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Quantum observables for loop quantum gravity (LQG) can be constructed by tensor operators

3D QG with  : group symmetry  quantum group symmetryΛ = 0 → Λ ≠ 0 →

R
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Tensor operators for a quantum group can be constructed using the quantum     -matrix

The quantum     -matrix is a “structure constant” of a quasi-triangular Hopf algebra R
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Q: How does the quantum     -matrix encode quantum geometries in LQG?R
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In this talk —  Investigate the use and geometrical interpretation of the quantum     -matrix in the

                           -deformed LQG for 3D with q Λ < 0

R
<latexit sha1_base64="/D4EXMOPfnJaH9yT9DApDyqBRfY="></latexit><latexit sha1_base64="oh9iC6CpkFuEVN5FZWwGXmq5s9s="></latexit><latexit sha1_base64="oh9iC6CpkFuEVN5FZWwGXmq5s9s="></latexit><latexit sha1_base64="8baHcvQ6jqXeoEVDQCm9ZFDZIBQ="></latexit>

[Rittenberg, Scheunert ’92; Dupuis, Girelli ’13]

[Witten ’88; Turaev, Viro ’92; Alekseev, Grosse, Schomerus ’94; Major, 
Smolin ’96; Lewandowski, Okolow ’09; Meusburger, Noui ’12; etc.]

[Maïté’s talk]

[Bonzom, Freidel ’11; Bonzom, Livine ’11; Dupuis, Girelli ’13]
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  -deformed LQGq

2/7

Some features of the quantum theory

e
L L̃
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Ribbon graph with quantum holonomies          and quantum fluxesU, Ũ
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Describe hyperbolic geometries at both the kinematical and dynamical levels

⇒

q = exp(
p
�⇤~)
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˜̀2 AN(2) ! L̃ 2 Funq(AN(2)) ⇠= Uq(su(2))
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These structures can be reproduced in the spinor representation 


Spinors are elementary building blocks to construct local observables

[Dupuis, Girelli, Livine ’14; Bonzom, Dupuis, Girelli, QP ’22]

[Dupuis, Girelli ’13; Bonzom, Dupuis, Girelli, QP ’22]
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  -deformed quantum spinorsq

3/7

To describe discrete curved quantum geometry, one needs to define spinors also encoding Λ

-deformed quantum spinorsq

Uq(su(2))
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quantum spinors Uq�1(su(2))
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quantum spinors
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quantum spinors

[Bonzom, Dupuis, QP ’21; Bonzom, Dupuis, Girelli, QP ’22]

Na = a†a, Nb = b†b
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  Spinors in tensor spaces and observables
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For a ribbon graph of a vertex, one needs to define spinor operators as maps   (n)t, (n)⌧ :
O

e2v

Ve ! L(
O

e2v

We)
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<latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit>

: set of linear maps on We
<latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit>
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<latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit>
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<latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit>
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-deformq

Uq(su(2))
<latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit>
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<latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit>
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<latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit>
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<latexit sha1_base64="nJQndSEMZbwVA3bkfjhrDuEzXVk="></latexit><latexit sha1_base64="ihA0F8PAzJiUeKHcUTqHQstnrIM="></latexit><latexit sha1_base64="ihA0F8PAzJiUeKHcUTqHQstnrIM="></latexit><latexit sha1_base64="BuCf6w/BiLI8OsuXP5EpOgW24H4="></latexit>

closed algebra                 so⇤(2n)
<latexit sha1_base64="0lMc762yyXcSovy6iT0OLkHUI2g="></latexit><latexit sha1_base64="2miOYs0I3FlKjWyakcxp89Ksu3U="></latexit><latexit sha1_base64="2miOYs0I3FlKjWyakcxp89Ksu3U="></latexit><latexit sha1_base64="HTy6Fy+L3bBo1B0c2SwMGvTSgec="></latexit>

[Girelli, Sellaroli ’17] Uq(so! (2n))
<latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="LFQVJeHkjOaD8gCjJJ8/gQWqDAg="></latexit><latexit sha1_base64="AYbtsA7ydJVjqrPeacPSjfyR9oI="></latexit><latexit sha1_base64="AYbtsA7ydJVjqrPeacPSjfyR9oI="></latexit><latexit sha1_base64="tGdSkeJO2c7I9aF48roDqEZCYMM="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit>

closed algebra                 [Bonzom, Dupuis, Girelli, QP ’22]

