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Problem of Dynamics in LQG [Madhavan Varadarajan’s talk]

Ashtekar canonical variables: (Ai
a, E

a
i ) , {Ea

i (x), A
j
b(y)} = δab δ

j
i δ

3(x, y)

Constraints: H(A,E) = 0, Ha(A,E) = 0, Gj(A,E) = 0

Kinematical constraints: group averaging technique

Hamiltonian constraint [Thiemann; CQG; 1998]

1 No UV divergences
2 Non-trivial kernel
3 Anomaly-free quantum algebra (the algebra closes)
4 Diff Covariant

1 Loop attachment ambiguities
2 No correct structure functions

Study simple theories sharing essential feature of the Dirac algebra

Sepideh Bakhoda The U(1)3 Model of Euclidean Quantum Gravity 3 / 18



Motivation and Introduction
Toward the Reduced Phase Space Quantisation of the U(1)3 model

Toward the Path Integral Quantisation of the U(1)3 model
Summary and outlook

Problem of Dynamics in LQG
What is the U(1)3 model?

Problem of Dynamics in LQG [Madhavan Varadarajan’s talk]

Ashtekar canonical variables: (Ai
a, E

a
i ) , {Ea

i (x), A
j
b(y)} = δab δ

j
i δ

3(x, y)

Constraints: H(A,E) = 0, Ha(A,E) = 0, Gj(A,E) = 0

Kinematical constraints: group averaging technique

Hamiltonian constraint [Thiemann; CQG; 1998]

1 No UV divergences
2 Non-trivial kernel
3 Anomaly-free quantum algebra (the algebra closes)
4 Diff Covariant

1 Loop attachment ambiguities
2 No correct structure functions

Study simple theories sharing essential feature of the Dirac algebra

Sepideh Bakhoda The U(1)3 Model of Euclidean Quantum Gravity 3 / 18



Motivation and Introduction
Toward the Reduced Phase Space Quantisation of the U(1)3 model

Toward the Path Integral Quantisation of the U(1)3 model
Summary and outlook

Problem of Dynamics in LQG
What is the U(1)3 model?

Problem of Dynamics in LQG [Madhavan Varadarajan’s talk]

Ashtekar canonical variables: (Ai
a, E

a
i ) , {Ea

i (x), A
j
b(y)} = δab δ

j
i δ

3(x, y)

Constraints: H(A,E) = 0, Ha(A,E) = 0, Gj(A,E) = 0

Kinematical constraints: group averaging technique

Hamiltonian constraint [Thiemann; CQG; 1998]

1 No UV divergences
2 Non-trivial kernel
3 Anomaly-free quantum algebra (the algebra closes)
4 Diff Covariant

1 Loop attachment ambiguities
2 No correct structure functions

Study simple theories sharing essential feature of the Dirac algebra

Sepideh Bakhoda The U(1)3 Model of Euclidean Quantum Gravity 3 / 18



Motivation and Introduction
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Toward the Path Integral Quantisation of the U(1)3 model
Summary and outlook

Problem of Dynamics in LQG
What is the U(1)3 model?

The U(1)3 model [Smolin 1992] [Barbero, Basquens, Diaz, Villasenor; JHEP; 2022] [Fernando Barbero’s talk]

Testing ground: Toy Models

Study simple theories sharing essential feature of the Dirac algebra

The difference between the U(1)3 model and the Euclidean GR:

Cj = ∂aE
a
j + ϵjklA

k
aE

a
l , F j

ab = 2∂[aA
j
b] + ϵjklA

k
aA

l
b (1)

Diffeomorphism and Hamiltonian constraints are

Ca = F j
ab E

b
j , C = [det(E)]−1/2F j

abϵjklE
b
kE

c
l (2)

Dirac Quantisation of the U(1)3 model

Dirac quantisation of this model has already been studied in great detail

[Tomlin, Varadarajan; PRD; 2013] [Varadarajan; PRD; 2013]

The idea

Quantise the U(1)3 model using other approaches and compare the results.
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(A,E) description vs (B, f) description

Constraints in the (A,E) description

Cj = ∂aE
a
j , Ca = F j

abE
b
j , C0 = F j

abϵjkl E
a
k Eb

l | det(E)|−1/2 (3)

Canonical transformation

Using asymptotically flat conditions [S.B, H.Shojaie, T.Thiemann; Universe; 2021], the
general form of the electric field satisfying the Guass constraints is

Ea
j = δaj + ϵabc∂bf

j
c (4)

The magnetic field Ba
j = ϵabc∂bA

j
c and f j

a are canonical variables.

