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Z = ∑
At-values

eiSARState sum model:  Does that lead to GR? 

Discrete level:

Need to impose constraints (weakly) to reproduce discretized GR. 

Continuum Limit:

Does lead to GR! 

Even Barrett-Crane can lead to GR.Effective spin foam for EPRL/FK.

[BD, BD-Kogios]
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But we know:  Constraining variations of areas to configurations arising from length assignments (aka simplicity constraints), 

                      we  reproduce discrete gravity equation of motion. 

Area-Length constraints:  • Polynomial equations in areas

• Diophantine equations for discrete areas. 

There are very few solutions, does not allow for semi-classical limit.
Can only impose constraints ‘weakly’, allowing for some deviations.

[Asante-BD- Haggard 2020]

Discrete (independent) area spectra force enlargement of length configuration space.
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The Barbero-Immirzi  parameter is an 

anomaly parameter and controls 

how sharply we can implement constraints.

Also for bi-vector simplicity constraints:  Becomes partially second class upon quantization.  Anomaly controlled by .

Thus weak implementation of (part of the) simplicity constraints in EPRL/FK.                                                          

                                                     

γ [EPRL/FK, Perez;  

with edge modes: Freidel-Geiller-Pranzetti]

[BD, Ryan 2010]
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Attach intertwiner coherent state to each  pair:τ ⊂ σ

|𝒦(ϕτ; Φτσ(A))⟩
‘Integrate out’ angles

Gσ,σ′￼(A)
Coupling of   and σ σ′￼

(Approx) Gaussian factors, 

with spread controlled by .γ

Z = ∑
At-values

eiSAR ∏
τ

Gσ,σ′￼Effective spin foam model: 

Oscillating factor
 with Area Regge action

Gaussian factor peaked 
on constraints.

Does that lead to discrete GR? 

Yes, but  needs to be small. 

Due to general issue due to anomaly / ‘weak constraint implementation’. 

 

(There seems to be a gap in the literature.)

γ

[Livine-Speziale]
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[Asante, BD, Padua-Arguelles 2021 and 2022]

• Using :  appears as 20-j symbol in  spin foam model for Poincare (higher gauge) groupexp(iSRegge)
[ Girelli-Pfeiffer-Popescu,   Baratin-Freidel,   Mikovic-Vojnovic,   Asante-BD-Girelli-Riello-Tsimiklis ]

• Barrett-Crane spin foam model:  Semi-classical limit described by Area-Regge action   Effective spin foams without constraints⇒

• Conjecture: Integrating out intertwiners in EPRL/FK  leads to  same form as effective spin foams 
[First indications:  Asante-Simao-Steinhaus ]

• Does define transition amplitudes for LQG Hilbert space!



Do (effective) spin foams work?
Is  ‘weak constraint implementation’ sufficient to obtain correct semi-classical limit? 
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But how small? 

 has to be small.γ

So far the only explicit path integral evaluation of expectation values, testing EOM. 

Important effects beyond saddle point evaluation, but leading to a better than expected picture.

 
[Asante-BD-Haggard 2020 CQG ]



Testing effective spin foams
 
[Asante-BD-Haggard 2020 ]

Computation of area expectation values by full non-perturbative evaluation of path integral for triangulation with inner edge.
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di↵erent classical values for the bulk curvature angles. This will allow us to identify a regime for
these three parameters, in which the expectation values do approximate well the classical values
and which one therefore can consider as ‘semi–classical’.

Let us note that the observables are not di↵eomorphism invariant or Dirac observables in the
sense of e.g. [3]. Indeed, di↵eomorphism symmetry is generically broken in 4D discrete grav-
ity, including Regge gravity, due to the presence of curvature [4]. In addition, violations of the
shape matching constraints can also lead to a breaking of di↵eomorphism symmetry, even for flat
configurations [34].

Here we aim to compare expectation values of the e↵ective spin foam model with classical
solutions of Regge calculus. We can therefore use functions of the configuration variables, which
can be defined in the Regge calculus set-up, as observables. This includes areas and deficit angles of
specific triangles in the triangulation. This will be su�cient for our purposes – a more sophisticated
approach will be needed, however, if one aims to compare spin foam observable with continuum
general relativity.

For the definition of the expectation values we have to also specify boundary states. Here we
will choose boundary states that are eigenstates of the area operators and are coherent with respect
to the 3D angle degrees of freedom, that is the intertwiners associated to the boundary tetrahedra
[45]. The coherent states are peaked on angles satisfying the shape matching constraints. This
allows us to match our boundary data with the data of (length) Regge calculus.

Choosing the same coherent states as for the definition of the e↵ective spin foam model in
(4.11), we can formally integrate out the 3D angles in the bulk and the boundary tetrahedra. This
results, as in (4.9), in inner products between the coherent states, which we approximate here by
Gaussian factors. We specified these Gaussian factors in section V.