(m ) ! != I " á á á" ! " á á á" I
<latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit>

(m)⇣ = I⌦ · · ·⌦ ⇣⌦ · · ·⌦ I
<latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit>
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For a ribbon graph of a vertex, one needs to define spinor operators as maps   
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<latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit><latexit sha1_base64="Xl57fKymlfFFs/ZqfT0EyyIyozo="></latexit>

Ve,We
<latexit sha1_base64="/xd0BcEdrtZ6eNzBw75kx7fNCDU="></latexit><latexit sha1_base64="/xd0BcEdrtZ6eNzBw75kx7fNCDU="></latexit><latexit sha1_base64="/xd0BcEdrtZ6eNzBw75kx7fNCDU="></latexit><latexit sha1_base64="/xd0BcEdrtZ6eNzBw75kx7fNCDU="></latexit>

L(We)
<latexit sha1_base64="My3wqw8dSWOlj7UQgk20Kvtx0NM="></latexit><latexit sha1_base64="My3wqw8dSWOlj7UQgk20Kvtx0NM="></latexit><latexit sha1_base64="My3wqw8dSWOlj7UQgk20Kvtx0NM="></latexit><latexit sha1_base64="My3wqw8dSWOlj7UQgk20Kvtx0NM="></latexit>

: representations of Uq(su(2))
<latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit>

: set of linear maps on We
<latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit><latexit sha1_base64="K9AZwB93CzjkU+rcAr99nvAU4Ro="></latexit>

SU(2)
<latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit><latexit sha1_base64="C0vYUQTr9HxuYoZ9Ki+O+7WNsCI="></latexit>

→ -invariant scalar observables

-deformq

Uq(su(2))
<latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit>

-invariant scalar observables→

The operators       ’s can be used constructed the Hamiltonian constraint in the -deformed LQG and relate to the 
Turaev-Viro model.
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<latexit sha1_base64="qDeF9Unk2YIv2gqOeBRM5xtUgug="></latexit><latexit sha1_base64="qDeF9Unk2YIv2gqOeBRM5xtUgug="></latexit><latexit sha1_base64="qDeF9Unk2YIv2gqOeBRM5xtUgug="></latexit><latexit sha1_base64="qDeF9Unk2YIv2gqOeBRM5xtUgug="></latexit>

[Bonzom, Dupuis, QP ’21]
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(�1)
1
2�A

<latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit><latexit sha1_base64="hJ9GH6h93NAFPTHuBqN11N9kiB4="></latexit>
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<latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit><latexit sha1_base64="LHL0EBP4VIYIUHCjgx4n02uXvsw="></latexit>
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<latexit sha1_base64="nJQndSEMZbwVA3bkfjhrDuEzXVk="></latexit><latexit sha1_base64="ihA0F8PAzJiUeKHcUTqHQstnrIM="></latexit><latexit sha1_base64="ihA0F8PAzJiUeKHcUTqHQstnrIM="></latexit><latexit sha1_base64="BuCf6w/BiLI8OsuXP5EpOgW24H4="></latexit>

closed algebra                 so⇤(2n)
<latexit sha1_base64="0lMc762yyXcSovy6iT0OLkHUI2g="></latexit><latexit sha1_base64="2miOYs0I3FlKjWyakcxp89Ksu3U="></latexit><latexit sha1_base64="2miOYs0I3FlKjWyakcxp89Ksu3U="></latexit><latexit sha1_base64="HTy6Fy+L3bBo1B0c2SwMGvTSgec="></latexit>

[Girelli, Sellaroli ’17] Uq(so! (2n))
<latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="LFQVJeHkjOaD8gCjJJ8/gQWqDAg="></latexit><latexit sha1_base64="AYbtsA7ydJVjqrPeacPSjfyR9oI="></latexit><latexit sha1_base64="AYbtsA7ydJVjqrPeacPSjfyR9oI="></latexit><latexit sha1_base64="tGdSkeJO2c7I9aF48roDqEZCYMM="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit><latexit sha1_base64="y2WYRUZsZMyaTTv6fWHm2D0iMzA="></latexit>

closed algebra                 [Bonzom, Dupuis, Girelli, QP ’22]

