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Problem of Dynamics in LQG

@ Ashtekar canonical variables: (A%, EY) , {Ef(z), Al (y)} = 68676%(x,y)
@ Constraints: H(A,E) =0, H.(A,E)=0, G;(A,E)=0

@ Kinematical constraints: group averaging technique

Sepideh Bakhoda The U(I)B Model of Euclidean Quantum Gravity



Motivation and Introduction
Problem of Dynamics in LQG
What is the U (1)° model?

Problem of Dynamics in LQG

@ Ashtekar canonical variables: (A%, EY) , {Ef(z), Al (y)} = 68676%(x,y)
@ Constraints: H(A,E) =0, H.(A,E)=0, G;(A,E)=0

@ Kinematical constraints: group averaging technique

@ Hamiltonian constraint [Thiemann: cQG; 1998]

@ No UV divergences

@ Non-trivial kernel

© Anomaly-free quantum algebra (the algebra closes)
© Diff Covariant
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Problem of Dynamics in LQG

@ Ashtekar canonical variables: (A%, EY) , {Ef(z), Al (y)} = 68676%(x,y)
@ Constraints: H(A,E) =0, H.(A,E)=0, G;(A,E)=0

@ Kinematical constraints: group averaging technique

@ Hamiltonian constraint [Thiemann: cQG; 1998]

No UV divergences

Non-trivial kernel

Anomaly-free quantum algebra (the algebra closes)
Diff Covariant

Loop attachment ambiguities
No correct structure functions

©0 0000

@ Study simple theories sharing essential feature of the Dirac algebra
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Motivation and Introduction
Problem of Dynamics in LQG
What is the U (1)3 model?

Th e U( 1 ) 3 mOd el [Smolin 1992]  [Barbero, Basquens, Diaz, Villasenor; JHEP; 2022]

Testing ground: Toy Models

Study simple theories sharing essential feature of the Dirac algebra

The difference between the U(1)* model and the Euclidean GR:
Cj = OuEj + epprAaht, Fl, =204} + epmrAcAs (1)
Diffeomorphism and Hamiltonian constraints are

Co=FJ, E}, C = [det(E)]?F/,e; EREf (2)

Dirac Quantisation of the U(1)? model

Dirac quantisation of this model has already been studied in great detail

[Tomlin, Varadarajan; PRD; 2013] [Varadarajan; PRD; 2013]
The idea
Quantise the U(1)® model using other approaches and compare the results.
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Toward the Reduced Phase Space Quantisation of the U (1 ):,‘ model

Toward the Reduced Phase Space Quantisation
of the U(1)? model
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(A, E) ription vs (B, f) description

Toward the Reduced Phase Space Quantisation of the U (1 ):')' model

Reduced Phase Dynamics in specific gauges

Dirac Quantisation vs RPSQ

Quantization
Full Phase Space | ————

Kinematical
Hilbert Space

bQ

Constraints

Physical
Hilbert Space
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Toward the Reduced Phase Space Quantisation of the U (1 ):')' model

Reduced Phase D

Dirac Quantisation vs RPSQ

Quantization
Full Phase Space | ———

Kinematical
Hilbert Space

DQ
C onstraintsl Constraints
RPSQ
Physical - Physical

Phase Space Hilbert Space

Quantization

ideh Bakhoda The U (1 3 Model of Euclidean Quantum Gravity



B I N ; E) Dirac Quantisation vs RPSQ
Toward the Reduced Phase Space Quantisation of the U (1) model (A, D) ¢ Emrmien s (B, ) destin @
v *

Reduced Phase Dynamics in specific gauges

(A, E) description vs (B, f) description

Constraints in the (A, E) description

Cj=0.E], Cu=FLE], Co=Fleum B E |det(E)|"*  (3)

Canonical transformation

Using asymptotically flat conditions [s.B, H.Shojaie, T.Thiemann; Universe; 2021], the
general form of the electric field satisfying the Guass constraints is

E =88 + 0, f! (4)

The magnetic field Bf = €0, A7 and f are canonical variables.

