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A. Loop Gravity Phase Space on the Torus

Holonomy-flux phase space for 3D loop gravity: The phase space for canonical 3D loop gravity encodes the
basic degrees of freedom of a discretized 2D surface (see [28, 29] for a thorough and careful discretization). Considering
an oriented graph �, the basic building block is a T

⇤SU(2) phase space associated to each link e 2 �. For each oriented
link, we define a group element ge 2 SU(2) along the link and a Lie algebra vector xe 2 su(2) ⇠ R3 thought of as living
on the source of the link, as illustrated on fig.1. The group element ge gives the holonomy of the SU(2) connection
along the edge while the vector xe is the discretized geometric flux transverse to that edge, defined as the integrated
triad along the edge of a 2D triangulation dual to the graph.

e

(a) Oriented graph �.

ge•
xe

•
x̃e = ge . xe

(ge, xe) 2 SU(2)⇥ su(2)

(b) T ⇤SU(2) phase space on the edge e.

•v

Gv =
P

e|v=s(e) xe �
P

e|v=t(e) x̃e

(c) Closure constraint at a vertex v.

FIG. 1: Holonomy-Flux phase space for 3D loop gravity on a graph �.

Decomposing the flux vector on the Pauli matrix basis for Hermitian matrices, xe = x
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We also define the flux vectors at the target vertex by a parallel transport by the SU(2) holonomy, x̃e = ge . xe =
g
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It can be convenient to also project the SU(2) group element onto the Pauli basis and introduce the “momentum”
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In these variables, the Poisson brackets given above in eqn.(1) now read:
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Now the loop quantum gravity phase space on the graph � is defined by considering the collection of the independent
T

⇤SU(2) phase spaces living on each link e 2 � and coupling them at the graph nodes by a closure constraint -or
Gauss law- at each vertex v 2 �:
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Imposing
�!G v = 0 amounts to requiring that the incoming flux at the vertex v equals the outgoing flux. This closure

constraint generates the gauge invariance under SU(2) transformations around the vertex:
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Discrete constraints

holonomy-flux variables
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(ℓ, u) ∈ SB(2,ℂ) × SU(2) / D = ℓu ∈ SL(2,ℂ)

11

Poisson bracket through the r-matrix on SL(2,C). We then show how to recover the flat theory when the deformation
parameter  is sent to 0.

Gluing the edges together at the graph nodes with deformed closure constraints generating a braided non-linear
SU(2) gauge symmetry, this defines the deformed holonomy-flux phase space for the holonomy-flux observables on
an arbitrary graph for 3D loop gravity at ⇤ 6= 0. Applying this formalism to the torus, we write down the explicit
action of the deformed gauge symmetry on the ribbon graph. This allows us to identify simple SL(2,C) holonomies
wrapping about the torus’ cycles, whose traces give the Dirac observables and physical phase space endowed with the
expected Goldman bracket for the moduli space of flat connections on the torus. This is the main result of this paper
and achieves an explicit relation between the 3D loop quantum gravity framework and the combinatorial quantization
for 3D gravity as a Chern-Simons theory.

A. The q-deformed holonomy-flux phase space

SL(2,C) as the deformed holonomy-flux phase space on an edge: A non-vanishing (negative) cosmological
constant deforms the phase space. As argued in [24–26, 37, 40], the phase space of holonomy-flux variables on a
graph link gets deformed from the standard T

⇤SU(2) phase space, equivalent to the ISU(2) Heisenberg double, to
SL(2,C). Every group element in SL(2,C), written as a 2⇥2 matrix, admits a unique (left) Iwasawa decomposition
as the product of a lower triangular matrix and a SU(2) matrix:

D 2 SL(2,C) =) 9 ! (`, u) 2 SB(2,C)⇥ SU(2) such that D = `u , (46)
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The SU(2) group element u defines the SU(2) holonomy along the graph link, while the SB(2,C) group element ` is
interpreted as a deformed version of the flux vector (at the link’s source), as drawn on fig.6.
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FIG. 6: A graph link in q-deformed loop gravity carries a SL(2,C) group element D. Using the Iwasawa decompo-
sition of the SL(2,C) group element D = `u as the product of a SB(2,C) element times a SU(2) group element,
it defines both the SU(2) holonomy along the edge u 2 SU(2) and a deformed notion of the flux living at the
source node of the link ` 2 SB(2,C). These deformed holonomy-flux variables are endowed with a symplectic
structure inherited from the classical r-matrix for sl2, which defines the phase space on the edge. The flux at the
target node ˜̀ is defined through the opposite Iwasawa decomposition, D = `u = ũ˜̀, where ũ defines the SU(2)
holonomy along the link with flipped orientation. This transport condition ˜̀ = ũ

�1
`u is best reformulated as a

SL(2,C) flatness condition around a ribbon `u˜̀�1
ũ
�1 = I. Thickening all the links of the graph into ribbons

defines a ribbon graph, or fat graph, where the nodes are turned into polygons connecting the ribbons.

