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•  (Freidel-Livine) Coherent States for LQGU(N)
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1 … λN
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2 λ2

2 … λN
2 )

where . This data is w.r.t. a given observer. Change to different 
observer’s frame of reference via a  rotation:

⃗a , ⃗b ∈ ℂN

SL(2,ℂ)

⃗a ′￼= α ⃗a + β ⃗b
⃗b ′￼= γ ⃗a + δ ⃗b
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Transformation

• the set of kinematic data corresponding to the scattering of  massless 
particles is labelled by a 2 dimensional plane in 

N
ℂN

The space of kinematic data for the scattering of N massless particles in 
Minkowski space consists of the set of all two-planes in , also known as the 
Grassmannian .

ℂN

Gr2,N
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|zi⟩ = (z0
i

z1
i ); ⟨zi | = (z̄i

0 z̄i
1)

|zi⟩⟨zi | =
1
2

(⟨zi ∣ zi⟩1 + ⃗J (zi) ⋅ ⃗σ )

∥Xi∥2 = ⟨zi ∣ zi⟩ = 2 Ai
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∥ ⃗X ∥2 − ∥ ⃗Y ∥2 = ∥z∥2 − ∥z̃∥2 = 0

• Construct edge holonomy and flux variables:


g(z, z̃) =
|z⟩[z̃ | − |z]⟨z̃ |

∥z∥∥z̃∥
∈ SU(2); X = ⃗X ⋅ σ ∈ 𝔰𝔲(2)

• Phase space reduction: ( |z⟩, | z̃⟩) → (g, X)

•   “double quotient”: those elements which satisfy 
area matching constraint and Poisson commute with this constraint.
T*[SU(2)] ≃ (ℂ2 × ℂ2)//U(1) ←
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numbers:

⃗α

D( ⃗α ) = exp [i∑
k

(αka†
k − α*k ak)]

• Generalised coherent states: D( ⃗α ) |0⟩ = | ⃗α ⟩

• Does  parametrise a classical phase space? … Yes. In the 
spinorial formulation of LQG: 

⃗α
⃗α := { |zi⟩}

• We need ladder operators  which act on the intertwiner Hilbert 
space

ak, a†
k
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•  satisfy harmonic oscillator commutators.a, a†, b, b†

• Fock states in SB representation:


na, nb⟩ = (a†)na (b†)nb

na!nb!
|0,0⟩

•“Energy/area operator” , satisfies:
ℰ =
1
2

(a†a + b†b)

J2 = ℰ(ℰ + 1)

| j; m⟩ ≡ na, nb⟩; where j =
1
2 (na + nb); m =

1
2 (na − nb)
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• Define pair-wise face “interaction” operators:





where:  , and .
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Hilbert space:  
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• Define pair-wise face 
annihilation operators:





also commute with 
Gauss constraint.

Fij = aibj − ajbi ; ∀i ≠ j
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where we have defined the matrix: ; in terms of which:z ≡ zij = [zi |zj⟩

Fz =
1
2 ∑

ij

z̄jiFij; F†
z =

1
2 ∑

ij

zjiF†
ij

• Using commutator identities between  and  we find the following:Eij F†
z

    E |J, zi) = 2J |J, zi)

•  the label  can be identified with the total area of the polyhedron.⇒ J

• Minimum uncertainty states: ; which vanishes in the limit of 
large .

ΔEij /⟨Eij⟩ ∼ 1/ J
J
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The space of unique labels of the FL coherent states is given 
by  which is precisely the Grassmannian : 
the set of all 2 planes in .

ℂ2n /GL(2,ℂ) Gr2,n
ℂn
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Scattering Amplitudes 
 massless particlesN

 Coherent IntertwinersU(N)

Gr2,N

Set of all 2 planes in ℂN
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|zi⟩⟨zi | =
1
2

(⟨zi ∣ zi⟩1 + ⃗J (zi) ⋅ ⃗σ )

• Summing over  and using the closure constraint:i

∑
i

|zi⟩⟨zi | =
1
2

(∑
i

⟨zi ∣ zi⟩1 + ∑
i

( ⃗Ji ) ⋅ ⃗σ )

=
1
2 ∑

i

⟨zi ∣ zi⟩1 = A(z) 1

where  is the total area of the polyhedron.A(z)

• In matrix form:

( |zi⟩⟨zi | )α ·α :=
1
2 ( J0 + Jz Jx + iJy

Jx − iJy J0 − Jz )
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• Compare with expression for momentum of massless particles:
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p1 − ip2 p0 − p3 ) ⇔ ( |zi⟩⟨zi |)α ·α
:=

1
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Jx − iJy J0 − Jz )
• Closure constraint corresponds to momentum conservation:





* spatial components of momenta point “inwards” for incoming particles and 
“outwards” for outgoing particles. All time-like components are positive.

