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Motivation

o Quantum observables for loop quantum gravity (LQG) can be constructed by tensor operators

[Bonzom, Freidel '11; Bonzom, Livine ’11; Dupuis, Girelli ’13]

e 3D QG Wlth A — O — A # O : group Symmetry — quantum group Symmetry [Witten ’88; Turaev, Viro '92; Alekseev, Grosse, Schomerus '94; Major,
Smolin ’96; Lewandowski, Okolow '09; Meusburger, Noui ’12; etc.]

e Tensor operators for a quantum group can be constructed using the quantum “R-matrix [Rittenberg, Scheunert '92; Dupuis, Girelli "13]

e The quantum R-matrix is a “structure constant” of a quasi-triangular Hopf algebra

e Q: How does the quantum R -matrix encode quantum geometries in LQG?

e In this talk — Investigate the use and geometrical interpretation of the quantum R-matrix in the
g-deformed LQG for 3D with A <0 gg [Maité’s talk]
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g-deformed LQG

o Some features of the quantum theory [Bonzom, Dupuis, Girelli *14; Bonzom, Dupuis, Girelli, QP '22]

= Ribbon graph with quantum holonomies and quantum fluxes L, L LA 5 AL

¢ € AN(2) = L € Fun,-1 (AN(2)) = U, (su(2))

) 7 . = —Ah AN(2) =SB(2,C
{ € AN(2) — L € Fun, (AN(2)) = U, (su(2)) q = exp(V —An) (2) = SB(2,C)

s Describe hyperbolic geometries at both the kinematical and dynamical levels

o These structures can be reproduced in the spinor representation [Dupuis, Girelli, Livine *14; Bonzom, Dupuis, Girelli, QP "22]

o Spinors are elementary building blocks to construct local observables [Dupuis, Girelli *13; Bonzom, Dupuis, Girelli, QP "22]
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g-deformed quantum spinors

¢ To describe discrete curved quantum geometry, one needs to define spinors also encoding A

¢ g-deformed quantum spinors
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[Bonzom, Dupuis, QP ’21; Bonzom, Dupuis, Girelli, QP '22]
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Spinors in tensor spaces and observables

o For aribbon graph of a vertex, one needs to define spinor operators as maps (”>t, (”)T : ® V., — L(® We)
ecv ecv

Ve, We : representations of U, (51(2))
L(W.) : set of linear maps on W,
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Spinors in tensor spaces and observables

e For aribbon graph of a vertex, one needs to define spinor operators as maps (”>t, WEE ® V. — L(® W.)

ecv ecv

(m)C — IR ---R C R X1 Ve, We : representations of Uq (5u(2))

1

E;; = Z C? _EAO (’i)CA (j)c_A

A=+1/2
\~ (-1

— SU(2)-invariant scalar observables

L(W.) : set of linear maps on W,

closed algebra s0™(2n) [Girell, Sellaroli *17]
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¢ The operators Ejj ’s can be used constructed the Hamiltonian constraint in the g-deformed LQG and relate to the

Turaev-Viro model. [Bonzom, Dupuis, QP *21]
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Spinors in tensor spaces and observables

o Two ways to define the Uy(su(2))-invariant quantum operators Ejj = | (! 1)%! Aq%(i)! A(j)! | A
A

[Bonzom, Dupuis, Girelli, QP ’22]
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Spinors in tensor spaces and observables

o Two ways to define the Uy(su(2))-invariant quantum operators Ejj = (! 1)%! AqA7(i)! AW A
A

= Method One — traditional: Using the quantum R-matrix to braid the spinors <~ computationally complex.
[Rittenberg, Scheunert '92]

MWy =R, 5, a8aR (1! 4ah! ! d4aB1)aR;, 44aR 10! 1! &é

@t ofH" wemeny g, o T yap o TN

where R, = q'2' 72 Tt L ¢ AN J:+,Jz  Uy(su(2)) generators
n=0 '

[Bonzom, Dupuis, Girelli, QP ’22]
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s Method Two — New: Using the quantum flux to parallel transport the spinors ;
1
Simple expression and calculation: T
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e This fact establishes a geometrical interpretation of the quantum R -matrix
— the braiding is parallel transport !

[Bonzom, Dupuis, Girelli, QP ’22]
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Geometry in the R-matrix

o The quantum R -matrix encodes the flux and information within its two subspaces

R= Ry

Y,

quantum flux

Reli=1/2 qJTZ 0 |
eg. R bt g b)) i "B
[Faddeev, Reshetikhin, q«(qz! g z)J+ ¢
Takhtajan ’'87]
e The commutation relations of the quantum fluxes and are the quantum Yang-Baxter equation in some

particular representations

[Bonzom, Dupuis, Girelli, QP ’22]
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Conclusion and outlook

o As a mathematical object —

s the quantum R-matrix describes the commutation relations and the duality between the holonomies and fluxes;

= The first 71-order of the R -matrix — the classical r-matrix describes the symplectic structure of the classical
phase space.

R=1!1+ilr+ O(?%
o As a geometrical object —

= The quantum R -matrix encodes the information of quantum fluxes and quantum holonomies:

s It can be used to express parallel transport.

7/7



Conclusion and outlook

o As a mathematical object —

s the quantum R-matrix describes the commutation relations and the duality between the holonomies and fluxes;

= The first 71-order of the R -matrix — the classical r-matrix describes the symplectic structure of the classical
phase space.

R=1!1+ilr+ O(?%
o As a geometrical object —
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s It can be used to express parallel transport.

o The spinor formalism for local observables can be generalized to other Hopf Algebras for other interests;

e.g. the Kitaev model [Kitaev '03; Buerschaper, Mombelli, Christandl, Aguado "13; Meusburger "16; etc.]

¢ The use and the interpretation of the quantum R -matrix in the g-deformed LQG could provide another window to bridge LQG to
statistical models, CFTs, etc. with quantum group symmetries. [Sklyanin '88; Alekseev, Faddeev '91; etc.]
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Thank you for your attention!
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