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It 15 a stunning fact that discrete geometries, just as continuous
spacetime, can be made dynamical.

T'heir shapes evolve according to the choice of variables and
the dynamical Hamiltonian. This means that even a
tetrahedron has:

+ A phase space ot shapes

+ Irajectories within that phase space

+ Quantization of geometrical observables on this phase
space, such as the face areas and the tetrahedral volume



T'he flow along the curves of constant volume V 1s integrable
and describes a family of tetrahedra with different shapes, but
equal volumes

At left: the phase space of shapes with a constant volume
contour; at right: two difterent views of the same tetrahedron
as 1t undergoes the volume flow (click to play)



T'he phase space for a tetrahedron with areas A, ... A, satisfies
closure: Xl F X2+ Z} |- X4 —

We adopt canonical coordinates by rearranging closure as
vector addition:

Phase p
space ' *

Because we understand the vectors as elements of 80(3), the
coords are naturally equipped with a Poisson bracket:

Wgpi= oA =1




E. Bianchi & | found a semiclassical quantization of volume
eigenvalues:
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Here the Bohr-Sommerteld values (solid dots) are compared
to the numerical eigenvalues from a full quantum treatment

(open circles).

Bianchi & HMH PRL 2011



https://arxiv.org/abs/1102.5439

T'he integrable volume evolution relates tetrahedra to the
powerful mathematics ot elliptic curves:

’7% = —A2)2
’7% = (43 =)

dA? 73 = (A + 4y

1 =
i 3\/ (4A)*(4A)° — AX(18Q)’ 7= (s + A

G é\/ [A% = FJIA® = R][75 — A%][Fy — A] — A%(180)°

The solutions, A%(1), are ratios of Jacobi elliptic functions.



A new result: Antu and I have been able to find the WKB

volume eigenstates as well
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T'he elliptic curves perspective connects the geometry of
FEuclhidean tetrahedra to that ot Lorentzian tetrahedra: that 1s,
1t describes tunneling between spacelike and timelike geometry!

>

T'he key 1s to complexity variables and to consider the complex
actions that arises on the surface V = const.



It turns out that this surtace 1s a torus and that the action and
dual action are computed around the a and S cycles of the torus

2
= = oyJ@areay - 22as0p

=—¢m2'mﬂ P2][72 — A2|[P2 — A2] — AX(180)?

Bohr—Sommerfeld action:
a— 0 g — (n Zﬂ'h

The dual action,

a” — i ply.

if 3

characterizes tunneling.




In fact these two actions are related solutions of a 3rd order
Picard-Fuchs equation that we have tound explicitly
da d?a

da
D(r, Q)d—Q3 + ¢, (r;, Q) 10 oy (r;, Q)@ — ()

Conclusions

+ We have an explicit description of the tunneling between
Lorentzian and Euclidean tetrahedra. '1'’his may allow us to
realize the Speziale-Rovelli symmetry principle explicitly.

+ In other examples, Picard-Fuchs equations have allowed the
computation of spectra to all orders 1n #.

+ Discreteness of geometrical observables, such as the volume
of a tetrahedron, 1s not independent ot the allowed
tunneling between related geometries, e.g. Lorentzian &
FEuchdean tetrahedra of the same V.
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Appendix: Semiclassical quantization and the geometry of
spacetime

Much has been written about the fact that quantum
mechanics 1s most smoothly formulated 1n C.

Intriguingly, the complexification ot classical mechanics 1s
much less familiar to most. Nonetheless, this complexification
encodes intriguing observations.

15|

U

lo better situate what I say |
about quantum gravity, | E / N
will first take you through |

an anharmonic oscillator
example.

-1.0 1.0

Al



Constructive resurgence 1s a technology that leverages classical
tools to inform you about perturbative/non-perturbative
relations in quantum mechanics

Consider the conserved energy of a symmetric quartic oscillator

E—K+tl -pPmtiOg-—1)y

The momentum 1s given by p = \/ ol — 2y e

branches at the four turning points where (2gz — 1)* = E. The
classical action and period are:

a = Qpdgq,

and

A2



Complexitying variables and extending branch cuts between
these branch points gives a Riemann surface of genus 1.

T'he two topologically distinct cycles give action integrals

)

a =1 pdq and Y= (}@ pdq,
p

220 4

sith the 2nd often referred to as the ‘dual action’.

stereographically close to Riemann spheres




Constructive Resurgence — There is a remarkable second
version of resurgence, often called constructive resurgence

Results are detailed and explicit, but largely restricted to phase
spaces representable by (genus 1) Riemann surtaces

Canonical Example Volume Evolution Example
Vig)=2¢" =~ 17, p=2mE-V] 24 _1L j4s5asy—axsor
o
L= \/ 2mlE — 29" - 1)°] = /02 = BIA” = I - 2117 - A”] - A%(180)
Vv 1.5} - 5
P(42,0)
0} slope = (18Q)*
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In both examples we can view the phase space as a genus 1
torus by complexitying variables and gluing along branch cuts

Canonical Example Volume Evolution Example
2
V(g) = Qg = 12 p=/2m[E—V] - =5\[@areay - a21s0y
= \/ e g 1y = 5\/ [A% — FA[A? - FI[72 — A2][72 — A%] — AX(18Q)?

Im(q)
: / 5 Relq) l.\_ g Re(qJ
Im(q)

Ab



In both examples we can view the phase space as a genus 1
torus by complexitying variables and gluing along branch cuts

Canonical Example Volume Evolution Example
2
Vig) = (2¢* — 1)%, p = /2m[E — V] di —\/ (4A)*(4A)* — A*(180)°
= \/ ol - (g - 1) = 5\/ [A2 — F[A2 - F3][73 — A2][72 — A%] — AX(180)?