The Iwasawa decomposition translates to a decomposition of the Lie algebra sl(2,C) as the direct sum of the Lie
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A. Loop Gravity Phase Space on the Torus

Holonomy-flux phase space for 3D loop gravity: The phase space for canonical 3D loop gravity encodes the
basic degrees of freedom of a discretized 2D surface (see [28, 29] for a thorough and careful discretization). Considering
an oriented graph �, the basic building block is a T

⇤SU(2) phase space associated to each link e 2 �. For each oriented
link, we define a group element ge 2 SU(2) along the link and a Lie algebra vector xe 2 su(2) ⇠ R3 thought of as living
on the source of the link, as illustrated on fig.1. The group element ge gives the holonomy of the SU(2) connection
along the edge while the vector xe is the discretized geometric flux transverse to that edge, defined as the integrated
triad along the edge of a 2D triangulation dual to the graph.
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FIG. 1: Holonomy-Flux phase space for 3D loop gravity on a graph �.
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g
�1
e xege, satisfying flipped su(2) algebra Poisson brackets:

{xa
e , x̃

b
e} = 0 , {x̃a

e , ge} =
i

2
ge�

a
, {x̃a

e , x̃
b
e} = �✏

abc
x̃
c
e . (2)
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Now the loop quantum gravity phase space on the graph � is defined by considering the collection of the independent
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⇤SU(2) phase spaces living on each link e 2 � and coupling them at the graph nodes by a closure constraint -or
Gauss law- at each vertex v 2 �:
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Poisson bracket through the r-matrix on SL(2,C). We then show how to recover the flat theory when the deformation
parameter  is sent to 0.

Gluing the edges together at the graph nodes with deformed closure constraints generating a braided non-linear
SU(2) gauge symmetry, this defines the deformed holonomy-flux phase space for the holonomy-flux observables on
an arbitrary graph for 3D loop gravity at ⇤ 6= 0. Applying this formalism to the torus, we write down the explicit
action of the deformed gauge symmetry on the ribbon graph. This allows us to identify simple SL(2,C) holonomies
wrapping about the torus’ cycles, whose traces give the Dirac observables and physical phase space endowed with the
expected Goldman bracket for the moduli space of flat connections on the torus. This is the main result of this paper
and achieves an explicit relation between the 3D loop quantum gravity framework and the combinatorial quantization
for 3D gravity as a Chern-Simons theory.

A. The q-deformed holonomy-flux phase space

SL(2,C) as the deformed holonomy-flux phase space on an edge: A non-vanishing (negative) cosmological
constant deforms the phase space. As argued in [24–26, 37, 40], the phase space of holonomy-flux variables on a
graph link gets deformed from the standard T

⇤SU(2) phase space, equivalent to the ISU(2) Heisenberg double, to
SL(2,C). Every group element in SL(2,C), written as a 2⇥2 matrix, admits a unique (left) Iwasawa decomposition
as the product of a lower triangular matrix and a SU(2) matrix:
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The SU(2) group element u defines the SU(2) holonomy along the graph link, while the SB(2,C) group element ` is
interpreted as a deformed version of the flux vector (at the link’s source), as drawn on fig.6.
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FIG. 6: A graph link in q-deformed loop gravity carries a SL(2,C) group element D. Using the Iwasawa decompo-
sition of the SL(2,C) group element D = `u as the product of a SB(2,C) element times a SU(2) group element,
it defines both the SU(2) holonomy along the edge u 2 SU(2) and a deformed notion of the flux living at the
source node of the link ` 2 SB(2,C). These deformed holonomy-flux variables are endowed with a symplectic
structure inherited from the classical r-matrix for sl2, which defines the phase space on the edge. The flux at the
target node ˜̀ is defined through the opposite Iwasawa decomposition, D = `u = ũ˜̀, where ũ defines the SU(2)
holonomy along the link with flipped orientation. This transport condition ˜̀ = ũ
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SL(2,C) flatness condition around a ribbon `u˜̀�1
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defines a ribbon graph, or fat graph, where the nodes are turned into polygons connecting the ribbons.