The expectation value of an observable O is then given by

hOi =

P
jA1 ,jA2 ,jA3

exp
�
i
~SAR

�
Tria�I Tria�II G

I
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B
O

P
jA1 ,jA2 ,jA3
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i
~SAR

�
Tria�I Tria�II GIGIIGB

(6.1)

where the action SAR, the factor implementing the triangle inequalities Tria� and the Gaussian
factors G

I
, G

II and G
B have been introduced in section IV and V. As we discussed in section IV

we sum over integer spins jAi > 0.
A priori the summation is over an unbounded range of spins jA1 , jA2 , jA3 > 0. This range is

in our case reduced to a finite one by the triangle inequalities. A further, for larger spin quite
drastic reduction, appears through the Gaussian factors, which implement the constraints weakly.
Indeed, classically, the constraints reduce the three bulk area parameters to just one bulk length
parameter. The summation over several variables is the most time demanding step, it is therefore
advantageous to first identify the range of spins where (a) the triangle inequalities are satisfied and
(b) the product of the Gaussian factors is above a certain threshold value. Appendix C gives more
details on this and other aspects of the numerical implementation.

A. Examples with very small curvature angle

We will now consider boundary values, for which the solution has very small deficit angles

✏1(tsol) = 0 , ✏2(tsol) = ✏3(tsol) = 0.034 . (6.2)

The boundary lengths are given by

a = 5.590
p

� , b = 8.944
p

� , c = d = 2.969
p

� (6.3)

Low curvature
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Additionally, the G-factors do suppress a growing portion of the region allowed by the triangle
inequalities for growing ⇤, and here in particular the portion where "2 (and "3) are negative, see
Fig 6. The reason for that is that the linear extension for this region grows with ⇤, whereas the
deviation ⌃(j) for the G-factors grows only with

p
⇤, see (4.10).

We will see that this mismatch of the expectation values with the classical solution basically
disappears for su�ciently large ⇤. But we note that this appearance of the mismatch for smaller ⇤
can be considered to result – at least in this example – from the weak imposition of the constraints.

To explain some features of the expectation values it is will be helpful to consider first the
behaviour of the partition function as a function of the Barbero-Immirzi parameter �. To this end
we note that we computed the sums appearing in (6.1) keeping the �–parameter general. We will
therefore show the results, i.e. the absolute value of the partition function, and the expectation
values, as continuous functions of �. We will see that for certain region of �, these functions are
oscillating with a very high frequency – the graph might then appear to be thickened into a blob.

Fig. 7 shows the absolute value of the partition function for ⇤ = 10, 20, 40, 80. (The phase
shows extremely rapid oscillations over the entire range of 0 < � < 1.5.)
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Figure 7: Absolute value of the partition function and normalized expectation values for the areas A1 and
A2 for boundary values leading to a very small curvature solution.

The absolute values for the partition functions appear do decrease monotonously up to a value
of � ⇠ 0.55. We then have an oscillatory behaviour with relatively high frequency and small
amplitude, up to a value of � ⇠ 0.72. The value for the onset of these oscillations does almost
not seem to change with scale ⇤, whereas the frequency of these oscillations (as a function of �)
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A. Examples with very small curvature angle

We will now consider boundary values, for which the solution has very small deficit angles

✏1(tsol) = 0 , ✏2(tsol) = ✏3(tsol) = 0.034 . (6.2)

The boundary lengths are given by

a = 5.590
p

� , b = 8.944
p

� , c = d = 2.969
p

� (6.3)

Low curvature
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Additionally, the G-factors do suppress a growing portion of the region allowed by the triangle
inequalities for growing ⇤, and here in particular the portion where "2 (and "3) are negative, see
Fig 6. The reason for that is that the linear extension for this region grows with ⇤, whereas the
deviation ⌃(j) for the G-factors grows only with

p
⇤, see (4.10).

We will see that this mismatch of the expectation values with the classical solution basically
disappears for su�ciently large ⇤. But we note that this appearance of the mismatch for smaller ⇤
can be considered to result – at least in this example – from the weak imposition of the constraints.

To explain some features of the expectation values it is will be helpful to consider first the
behaviour of the partition function as a function of the Barbero-Immirzi parameter �. To this end
we note that we computed the sums appearing in (6.1) keeping the �–parameter general. We will
therefore show the results, i.e. the absolute value of the partition function, and the expectation
values, as continuous functions of �. We will see that for certain region of �, these functions are
oscillating with a very high frequency – the graph might then appear to be thickened into a blob.

Fig. 7 shows the absolute value of the partition function for ⇤ = 10, 20, 40, 80. (The phase
shows extremely rapid oscillations over the entire range of 0 < � < 1.5.)

0

1000

2000

3000

0.55 0.60 0.65 0.70
0

400

800

0.8

1.

1.2

1.4

0.55 0.60 0.65 0.70
0.90

0.95

1.00

1.05

1.10

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.8

1.

1.2

1.4

0.55 0.60 0.65 0.70
0.90

0.95

1.00

1.05

1.10

|Z
|

R
eh
A

2
i
/
A

2
so

l
R
eh
A

1
i
/
A

1
so

l

�

⇤ = 10
⇤ = 20
⇤ = 40
⇤ = 80

Figure 7: Absolute value of the partition function and normalized expectation values for the areas A1 and
A2 for boundary values leading to a very small curvature solution.