(m ) ! != I " á á á" ! " á á á" I
<latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit><latexit sha1_base64="bzS8eg5w7NdgQR/C+9RFE/fs7Wo="></latexit>

(m)⇣ = I⌦ · · ·⌦ ⇣⌦ · · ·⌦ I
<latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit><latexit sha1_base64="A0Ak8FIz0palTLK8nuYSf4syLco="></latexit>



Two ways to define the                -invariant quantum operators      Uq(su(2))
<latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit>

[Bonzom, Dupuis, Girelli, QP ’22]
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<latexit sha1_base64="DLCa2OCdGFFCYnakCMDl/sa4WuI="></latexit><latexit sha1_base64="tUn8TLEyXoAwWICSJU4mmsxfQK4="></latexit><latexit sha1_base64="tUn8TLEyXoAwWICSJU4mmsxfQK4="></latexit><latexit sha1_base64="ZiHnMfd4Ld7+QP3oif3kQa+zZlA="></latexit>



Two ways to define the                -invariant quantum operators      Uq(su(2))
<latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit>

Method One — traditional: Using the quantum    -matrix to braid the spinors  computationally complex.←R
<latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit>

[Rittenberg, Scheunert ’92]

[Bonzom, Dupuis, Girelli, QP ’22]
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<latexit sha1_base64="hapNPvsmlN24mvRMOvmP34gI8uI="></latexit><latexit sha1_base64="hapNPvsmlN24mvRMOvmP34gI8uI="></latexit><latexit sha1_base64="hapNPvsmlN24mvRMOvmP34gI8uI="></latexit><latexit sha1_base64="hapNPvsmlN24mvRMOvmP34gI8uI="></latexit>

Uq(su(2))
<latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit><latexit sha1_base64="188SYOzcNTogvmQms3KqKFe7LxQ="></latexit>
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<latexit sha1_base64="9zv+GPEx4i5hp+/CNLFOjnEW4Zg="></latexit><latexit sha1_base64="kfxVillPhJfxtM19FYFMI5wdXok="></latexit><latexit sha1_base64="kfxVillPhJfxtM19FYFMI5wdXok="></latexit><latexit sha1_base64="8hX7g1l5OIS0255iRsoDZknD53w="></latexit>
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<latexit sha1_base64="IW4KdQJA+cembG3+04dTs1iXjUo="></latexit><latexit sha1_base64="IW4KdQJA+cembG3+04dTs1iXjUo="></latexit><latexit sha1_base64="IW4KdQJA+cembG3+04dTs1iXjUo="></latexit><latexit sha1_base64="IW4KdQJA+cembG3+04dTs1iXjUo="></latexit>



Two ways to define the                -invariant quantum operators      Uq(su(2))
<latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit><latexit sha1_base64="LvcHW2ZleRbqlthTTkP77vWXPvY="></latexit>

Method One — traditional: Using the quantum    -matrix to braid the spinors  computationally complex.←R
<latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit><latexit sha1_base64="DoUnyK/g0+f9k+sQijcQ6IfHiOk="></latexit>

[Rittenberg, Scheunert ’92]

Method Two — New: Using the quantum flux to parallel transport the spinors

[Bonzom, Dupuis, Girelli, QP ’22]

Simple expression and calculation:
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[Rittenberg, Scheunert ’92]

Method Two — New: Using the quantum flux to parallel transport the spinors

[Bonzom, Dupuis, Girelli, QP ’22]

Simple expression and calculation:
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This fact establishes a geometrical interpretation of the quantum -matrix 

    — the braiding is parallel transport !
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[Bonzom, Dupuis, Girelli, QP ’22]
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   Geometry in the    -matrixR
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 [Faddeev, Reshetikhin, 
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The commutation relations of the quantum fluxes and holonomies are the quantum Yang-Baxter equation in some 
particular representations