The Iwasawa decomposition translates to a decomposition of the Lie algebra sl(2,C) as the direct sum of the Lie
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ũ4
`4

˜̀
4

˜̀
3

˜̀
1 ũ5
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A. Loop Gravity Phase Space on the Torus

Holonomy-flux phase space for 3D loop gravity: The phase space for canonical 3D loop gravity encodes the
basic degrees of freedom of a discretized 2D surface (see [28, 29] for a thorough and careful discretization). Considering
an oriented graph �, the basic building block is a T

⇤SU(2) phase space associated to each link e 2 �. For each oriented
link, we define a group element ge 2 SU(2) along the link and a Lie algebra vector xe 2 su(2) ⇠ R3 thought of as living
on the source of the link, as illustrated on fig.1. The group element ge gives the holonomy of the SU(2) connection
along the edge while the vector xe is the discretized geometric flux transverse to that edge, defined as the integrated
triad along the edge of a 2D triangulation dual to the graph.
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(a) Oriented graph �.

ge•
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x̃e = ge . xe

(ge, xe) 2 SU(2)⇥ su(2)

(b) T ⇤SU(2) phase space on the edge e.
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e|v=s(e) xe �
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e|v=t(e) x̃e

(c) Closure constraint at a vertex v.

FIG. 1: Holonomy-Flux phase space for 3D loop gravity on a graph �.

Decomposing the flux vector on the Pauli matrix basis for Hermitian matrices, xe = x
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a, the T
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structure is explicitly given by the Poisson brackets:
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e , ge} =
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2
�
a
ge , {xa

e , x
b
e} = ✏

abc
x
c
e , {ge, ge} = 0 . (1)

We also define the flux vectors at the target vertex by a parallel transport by the SU(2) holonomy, x̃e = ge . xe =
g
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e xege, satisfying flipped su(2) algebra Poisson brackets:
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It can be convenient to also project the SU(2) group element onto the Pauli basis and introduce the “momentum”
variables:

p
0
e =

1

2
Trge , p

a
e =

1

2i
Trge�

a
, ge = p

0
e I+ ip

a
e�

a
, with (p0e)

2 + ~pe
2 = 1 . (3)

In these variables, the Poisson brackets given above in eqn.(1) now read:
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Now the loop quantum gravity phase space on the graph � is defined by considering the collection of the independent
T

⇤SU(2) phase spaces living on each link e 2 � and coupling them at the graph nodes by a closure constraint -or
Gauss law- at each vertex v 2 �:

Ga
v =

X

e|v=s(e)
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Imposing
�!G v = 0 amounts to requiring that the incoming flux at the vertex v equals the outgoing flux. This closure

constraint generates the gauge invariance under SU(2) transformations around the vertex:
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Holonomy-flux phase space for 3D loop gravity: The phase space for canonical 3D loop gravity encodes the
basic degrees of freedom of a discretized 2D surface (see [28, 29] for a thorough and careful discretization). Considering
an oriented graph �, the basic building block is a T

⇤SU(2) phase space associated to each link e 2 �. For each oriented
link, we define a group element ge 2 SU(2) along the link and a Lie algebra vector xe 2 su(2) ⇠ R3 thought of as living
on the source of the link, as illustrated on fig.1. The group element ge gives the holonomy of the SU(2) connection
along the edge while the vector xe is the discretized geometric flux transverse to that edge, defined as the integrated
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e

(a) Oriented graph �.

ge•
xe

•
x̃e = ge . xe

(ge, xe) 2 SU(2)⇥ su(2)

(b) T ⇤SU(2) phase space on the edge e.

•v

Gv =
P

e|v=s(e) xe �
P

e|v=t(e) x̃e

(c) Closure constraint at a vertex v.

FIG. 1: Holonomy-Flux phase space for 3D loop gravity on a graph �.