Constraints in the (B, f) description

By defining: H) = Leawe ¢ E}Ef = det(E) (E~')}, one gets

Cj=08.By, Cj=e¢mBrH,, Co=BiH] (5)
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Toward the Reduced Phase Space Quantisation of the U (1 ):')' model

) description
Reduced Phase Dynamics in specific gauges

(A, E) description vs (B, f) description

Constraints in the (A, E) description

Cj = 8uE!, Co=FLE:, Co=Flejm Ef EY |det(E)|™"/?

A\

Constraints in the (B, f) description

éj S 8GB;'Z, éj = ijlBZH(l“ é() = B?Hg

\,

Significant Properties
In the (A, E) description

@ The Gauss constraint is linear in E and is independent of A.
@ The other ones are linear in A.
In the (B, f) description

@ All constraints are linear in B.
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£) description
pecific gauges

Gauge fixings in the (A, E) description [S.B, T. Thiemann; CQG; 2021]
Q 0701 A, =0, €0 0kE] =0, F;=f, dof:( A2 ,EZ).
—— ~—
#=3 #=3 #=1 #=2
Q@ Al =0, E, = f(z,y,7)da, dof:( A7 , E3).
—_—— — ~—~—
#=3 #ea #=2
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Toward the Reduced Phase Space Quantisation of the U (1 ):')' model
Reduced Phase Dynamics in specific gauges

Reduced Phase Dynamics in specific gauges

[S.B, T. Thiemann; CQG; 2021]

Gauge fixings in the (A, E) description
Q 0701 A, =0, €0 0kE] =0, F;=f, dof:( AS , EZ).
—— ~—
423 #=1 #=2

#=3
Q Al =0, EL = f(z,y,7)L, dof:( A7 , E3).
— — N~~~
#=3 #=4 #=2

[S.B, T. Thiemann; CQG; 2021]

Gauge fixings in the (B, f) description

dof:( Bj , f3).
~—~

Q /i =0f(r), fl=0d'(r),
s #23 =2

0 fi=dlt), f=obr) dof:(B , £7)
—_—— ~— i
46 #=1 #=2
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Dirac Quantisatic
(A, E) description f) description
Reduced Phase Dynamics in specific gauges

Toward the Reduced Phase Space Quantisation of the U (1 ):')' model

Physical Hamiltonians in the (A, E') description

The Physical Hamiltonians [S.B, T. Thiemann; CQG; 2021]

1+ 617ELES

i ) — 0:0sK E5'] (6)

h= / d*z A% "7 [9;(

Features:
@ Linearity in momentum A3.
@ Non-polynomiality in the configuration variable E.

@ Spatial non-locality. (Because Ef =1 — 0, '9;F1)
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(A, E) descriptic description
Reduced Phase Dy pecific gauges

k dDirac Quantis: P
Toward the Reduced Phase Space Quantisation of the U (1 )")' model DliEre QU @
v *

Physical Hamiltonians in the (B, f) description

The Physical Hamiltonians [S.B, T. Thiemann; CQG; 2021]
h— /dsm {8;1 (1 + (H;I);;- (H3)2> o:BI + e”Bé(azﬁ)} 7)
h= /dsx P1f2(8.BE) + " BLH} 9,0, " H?] (8)
Features:

© Both are Linear in momentum.

@ The first one is non-polynomial and the second one is polynomial in
the configuration variable.
(Recall H) = 6} + ™ (0afy — 06 1) (0% + 5" (0 fE)))

© Both are spatial non-local.
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Toward the Reduced Phase Space Quantisation of the U (1)3 model T ‘/ ) dlezaridtey
Reduced Phase Dynamics in specific gauges J i

Physical Hamiltonians in the (B, f) description

The Physical Hamiltonians [S.B, T. Thiemann; CQG; 2021]
h— /dsm {8;1 (1 + (H;I);;- (H3)2> o:BI + e”Bé(azﬁ)} 7)
h= /dsx P1f2(8.BE) + " BLH} 9,0, " H?] (8)
Features:

© Both are Linear in momentum.

@ The first one is non-polynomial and the second one is polynomial in
the configuration variable.
(Recall H) = 6} + ™ (0afy — 06 1) (0% + 5" (0 fE)))

© Both are spatial non-local.