( ÷L kl )ij = R ij ,kl = ( ÷Uij )kl
<latexit sha1_base64="E/xXu9EtaeP0yyF6j2BCsjaYE/M="></latexit><latexit sha1_base64="E/xXu9EtaeP0yyF6j2BCsjaYE/M="></latexit><latexit sha1_base64="E/xXu9EtaeP0yyF6j2BCsjaYE/M="></latexit><latexit sha1_base64="E/xXu9EtaeP0yyF6j2BCsjaYE/M="></latexit>

k, l = ± 1/ 2
<latexit sha1_base64="4j//byoC4vQW6DXOZGUVtiOBds8="></latexit><latexit sha1_base64="4j//byoC4vQW6DXOZGUVtiOBds8="></latexit><latexit sha1_base64="4j//byoC4vQW6DXOZGUVtiOBds8="></latexit><latexit sha1_base64="4j//byoC4vQW6DXOZGUVtiOBds8="></latexit>

i, j = ± 1/ 2
<latexit sha1_base64="U3LfAjs67UeSQpAjEMF5MwLY7/Q="></latexit><latexit sha1_base64="U3LfAjs67UeSQpAjEMF5MwLY7/Q="></latexit><latexit sha1_base64="U3LfAjs67UeSQpAjEMF5MwLY7/Q="></latexit><latexit sha1_base64="U3LfAjs67UeSQpAjEMF5MwLY7/Q="></latexit>

÷L 1 ÷L 2R = R ÷L 2 ÷L 1
<latexit sha1_base64="LGEN3ng+BKlsNdidw1wHbmrHRi4="></latexit><latexit sha1_base64="LGEN3ng+BKlsNdidw1wHbmrHRi4="></latexit><latexit sha1_base64="LGEN3ng+BKlsNdidw1wHbmrHRi4="></latexit><latexit sha1_base64="LGEN3ng+BKlsNdidw1wHbmrHRi4="></latexit>

R ÷U1 ÷U2 = ÷U2 ÷U1R
<latexit sha1_base64="m/dl/VGRM2hPEGG6UmYSE9Fy9A4="></latexit><latexit sha1_base64="m/dl/VGRM2hPEGG6UmYSE9Fy9A4="></latexit><latexit sha1_base64="m/dl/VGRM2hPEGG6UmYSE9Fy9A4="></latexit><latexit sha1_base64="m/dl/VGRM2hPEGG6UmYSE9Fy9A4="></latexit>

R 12R 13R 23 = R 23R 13R 12
<latexit sha1_base64="cdK9kUr8FpL2EXT9452VFezl2TY="></latexit><latexit sha1_base64="cdK9kUr8FpL2EXT9452VFezl2TY="></latexit><latexit sha1_base64="cdK9kUr8FpL2EXT9452VFezl2TY="></latexit><latexit sha1_base64="cdK9kUr8FpL2EXT9452VFezl2TY="></latexit>

R = R| j = 1
2

<latexit sha1_base64="qTeQsXFzUohWeOpkfOIQRwKgqVM="></latexit><latexit sha1_base64="qTeQsXFzUohWeOpkfOIQRwKgqVM="></latexit><latexit sha1_base64="qTeQsXFzUohWeOpkfOIQRwKgqVM="></latexit><latexit sha1_base64="qTeQsXFzUohWeOpkfOIQRwKgqVM="></latexit>



7/7

   Conclusion and outlook

The quantum -matrix encodes the information of quantum fluxes and quantum holonomies;R
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As a mathematical object —
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The first -order of the     -matrix  the classical -matrix describes the symplectic structure of the classical 
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the quantum     -matrix describes the commutation relations and the duality between the holonomies and fluxes;  

As a geometrical object —

It can be used to express parallel transport.
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the quantum     -matrix describes the commutation relations and the duality between the holonomies and fluxes;  

As a geometrical object —

It can be used to express parallel transport.

The use and the interpretation of the quantum -matrix in the -deformed LQG could provide another window to bridge LQG to 
statistical models, CFTs, etc. with quantum group symmetries. 
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[Sklyanin ’88; Alekseev, Faddeev ’91; etc.]

The spinor formalism for local observables can be generalized to other Hopf Algebras for other interests; 

[Kitaev ’03; Buerschaper, Mombelli, Christandl, Aguado ’13; Meusburger ’16; etc.]e.g. the Kitaev model
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