Decomposing the flux vector on the Pauli matrix basis for Hermitian matrices, xe = x
a
e�

a, the T
⇤SU(2) symplectic

structure is explicitly given by the Poisson brackets:

{xa
e , ge} =

i

2
�
a
ge , {xa

e , x
b
e} = ✏

abc
x
c
e , {ge, ge} = 0 . (1)

We also define the flux vectors at the target vertex by a parallel transport by the SU(2) holonomy, x̃e = ge . xe =
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where �i, i = 1, 2, 3 are the Pauli matrices, ⇢i(i = 1, 2, 3) are the Lie algebra generators of the Lie algebra an(2), which
can be written in terms of the Pauli matrices as

⇢
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Note that the two subgroups SU(2) and AN(2) can be treated on the same footing. The phase space SL(2,C) can
be equivalently described as the Heisenberg double D(AN(2)) of AN(2) with the r-matrix r̃ 2 an(2) ⌦ su(2) where
we simply have that r̃ = r21, r̃21 = r since it amounts to exchanging the generators of the two subspaces in (3).The
two equivalent descriptions of the phase space SL(2,C) corresponds to the two (and only two possible) Iwasawa

decompositions of a given SL(2,C) element d. We denote by ` 2 AN(2), u 2 SU(2) the elements of the left Iwasawa
decomposition d = `u and by ˜̀2 AN(2), ũ 2 SU(2) the elements of the right Iwasawa decomposition d = ũ˜̀. Then
(2) can be decomposed into the Poisson brackets between ` and u:

{`1, `2} = �[r21, `1`2] , {`1, u2} = �`1r21u2 , {u1, `2} = `2ru1 , {u1, u2} = �[r, u1u2] , (6)

or into the Poisson brackets between ˜̀ and ũ:

{˜̀1, ˜̀2} = [r21, ˜̀1 ˜̀2] , {˜̀1, ũ2} = �ũ2r21
˜̀
1 , {ũ1,

˜̀
2} = ũ1r

˜̀
2 , {ũ1, ũ2} = [r, ũ1ũ2] . (7)

The equivalence between the left and right Iwasawa decompositions defines a constraint, that we call the ribbon

constraint

C = `u˜̀�1
ũ
�1

. (8)

It is easy to check that this is a system of second-class constraints (meaning that they do not close under Poisson
brackets). The name “ribbon” becomes clear when we represent graphically these two equal Iwasawa decompositions.
Concretely, an edge e is thickened into a ribbon R(e) with

• long edges, parallel to e, carrying SU(2) elements u, ũ called holonomies

• short edges carrying AN(2) elements `, ˜̀ and called fluxes [15].

This is represented in Figure 1 together with a choice of orientations (detailed below). We have fixed the orientation
of the long ribbon edges decorated with u and ũ to be opposite to that of the edge, which automatically fixes the
orientation of the two short edges of a ribbon to have the ribbon constraint (8) satisfied.

All SU(2) and AN(2) subgroup elements are associated to sides of the ribbon and can thus be viewed as holonomies.
The ribbon constraint is then interpreted as a trivialization of the path-ordered product of holonomies on the loop
surrounding the ribbon. To emphasize that the phase space we describe here is the deformation of that of the ⇤ = 0
loop gravity, we use the same terminology and call `, ˜̀ fluxes and u, ũ holonomies in the rest of the article.
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u

FIG. 1: The ribbon graph associated to the ribbon constraint. The ribbon carries two pairs of variables (`, u)
and (˜̀, ũ). The ribbon constraint associated to a ribbon is represented as the trivialization of the ribbon loop

`u˜̀�1
ũ
�1.

By solving the ribbon constraint, we obtain the Poisson brackets between (˜̀, ũ) and (`, u):

{`1, ũ2} = �r21`1ũ2 , {˜̀1, u2} = �˜̀
1u2r21 , {u1,

˜̀
2} = ˜̀

2u1r, , {ũ1, `2} = rũ1`2 ,

{˜̀1, `2} = 0 , {ũ1, u2} = 0 .
(9)
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The explicit Poisson brackets between the matrix elements of `, u, ˜̀, and ũ can be found in Appendix A. The dimension
of the phase space for a ribbon is 12� 6 = 6 upon imposing the ribbon constraint, thus consistent with the dimension
of SL(2,C).

Let us define X := ``
† and write w = I+ i~✏ ·~� an infinitesimal SU(2) group element. Then, the variation of a phase

space function h under a left infinitesimal SU(2) transformation is given by [15]:

�✏h = ��
�2


�1{TrWX,h} = ��

�2

�1{2✏z�2 + ✏��z + ✏+�z̄, h} , (10)

where W = ✏z(I+ �z) + ✏��+ + ✏+��, as in (12).