∑ ⃗p i = ∑
in

⃗p − ∑
out

⃗p = 0 ≡ ∑ ⃗J i = 0
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p1 − ip2 p0 − p3 ) ⇔ ( |zi⟩⟨zi |)α ·α
:=

1
2 ( J0 + Jz Jx + iJy

Jx − iJy J0 − Jz )
• Closure constraint corresponds to momentum conservation:





* spatial components of momenta point “inwards” for incoming particles and 
“outwards” for outgoing particles. All time-like components are positive.

∑ ⃗p i = ∑
in

⃗p − ∑
out

⃗p = 0 ≡ ∑ ⃗J i = 0

• Total area of polyhedron corresponds to total energy of the scattering 
process:


N

∑
i=1

p0
i = 2E ⇔

N

∑
i=1

J0
i = 2A
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energy ∼ (length)−1 ∼ ( area)−1

• Semiclassical geometry corresponds to large values of the total area 
.J

• Semiclassical limit of the intertwiner state corresponds to the scattering 
of high energy particles; whereas the deep quantum part - when the 
values of face areas are close to the limiting value   - corresponds to 
the scattering of “soft” (low energy) particles.
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• What can one do with such a correspondence?

• Suggests that ; which is surprising, because one would 
think that .

area ∼ energy
energy ∼ (length)−1 ∼ ( area)−1

• Semiclassical geometry corresponds to large values of the total area 
.J

• Semiclassical limit of the intertwiner state corresponds to the scattering 
of high energy particles; whereas the deep quantum part - when the 
values of face areas are close to the limiting value   - corresponds to 
the scattering of “soft” (low energy) particles.

l2
p

• How can we explain this?
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Momentum-Complexity Correspondence
• Large body of work suggesting that spacetime should be viewed as a 

quantum circuit: Preskill/Hayden/2006; Swingle/2010; van Raamsdonk/2009; 
DV/2013; Pastawski et al./2014 … many works since …  Stanford, Brown, 
Susskind, Zhang, Ying. More recently Livine/Chen/2021 among others.
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DV/2013; Pastawski et al./2014 … many works since …  Stanford, Brown, 
Susskind, Zhang, Ying. More recently Livine/Chen/2021 among others.

• Scattering processes should be seen as computational processes where the 
“incoming” and “outgoing” particles correspond respectively to the input 

 and output  states of a quantum circuit.|Ψin⟩ |Ψout⟩

• Intertwiners are quantum gates: unitary operators which act on “incoming” 
edges and map them to “outgoing” edges.

• Amplitude-geometry correspondence suggests that intertwiner plays the 
role of the quantum circuit relating the incoming and outgoing states of a 
scattering process.

• States with large area correspond to semiclassical geometry. 


|J, zi) =
1

J + 1
(F†

z )J

J!
|0)
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there is a correspondence between the total momentum coming into or out 
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• Create large area intertwiner states by repeated application of  to the 
vacuum state.

F†
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• Assign a complexity to intertwiners. States with large areas are more 
complex than those with small areas.

• Jose Barbón and collaborators have shown (1912.05996, 2006.06607) that 
there is a correspondence between the total momentum coming into or out 
of any region of spacetime and the complexity of the spacetime geometry 
within that region.

• Extension of the  and  relations 
conjectured by Susskind, Brown and others.

Complexity ∼ Action Complexity ∼ Volume
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Momentum-Complexity (contd.)

• Consider the Fock vacuum state  as the minimum complexity state.|0)

• Create large area intertwiner states by repeated application of  to the 
vacuum state.

F†
z

• Assign a complexity to intertwiners. States with large areas are more 
complex than those with small areas.

• Jose Barbón and collaborators have shown (1912.05996, 2006.06607) that 
there is a correspondence between the total momentum coming into or out 
of any region of spacetime and the complexity of the spacetime geometry 
within that region.

• Extension of the  and  relations 
conjectured by Susskind, Brown and others.

Complexity ∼ Action Complexity ∼ Volume

• Change  of the total complexity of a bounded region is proportional to 
the total momentum  which enters (or leaves) the region.

