnected



Whatis categorifying?

In physics, categorifying can be viewed as gauging.
2-connection is related to curvature

We will consider the case where The 2-connection 2 associated is the curvature, we will take r = id from now on.

F=2X
Examples of Identity 2-groups: y=h j~ 1 h,y e SU(2)
H=SUQ2)=G, t=id, > = adjointaction 271
H=R>=G, t=id, > = trivialaction 5 - 3 60@6
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Whatis categorifying?

In physics, categorifying can be viewed as gauging.

2-connection is related to curvature

We will consider the case where The 2-connection 2 associated is the curvature, we will take = id from
F=2x
Examples of Identity 2-groups: — } h—l
. . . Yy = nhhy
H=SUQ2)=G, t=id, > = adjointaction
3 . . . . of T
H=R° =G, t=id, > =trivialaction N
X — J3 -+ J2 — Jl X -
Iy
Poisson Lie 2-groups have been introduced. chen, stienon, Xu, Poisson 2-groups
Examples of Identity Poisson 2-groups:
H=SUQ2)=G, t=id, > = adjointaction (h,h} =0, {y,y}=0, {hy}=0
H=R’=G, t=id, > = trivialaction (I} =¢€¢0., (X, X} =€¢X., {J.X,}=¢€X

2-Drinfeld double can be defined, see Hank'’s talk, but 2-Heisenberg double not yet available...

NOW On.

h,y e SU(2)



Why should we care about 2-groups?

NS

* they are already among us!
- Flux X in 4d gravity is associated to triangulation faces. We sum them...




Why should we care about 2-groups?
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they are already among us!
" Flux X in 4d gravity is associated to triangulation faces. We sum them...

Consider a Feynman amplitude of a QFT, write it in terms of the relative coordinates [. State sum for (Poincare) 2-group

I . . :
appears: It = / d4:c1 cdiaz, Or(|7; — T ), Or = H GQF (Z; — fj) Baratin, Freidel, 3d case, Baratin, Freidel, 4d case, Baratin Freidel, topological
R4

(ij)er model for Poincare 2-group

Feynman amplitude can be recast as observable in the topological spinfoam amplitude based on the Poincare 2-group.

F 1 626050(85’,[6)
Ir = (Or(le))a,  Or =[] G"(l) Zp = (QW)IFI/Hledle 1] Ar > (H v )

ecll ec A FeA {SF,GG} o




Why should we care about 2-groups?

NS

* they are already among us!
- Flux X in 4d gravity is associated to triangulation faces. We sum them...

Consider a Feynman amplitude of a QFT, write it in terms of the relative coordinates. State sum for (Poincare) 2-group

appears! Baratin, Freidel, 3d case, Baratin, Freidel, 4d case, Baratin Freidel, topological
model for Poincare 2-group

NS

* In the presence of a cosmological constant, we expect the flux to be with value in Uq(éu(Z)) which is classically AN(2), o

non-abelian group, with non-trivial Poisson brackets.
The Eckmann-Hilton argument states we cannot have non-abelian decorations on faces without edge decorations.
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Why should we care about 2-groups?

NS

* they are already among us!
- Flux X in 4d gravity is associated to triangulation faces. We sum them...

Consider a Feynman amplitude of a QFT, write it in terms of the relative coordinates. State sum for (Poincare) 2-group

appears! Baratin, Freidel, 3d case, Baratin, Freidel, 4d case, Baratin Freidel, topological
model for Poincare 2-group

NS

* In the presence of a cosmological constant, we expect the flux to be with value in Uq(é’»u(Z)) which is classically AN(2), o

non-abelian group, with non-trivial Poisson brackets.
The Eckmann-Hilton argument states we cannot have non-abelian decorations on faces without edge decorations.

\/
* Spin foam degeneracies can be lifted if introducing edge decorations.  Crane, Yetter,

N/
) X4

Spinfoam models based on Poincare 2-group. mikovic, Vojinovic

o

* Introducing matter through higher categories: See next talk by M. Vojinovic.

Today: 1- spinning geometries are associated to 2-group structures.
2- They are a natural tool to discretize geometry while keeping arbitrary curvature.