B. Ribbon graph and Gauss constraint

Considering now a full graph � embedded in ⌃, we thicken it into a ribbon graph �rib by

• thickening every edge into a ribbon in the same way as in Figure 1, where all ribbons are embedded in ⌃,

• thickening every n-valent vertex of � into an n-gon.
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• •
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ũ4
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1 ũ5
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ũ6u6
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6

ũ1

u2 u3

R(v1) R(v2)

R(v3)

f

FIG. 2: A graph � (on the left) and its correspondent ribbon graph �r(on the right).

An example is given in Figure 2.
As such, a ribbon graph contains three types of faces:

i Faces within ribbon edges, for which the ribbon constraint is imposed - these are the faces in grey in Figure 2;

ii Faces surrounded by the short edges of the ribbons. They correspond to the thickened vertices and we call them
ribbon vertices. In Figure 2, these are faces R(v1), R(v2) and R(v3). Notice that they are bounded by fluxes only.

iii Faces surrounded by the long edges of the ribbons - these are the faces of the original graph.

To finish the combinatorial description of �rib, notice that the corners of �, i.e. the portions of ⌃ between pairs of
edges incident to a vertex, give rise in �rib to vertices (the ends of the long and short edges).

The Gauss constraint associated to a n-valent vertex v imposes that the ordered product of the fluxes around the
ribbon vertex R(v) is trivial. Explicitly, the Gauss constraint reads

Gv =
�!Y

n
i `ei,v , `ei,v =

(
`i if oi = 1
˜̀�1
i if oi = �1

, (11)

where oi = 1 corresponds to an outgoing edge and oi = �1 corresponds to an incoming edge.
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{ℓ1, ℓ2} = − [r, ℓ1ℓ2] , {ℓ1, u2} = − ℓ1ru2 ,

{u1, ℓ2} = ℓ2rtu1 , {u1, u2} = − [rt, u1u2]
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where �i, i = 1, 2, 3 are the Pauli matrices, ⇢i(i = 1, 2, 3) are the Lie algebra generators of the Lie algebra an(2), which
can be written in terms of the Pauli matrices as

⇢
j = i(�j � 1
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3jk
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Note that the two subgroups SU(2) and AN(2) can be treated on the same footing. The phase space SL(2,C) can
be equivalently described as the Heisenberg double D(AN(2)) of AN(2) with the r-matrix r̃ 2 an(2) ⌦ su(2) where
we simply have that r̃ = r21, r̃21 = r since it amounts to exchanging the generators of the two subspaces in (3).The
two equivalent descriptions of the phase space SL(2,C) corresponds to the two (and only two possible) Iwasawa

decompositions of a given SL(2,C) element d. We denote by ` 2 AN(2), u 2 SU(2) the elements of the left Iwasawa
decomposition d = `u and by ˜̀2 AN(2), ũ 2 SU(2) the elements of the right Iwasawa decomposition d = ũ˜̀. Then
(2) can be decomposed into the Poisson brackets between ` and u:

{`1, `2} = �[r21, `1`2] , {`1, u2} = �`1r21u2 , {u1, `2} = `2ru1 , {u1, u2} = �[r, u1u2] , (6)

or into the Poisson brackets between ˜̀ and ũ:

{˜̀1, ˜̀2} = [r21, ˜̀1 ˜̀2] , {˜̀1, ũ2} = �ũ2r21
˜̀
1 , {ũ1,

˜̀
2} = ũ1r

˜̀
2 , {ũ1, ũ2} = [r, ũ1ũ2] . (7)

The equivalence between the left and right Iwasawa decompositions defines a constraint, that we call the ribbon

constraint

C = `u˜̀�1
ũ
�1

. (8)

It is easy to check that this is a system of second-class constraints (meaning that they do not close under Poisson
brackets). The name “ribbon” becomes clear when we represent graphically these two equal Iwasawa decompositions.
Concretely, an edge e is thickened into a ribbon R(e) with

• long edges, parallel to e, carrying SU(2) elements u, ũ called holonomies

• short edges carrying AN(2) elements `, ˜̀ and called fluxes [15].

This is represented in Figure 1 together with a choice of orientations (detailed below). We have fixed the orientation
of the long ribbon edges decorated with u and ũ to be opposite to that of the edge, which automatically fixes the
orientation of the two short edges of a ribbon to have the ribbon constraint (8) satisfied.