Quantisation [T. Thiemann; 2022

The quantisation stage of this model has been completed in [T. Thiemann 2022,

arXiv:2207.08302]
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Toward the Path Integral Quantisation of the U (1) model

Toward the Path Integral Quantisation of the
U(1)? model
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. Ruled out Actions
Toward the Path Integral Quantisation of the U (1) model Tw elf-Dual

Proposed Actions

The U(1)? model was introduced in the Hamiltonian formulation.
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Ruled out Actions
model elf-Dual

3

Toward the Path Integral Quantisation of the U (1 ):

Proposed Actions

The U(1)? model was introduced in the Hamiltonian formulation.

Smolin’s action [Smolin 1992]

1 S
S = 5/ d*z e"”a’geze,{Fgﬂ
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Toward the Path Integral Quantisation of the U (1 ):

Proposed Actions

The U(1)? model was introduced in the Hamiltonian formulation.

Smolin’s action [Smolin 1992]

1 S
S = 5/ d*z e"”a’geze,{Fgﬂ

o No Hamiltonian constraint
e Dof: 3
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. Ruled out Actions
Toward the Path Integral Quantisation of the U (1)* model f-

Proposed Actions

The U(1)? model was introduced in the Hamiltonian formulation.

Smolin’s action [Smolin 1992]

1 S
S = 5/ d*z e””aﬂehe,{Ffﬁ

o No Hamiltonian constraint
e Dof: 3

The U(1)6 Theory [S.B, T Thiemann; CQG; 2022]
1
s=3 [ a Fihotf

GPAP = S4B + Lyer; KLX4E 5145 —éf} 7 éf = det({ef )2 ef
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. Ruled out Actions
Toward the Path Integral Quantisation of the U (1)* model f-

Proposed Actions

The U(1)? model was introduced in the Hamiltonian formulation.

Smolin’s action [Smolin 1992]

1 S
S = 5/ d*z e””aﬂehe,{Ffﬁ

o No Hamiltonian constraint
e Dof: 3

The U(1)6 Theory [S.B, T Thiemann; CQG; 2022]
1
s=3 [ a Fihotf

GPAP = S4B + Lyer; KLX4E 5145 —éf} 7 éf = det({ef )2 ef

@ No local d.o.f.
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. Rule t Actions
> model Twisted Self-Dual Model

Toward the Path Integral Quantisation of the U (1 ):

Twisted Self-Dual Model

[SB, T.Thiemann; CQG

1 -
= / dt d*z Fip %17
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Ruled out Actions
Twisted Self-Dual Model

Toward the Path Integral Quantisation of the U (1 ):)' model

Twisted Self-Dual Model

Twisted Self-Dual Model

[SB, T.Thiemann; CQ

1 -
S=3 / dt d*z Fip %17

S\AB _ A 2B
° X7y =¢f €y

0j — i — L. Kl
o F —F—2,y€]le

Features:
Q@ Dot 2
@ Constraints: Gj = Vﬂrjﬂ
Co = ng 71';’,
C = ng €y

This leads to the Hamiltonian formulation of the U(1)?, regardless of the
value of v # 0
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Summary and outlook

Summary and outlook
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Summary and outlook

Conclusion and outlook

@ The significant linearity properties of the constraints helped us prove
two theorems to find the physical Hamiltonian.

@ We could find three physical Hamiltonians all of which were non-local
and linear in momenta.

@ An action for the Hamiltonian U(1)® model was found.

@ In [Thiemann *22, arXiv:2207.08302] , the reduced phase space quantisation of
this model has been obtained.

@ In [Thiemann *22, arXiv:2207.08302] , Dirac quantisation of this model has also
been done by exponentiation of hypersurface algebra.

@ In [Thiemann '22, arxiv:2207.08302] , & BF like path integral has been sketched
and now we are working on the spinfoam formulation for this theory to
compare it with the results coming from the other approaches of
quantisation.
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Thank You!



	Motivation and Introduction
	Problem of Dynamics in LQG
	What is the U(1)3 model?

	Toward the Reduced Phase Space Quantisation of the U(1)3 model
	Dirac Quantisation vs RPSQ
	(A,E) description vs (B,f) description
	Reduced Phase Dynamics in specific gauges

	Toward the Path Integral Quantisation of the U(1)3 model
	Ruled out Actions
	Twisted Self-Dual Model

	Summary and outlook