δC
δP
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• Do intertwiners factorize? Factorization property of the Grassmannian 
suggests that this should be the case  Geometric equivalent of the BCFW 
factorisation relation for tree-level scattering amplitudes.
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• Do intertwiners factorize? Factorization property of the Grassmannian 
suggests that this should be the case  Geometric equivalent of the BCFW 
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• Scattering of massive particles can be described using two sets of spinors to 
express the momentum matrix:





what is the analog of this in the geometric picture?

pα ·α = λ1
αλ1·α + λ2

αλ2·α
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Further Directions
• Derive the Parke-Taylor formula for tree-level scattering of  gluons from the 

intertwiner picture.
N

• Do intertwiners factorize? Factorization property of the Grassmannian 
suggests that this should be the case  Geometric equivalent of the BCFW 
factorisation relation for tree-level scattering amplitudes.

⇒

• Scattering of massive particles can be described using two sets of spinors to 
express the momentum matrix:





what is the analog of this in the geometric picture?

pα ·α = λ1
αλ1·α + λ2

αλ2·α

• Grassmannian quantum gravity?
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That’s all folks
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Spinorial LQG
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•  are the normals to the two faces attached to either end of a single 
edge. They satisfy:

⃗X , ⃗Y

∥X∥2 = ⟨z ∣ z⟩; ∥Y∥2 = ⟨z̃ ∣ z̃⟩
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• Hilbert space of a graph with  edges is , cylindrical functions of 
the holonomies:   “position” representation

Ne ℒ2[SU(2)Ne]
ψ(h1, h2, …, hNe

) ←

• Fourier transform on group manifold via Peter-Weyl theorem (“momentum” 
representation):


ψ(g) = ∑
j;mn

f mn
j Dj

mn(g)

•  is  dimensional matrix. Can be viewed as map:
Dj
mn(g) (2j + 1) × (2j + 1)

Dj : ℋj → ℋj; or as Dj : ℋj ⊗ ℋj → ℂ

• Hilbert space of a single edge can be expressed as:


ℒ2(SU(2)) = ⊕j (ℋ ⊗ ℋ)

• On each edge there are two copies of the Hilbert space of a spin  particle.j
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• Gauge coherent states:

• Thiemann/Winkler/2001; Thiemann/2006; 

• Coherent spin networks: Bianchi/Magliaro/Perini/2010; 

• FLRW models: Liegener/Dapor/2018, Liegener/Zwicknagel/2020, Liegener/
Rudnicki/2021

•  coherent states:U(N )

• Twisted geometries: Freidel/Speziale/2010; Twistors: Freidel/Speziale/2010

• Coherent  intertwiners: Freidel/Livine/2010 ,“U(N) coherent states …”; 
Freidel/Livine/2010, “Fine structure of U(N) coherent states …”

U(N )

hal-03438842, Vaid, Suresh, 2021 25 / 22



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22

Spinors |z⟩ = (z0

z1); ⟨z | = (z̄0 z̄1)



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22

Spinors

Dual spinors

|z⟩ = (z0

z1); ⟨z | = (z̄0 z̄1)

|z] = ϵ | z̄] = (−z̄1

z̄0 ); where ϵ = (0 −1
1 0 )



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22

Spinors

Dual spinors

Spinor bilinears

|z⟩ = (z0

z1); ⟨z | = (z̄0 z̄1)

|z] = ϵ | z̄] = (−z̄1

z̄0 ); where ϵ = (0 −1
1 0 )

⟨x |y⟩ = [y |x] = x̄0y0 + x̄1y1

[x |y⟩ = − [y |x⟩ = x0y1 − x1y0



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22

Spinors

Dual spinors

Spinor bilinears

Spinor outer 
product

|z⟩ = (z0

z1); ⟨z | = (z̄0 z̄1)

|z] = ϵ | z̄] = (−z̄1

z̄0 ); where ϵ = (0 −1
1 0 )

⟨x |y⟩ = [y |x] = x̄0y0 + x̄1y1

[x |y⟩ = − [y |x⟩ = x0y1 − x1y0

|z⟩⟨z | =
1
2

(⟨z ∣ z⟩1 + ⃗J (z) ⋅ ⃗σ )



Spinor Notation

hal-03438842, Vaid, Suresh, 2021 26 / 22

Spinors

Dual spinors

Spinor bilinears

Spinor outer 
product

Face areas

|z⟩ = (z0

z1); ⟨z | = (z̄0 z̄1)

|z] = ϵ | z̄] = (−z̄1

z̄0 ); where ϵ = (0 −1
1 0 )

⟨x |y⟩ = [y |x] = x̄0y0 + x̄1y1

[x |y⟩ = − [y |x⟩ = x0y1 − x1y0

|z⟩⟨z | =
1
2

(⟨z ∣ z⟩1 + ⃗J (z) ⋅ ⃗σ )

∥X∥2 = ⟨z ∣ z⟩ = 2 A