All SU(2) and AN(2) subgroup elements are associated to sides of the ribbon and can thus be viewed as holonomies.
The ribbon constraint is then interpreted as a trivialization of the path-ordered product of holonomies on the loop
surrounding the ribbon. To emphasize that the phase space we describe here is the deformation of that of the ⇤ = 0
loop gravity, we use the same terminology and call `, ˜̀ fluxes and u, ũ holonomies in the rest of the article.
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FIG. 1: The ribbon graph associated to the ribbon constraint. The ribbon carries two pairs of variables (`, u)
and (˜̀, ũ). The ribbon constraint associated to a ribbon is represented as the trivialization of the ribbon loop

`u˜̀�1
ũ
�1.

By solving the ribbon constraint, we obtain the Poisson brackets between (˜̀, ũ) and (`, u):

{`1, ũ2} = �r21`1ũ2 , {˜̀1, u2} = �˜̀
1u2r21 , {u1,

˜̀
2} = ˜̀

2u1r, , {ũ1, `2} = rũ1`2 ,

{˜̀1, `2} = 0 , {ũ1, u2} = 0 .
(9)
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where �i, i = 1, 2, 3 are the Pauli matrices, ⇢i(i = 1, 2, 3) are the Lie algebra generators of the Lie algebra an(2), which
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Note that the two subgroups SU(2) and AN(2) can be treated on the same footing. The phase space SL(2,C) can
be equivalently described as the Heisenberg double D(AN(2)) of AN(2) with the r-matrix r̃ 2 an(2) ⌦ su(2) where
we simply have that r̃ = r21, r̃21 = r since it amounts to exchanging the generators of the two subspaces in (3).The
two equivalent descriptions of the phase space SL(2,C) corresponds to the two (and only two possible) Iwasawa

decompositions of a given SL(2,C) element d. We denote by ` 2 AN(2), u 2 SU(2) the elements of the left Iwasawa
decomposition d = `u and by ˜̀2 AN(2), ũ 2 SU(2) the elements of the right Iwasawa decomposition d = ũ˜̀. Then
(2) can be decomposed into the Poisson brackets between ` and u:
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It is easy to check that this is a system of second-class constraints (meaning that they do not close under Poisson
brackets). The name “ribbon” becomes clear when we represent graphically these two equal Iwasawa decompositions.
Concretely, an edge e is thickened into a ribbon R(e) with

• long edges, parallel to e, carrying SU(2) elements u, ũ called holonomies

• short edges carrying AN(2) elements `, ˜̀ and called fluxes [15].

This is represented in Figure 1 together with a choice of orientations (detailed below). We have fixed the orientation
of the long ribbon edges decorated with u and ũ to be opposite to that of the edge, which automatically fixes the
orientation of the two short edges of a ribbon to have the ribbon constraint (8) satisfied.

All SU(2) and AN(2) subgroup elements are associated to sides of the ribbon and can thus be viewed as holonomies.
The ribbon constraint is then interpreted as a trivialization of the path-ordered product of holonomies on the loop
surrounding the ribbon. To emphasize that the phase space we describe here is the deformation of that of the ⇤ = 0
loop gravity, we use the same terminology and call `, ˜̀ fluxes and u, ũ holonomies in the rest of the article.
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FIG. 1: The ribbon graph associated to the ribbon constraint. The ribbon carries two pairs of variables (`, u)
and (˜̀, ũ). The ribbon constraint associated to a ribbon is represented as the trivialization of the ribbon loop
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By solving the ribbon constraint, we obtain the Poisson brackets between (˜̀, ũ) and (`, u):

{`1, ũ2} = �r21`1ũ2 , {˜̀1, u2} = �˜̀
1u2r21 , {u1,
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2} = ˜̀

2u1r, , {ũ1, `2} = rũ1`2 ,
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• Hopf algebra with coproduct, antipode and counit 

Δ(J±) := J± ⊗ K + K−1 ⊗ J± , Δ(K) := K ⊗ K , S(J±) := − q± 1
2 J± , S(K) := K−1 , ϵ K = 1 , ϵ J± = 0
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ũ2 ũ3
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Spinorial formalism 

for q-deformed loop gravity
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Hamiltonian 

for face f 

and edges

Quantum version: quantum deformed Hamiltonian 
invariant under Pachner moves and related with the Turaev-Viro model
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Some open questions

• Other cases of signatures, sign of cosmological constant 


• Framework to study the BTZ black hole? 


• What can we learn for the 4d case?


• Use of geometrical technics in other approaches? 



Thank you!

[QiaoyinÕs talk]Next:Thank to Qiaoyin for the nice pictures! 