Im(q)
: / i Relq) DA Re(q)
I"-
Im{q)

Bohr-Somm: a = pdq — < ;) 2rh ﬁ

a

Tunneling-splitting: a® = CJ; pdq
p

Ab



Antu and I have found an explicit 3rd order Picard-Fuchs
equation for the volume evolution
DO O + i1, V22 + 6,7, 02
l dQ3 % sz 1 Q
Here D(r;, Q) 1s the quartic discriminant, an 3th order
polynomial 1n Q that vanishes it 7, coalesce and ¢; and ¢, are

respectively of 10th and 12th order in Q.

P(A%,0) )

| = (1 2
The evident constant slope = (18Q)

solution has a nice
explanation: 1t 1s due

to punctures 1n the
Riemann surtace.

A7



T'he Picard-Fuchs coethicients are below: here O, = 180,
Sg = Filotsty, ... ,83 =11+ 1y, + 3 + r, are symm root functions

D= (4 (Qb®-s1) (1250 +5s2%) + (3 (Qb? -s1)? +325052) s3+ (-Qb® +s1) s2 3% - 950 53°)
(27 Qb® - 256 s0° - 108 Qb°® s1 + 162Qb* s1? - 108 Qb* s1° + 27 s1° - 144Qb* 50 52 + 288 Qb* 50 s1 52 - 14450 517 52 + 128 50” 527 + 4Qb* 52° -
8Qb* s1s2% +451%s2° - 16 50 2% + 2 (Qb? - s1) (9 (Qb? - s1)*s2 -850 (1250 + 552%)) s3 +
(650 (Qb* - s1)? - 144 50% s2 - (Qb* - s1)2 52 + 450 52°) s3? - 2 (Qb* - s1) (2 (Qb* - s1)? - 950 52) s3% + 27 s0% 53*%)

c2 =
(18 (243Qb™* s3 +3Qb™® (180 (1250 + s2?) - 3785153 - 27 52 53* - 453%) +

3Qb® (-684s1 (120 +s2%) + (67551% + 302450 52 + 68 52%) s3 +117s15253% -3 (25550 + 1152%) s3° + 1251537 + 4523°) +

Qb® (-8 (1250 +s2%) (-35151% + 725052 -252°) - 1251 (13551% + 2160 50 52 + 44 52°) 53 + 2 (1008 s0° - 297 s1” 52 + 1860 50 52% - 452%) 53 +
4s1 (161750 + 65 s2%) s3% + (-2451% - 161850 52 + 52%) s3% - 325152 53° + 18050 53°) +

Qb* (-8s1 (1250 +s2?) (189s1% - 725052 +252%) + (40551% + 8 (163250° + 2916 50 s1% 52 - 1392 50% 52% + 4551% 52° + 11850 52%) ) s3 +
251 (24351% 52 +4 (-54050% - 87350 52 + 52%)) s3? - 2 (2817 50 1% - 2784 507 52 + 93 51% 52° + 208 50 52°) s3° -
s1 (24 s1% - 29945052 +52°) s3* +3 (851?52 +350 (-6350+552%)) s3° - 32450 s153°%) -

(s0 (48 s1-325253+953%) -s1 (3s1s3+s2(-4s2+5s3%)))

(256 50° - s0” (12852% + 1925153 - 14452 53% + 27 53%) + 250 (s1® (7252-353%) +252° (452-53%) +s15253 (-4052+95s3%)) +

s1? (-27s1% +s2® (-4s2+5s3%) +251 (9s2s3-25s3%))) +

Qb? (36864 50" - 48 s0° (320 52° + 48051 53 - 28852 53% +4553°%) +
s1? (162s1° s3 + 125152 s3 (452 -53%) -52° (-452+53%)% +95s1? (1252% - 2152537 +4s3%)) +
s0? (864s1” (852 +35s3%) + 1851 (12852% s3 - 19252 53° +3353%) + 52 (76852° - 1024 52% s3% + 54052 53" - 8153°)) +
250 (648s1® + 652" (452 +53%)% +s1° (-259252 53 +52253%) +s152% s3 (-59252° + 25652 53° - 27s3%) +

3s1? (6452 +46852% s3% - 1895253 +1853°%)))))

cl=
(972Qb? (80 (Qb* - s1)® (1250 + s2?) + 8 (128s0° + 3 (Qb”? - s1)* + 16850 (Qb* - s1)? 52 - 64 50” 52% + 2 (Qb” - s1)? s2° + 850 52°) s3 -
8 (Qb* - s1) (-24s0% +3 (Qb* - s1)? s2 - 50 s0 s2?) s3% - 8 (4250 (Qb? - s1)* -3250% s2+ (Qb* - s1)? s2% + 450 52%) s3% +
(Qb? - s1) ((Qb*-s1)?-1845052) s3* + ((Qb® -s1)?s2+ 450 (-650+5s2?)) s3° + 2150 (Qb? - s1) s3°)) /
((4 (Qb* - s1) (1250 +s2?) + (3 (Qb* - s1)? + 3250 52) s3 + (-Qb” + s1) 5253 - 950 53°)
(27 Qb® - 256 s0° - 108 Qb°® s1 + 162Qb* s1% - 108 Qb? s1° + 27 s1* - 144 Qb* 50 52 + 288 Qb” 50 152 - 144 50 s1% 52 + 128 50° 527 +
4Qb* s2° - 8Qb? s152% +451% 52% - 16 50 52% +2 (Qb? - s1) (9 (Qb® -s1)?s2 -850 (1250 +5522)) s3 +
(650 (Qb* - s1)2 - 14450 s2 - (Qb® - s1)? s2? + 450 52%) 3% - 2 (Qb® - s1) (2 (Qb® - s1)? - 950 52) s3° + 27 50% 53%))