Twisted geometries = spinning geometries

Freidel, Ziprick, Twisted geometries=spinning geometries

Twisted geometry built from T*SU(2)



Twisted geometries = spinning geometries

Freidel, Ziprick, Twisted geometries=spinning geometries

Twisted geometry built from T*SU(2)

X = eXe =

| 7°Xdz" = ZJe

eEot

Freidel, Geiller, Ziprick, Continuous formulation of the
Loop Quantum Gravity phase space

Take straight edge:

J,= 08 x Or




Recovering spinning geometries

Consider 4d topological theory, invariant under 2-gauge transformations = 2-BF, aka BFCG soétg(
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There is a 1-Drinfeld double structure at the infinitesimal level:
D =130(3) X 130(3)



Recovering spinning geometries
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There is a 1-Drinfeld double structure at the infinitesimal level: o \oloe : ¥riondulaVion
D =130(3) X 130(3)

Cannot be discretized in the usual way as Eckmann-Hilton
argument prevents it: cannot have non-abelian (Poincare)
triangle decoration only.

In the presence of the BB term, we should use a 2-gauge
approach to discretize the theory! woold \ee |- aavnc o\csm\:yho« 240Gt Aiecrets 39'\'.;0./\,-

Symmetries are given in terms of 2-Drinfeld double: a pair of dual 2-gauge theories. Cf next talk by Hank



Recovering spinning geometries

Consider 4d topological theory, invariant under 2-gauge transformations = 2-BF, aka BFCG

S =J (B,F —X) + (C,d,X)
M

— F=2
2-gauge thy 5BCS) 7
To be discretized on

dual complex 0~8 = d.> =10 Bianchi identity! Discretization of constraints
¢ A Hamiltonian picture
#
Dual 2-gauge thy 525 — dAC =B Co.nstruction of a
To be discretized on v 2-Heisenberg double?

triangulation

0,8 — dyB =[X A (] Gauss constraint!

Note B is automatically simple with the choices we made! (B with value in $11(2))
Simplicity constraint is there and compatible with 2-group structure!
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Outlook

Categorifying is same as a gauging.

Spinning geometries are a natural example of a 2-group structures. Yet another one among several others.
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Several arguments (cosmological constant, non-degeneracy of spin foam amplitudes) point to the need of 2-group structure

Seem naturally related to the Poincare spin networks: (Freidel, Livine, Pranzetti)
Treating diffeos at the same footing as Gauss seems to lead to 2-group structure

(Poisson) Higher group structure provides
= ways to put together discrete geometries (with decorations on edge, faces, ...) such that coarse-graning/gluing is
consistent (with Poisson structure)
= Discretization framework with arbitrary curvature.
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What is categorilying?

Consider a set of elements. To categorify it, we identify relations between elements to obtain a category.
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Category: set of elements with relations between them (+ extra potentially extra structures)

In math: can be used as a organizing device The 1dea of making systematic use of groupoids [...] however evident as it may look today, 1s to be seen as
) a significant conceptual advance, which has spread into the most manifold areas of mathematics. ... In my

own work in algebraic geometry, I have made extensive use of groupoids [...] Grothendieck
Typical example: groupoid



What is categorilying?

Consider a set of elements. To categorify it, we identify relations between elements to obtain a category.
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Category: set of elements with relations between them (+ extra potentially extra structures)

In math: can be used as a organizing device

Typical example: groupoid ) %
~ N
A pair of space G, B with a pair of maps s=source, t=target : G—B ;\ ) %/\>Z—
We can define a product of elements in G, if 7(g;) = s(g,) .
R

\/
*%*B= set of metrics, G set of diffeomorphism A C

\/
*%*B= manifold/principal bundle, G= gauge group/holonomies

a

Can keep going, find relations between relations between relations..... o V @

2-categories, ...., N-categories, ... co-categroy



Provide natural set up of gravitational kinematics

Treat spatial diffeos on the same footing as Gauss constraint Freidel, Livine, Pranzetti

Diffeos recovered as translations with field dependent parameters

Poincare spin networks with curvature excitations

Also kinematical states of the (topological) theory

1
§ = J (B, F )isu@) — 5<9§, Bisu)
M

These states are naturally described in terms of 2-group

S =J (B,F —2) +(C,d,X)
M