Constraints in the (B, f) description

By defining: Hj
a = 1

2
ϵabc ϵjklEb

kE
c
l = det(E) (E−1)ja, one gets

Ĉj = ∂aB
a
j , C̃j = ϵjklB

a
kH

l
a, C̃0 = Ba

j H
j
a (5)
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Constraints in the (A,E) description

Cj = ∂aE
a
j , Ca = F j

abE
b
j , C0 = F j

abϵjkl E
a
k Eb

l | det(E)|−1/2

Constraints in the (B, f) description

Ĉj = ∂aB
a
j , C̃j = ϵjklB

a
kH

l
a, C̃0 = Ba

j H
j
a

Significant Properties

In the (A,E) description

1 The Gauss constraint is linear in E and is independent of A.

2 The other ones are linear in A.

In the (B, f) description

1 All constraints are linear in B.
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Reduced Phase Dynamics in specific gauges

i, j, · · · = 1, 2, 3; I, J, · · · = 1, 2; α, β · · · = x, y

Gauge fixings in the (A,E) description [S.B, T. Thiemann; CQG; 2021]

1 δIJ∂IA
j
J = 0︸ ︷︷ ︸

#=3

, ϵIJδ
IK∂KEJ

j = 0︸ ︷︷ ︸
#=3

, Ez
3 = f︸ ︷︷ ︸
#=1

, dof:(Aα
z︸︷︷︸

#=2

, Ez
α).

2 Aj
z = 0︸ ︷︷ ︸
#=3

, EI
α = f(x, y, τ)δIα︸ ︷︷ ︸

#=4

, dof:( A3
I︸︷︷︸

#=2

, EI
3 ).

Gauge fixings in the (B, f) description [S.B, T. Thiemann; CQG; 2021]

1 fα
I = σα

I (τ)︸ ︷︷ ︸
#=4

, f j
z = σj(τ)︸ ︷︷ ︸

#=3

, dof:( BI
3︸︷︷︸

#=2

, f3
I ).

2 f j
I = σj

I(τ)︸ ︷︷ ︸
#=6

, f3
z = σ(τ)︸ ︷︷ ︸

#=1

, dof:(Bz
α︸︷︷︸

#=2

, fα
z ).
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Physical Hamiltonians in the (A,E) description

The Physical Hamiltonians [S.B, T. Thiemann; CQG; 2021]

h =

∫
d3x A3

I ϵIJ [∂J(
1 + δIJE

I
3E

J
3

Ez
3

)− ∂zδJKEK
3 ] (6)

Features:

1 Linearity in momentum A3
I .

2 Non-polynomiality in the configuration variable EI
3 .

3 Spatial non-locality. (Because Ez
3 = 1− ∂−1

z ∂IE
I
3 )
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The Physical Hamiltonians [S.B, T. Thiemann; CQG; 2021]

h =

∫
d3x

[
∂−1
z

(
1 + (H1

z )
2 + (H2

z )
2

H1
x

)
∂IB

I
3 + ϵIJBI

3(∂zf
3
J)

]
(7)

h =

∫
d3x ϵαβ [fα

z (∂zB
z
β) + ϵIJBz

αH
β
I ∂J∂

−1
z H3

z ] (8)

Features:

1 Both are Linear in momentum.

2 The first one is non-polynomial and the second one is polynomial in
the configuration variable.
(Recall Hj

a = δja + ϵjkl(∂af
l
b − ∂bf

l
a)[δ

b
k + 1

2
ϵbde(∂df

k
e )])

3 Both are spatial non-local.

Quantisation [T. Thiemann; 2022]

The quantisation stage of this model has been completed in [T. Thiemann 2022,

arXiv:2207.08302]
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Proposed Actions

The U(1)3 model was introduced in the Hamiltonian formulation.

Smolin’s action [Smolin 1992]

S =
1

2

∫
d4x ϵµναβeiµe

j
νF

ij
αβ

No Hamiltonian constraint

D.o.f: 3

The U(1)6 Theory [S.B, T.Thiemann; CQG; 2022]

S =
1

2

∫
d4x F IJ

ABσ̂
AB
IJ

σ̂AB
IJ = Σ̂AB

IJ + 1
2γϵIJ

KLΣ̂AB
KL, Σ̂

AB
IJ = êA[I êBJ], ê

A
I = det({eJB})1/2 eAI

No local d.o.f.
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Twisted Self-Dual Model

Twisted Self-Dual Model [SB, T.Thiemann; CQG; 2022]

S =
1

2

∫
dt d3x F IJ

AB Σ̂AB
IJ

Σ̂AB
IJ = êA[I êBJ]

F 0j = F j = 1
2γ ϵjkl F

kl

Features:

1 D.o.f: 2

2 Constraints: Gj = ∇aπ
a
j ,

Ca = F j
ab π

b
j ,

C = F j
ab ϵjklπ

a
k πb

l

This leads to the Hamiltonian formulation of the U(1)3, regardless of the
value of γ ̸= 0
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Conclusion and outlook

The significant linearity properties of the constraints helped us prove
two theorems to find the physical Hamiltonian.

We could find three physical Hamiltonians all of which were non-local
and linear in momenta.

An action for the Hamiltonian U(1)3 model was found.

In [Thiemann ’22, arXiv:2207.08302] , the reduced phase space quantisation of
this model has been obtained.

In [Thiemann ’22, arXiv:2207.08302] , Dirac quantisation of this model has also
been done by exponentiation of hypersurface algebra.

In [Thiemann ’22, arXiv:2207.08302] , a BF like path integral has been sketched
and now we are working on the spinfoam formulation for this theory to
compare it with the results coming from the other approaches of
quantisation.
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