The absolute values for the partition functions appear do decrease monotonously up to a value
of � ⇠ 0.55. We then have an oscillatory behaviour with relatively high frequency and small
amplitude, up to a value of � ⇠ 0.72. The value for the onset of these oscillations does almost
not seem to change with scale ⇤, whereas the frequency of these oscillations (as a function of �)

Surprises:
-threshold behaviour for oscillations
-threshold values independent of scale Lambda

Oscillations due to non-perturbative effects, resulting from
interplay of discrete spectra and constraint implementation
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deficit angle of the bulk triangle. The expectation values of a given observable O is defined as

hOi =

P
at
O(at)A(at)P
at
A(at)

(6.1)

where the amplitudes A(at) are defined in (4.10), with the understanding that Z =
P

at
A(at).

�

Abs(Z)
� = 20

� = 10

� = 5

FIG. 1: This plot shows the absolute value of the partition function for a configuration with one bulk triangle, discussed in
section VIB. The G-factors are peaked on an area value, leading to a curvature ✏c ' 0.667. We show Abs(Z) for three di↵erent
sets of boundary data, which just di↵er by a global scaling factor �. Although Abs(Z) appears to be zero over large ranges of
�, it is actually just extremely small, see Figure 2 for a zoom into � 2 (0.5, 1), where Abs(Z) values range from approximately
10�11 to 10�9.

As was noted in [17], the behaviour of the absolute value of the partition function as a function of � gives already an
indication of how the expectation values behave. Note that the absolute value of the partition function will typically
drop sharply and monotonously from � = 0 up to some configuration dependent threshold value. Figure 1 shows an
example where the absolute values drop by a factor of around 10�10. This drop is more pronounced for configurations
with larger curvature (compare with Figure 6 which shows an example with lower curvature) and can be interpreted
as a ‘suppression’ of configurations with curvature, indicative of the flatness problem for spin foams [18]. This drop
alone is actually not so problematic for the expectation values, as these are defined via the quotient in (6.1). We
indeed find that the semi-classical regime includes �–values for which Abs(Z) is relatively small. But the interplay
between the G-factors, the oscillations of the amplitude, and the discreteness of the sum, can lead to quite pronounced
minima in Abs(Z). Figure 2 shows one such example, where a ‘sharp’ minimum occurs around � ⇡ 0.515.
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FIG. 2: The left panel shows Abs(Z) for � = 20 for the same configuration as in Figure 1, but for a smaller range of �’s. This
reveals a fine structure in Abs(Z), and a particular a series of minima, the first of which occurs around � ⇡ 0.5148. The right
panel shows the product of the G-factors and exp( ı

~SAR) for this value of � = 0.5148. For this configuration the oscillations
average the product of the G-factors to almost zero.

Here we have that the oscillations of the amplitude, which occur over the widths of the Gaussian factor, average
this Gaussian factor to almost zero, see the right panel of Figure 2. This can be considered to be an anti-resonance
e↵ect. Such an e↵ect will typically appear for the examples with larger curvature. The smallest �–value leading to
such an e↵ect will give an upper bound for the semi-classical regime. Indeed we will see that such minima lead to
sudden jumps for the expectation values, see Figure 5.
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Computation of area expectation values by full non-perturbative evaluation of path integral for triangulation with inner edge.

Testing effective spin foams  
[Asante-BD-Haggard 2020 ]
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A similar behaviour can be observed for ✏2 and ✏3. For all three angles the matching is somewhat
less perfect, but in Regime II the mismatch is smaller for larger ⇤.

In summary – depending on the amount of mismatch one deems acceptable, one can declare
Regime II-V as semiclassical, with Regime II showing minimal mismatches for su�ciently large
scale. However in regime V the (maximal) size of the mismatch is ⇤–dependent – and grows with
⇤ for ⇤ larger than a certain threshold value of around ⇤ = 20. Thus one might not accept Regime
V as semi-classical anymore for e.g. ⇤ = 40.

C. Examples with large curvature angle

The last family of examples we will discuss has relatively large deficit angles:

✏1(tsol) = 4.193 , ✏2(tsol) = �1.790 , ✏3(tsol) = �1.1432 . (6.8)

The boundary lengths are given by

a = 15.280
p

� , b = 19.140
p

� , c = 20.356
p

� , d = 19.661
p

� (6.9)

leading to a solution tsol = 20.125
p
�. The boundary areas and the values for the bulk areas at

t = tsol are given by

B1 = 114� , B2 = 116� , B3 = 115� , A
sol
1 = 115.7� , A

sol
2 = 178.1 , Asol

3 = 170.0� . (6.10)

We calculated the partition functions and expectation values for � = ⇤�`2P with ⇤ = 1, 2, 4.
Note that these scales here correspond approximately to the scales ⇤ = 10, 20, 40 in the previous
examples.

Here we see again that the behaviour in the norm of the partition function is reflected in the
behaviour of the expectation values, see Fig. ??. We can see that beyond � > 0.4 we do not have
a semi-classical regime and we are therefore focussing on � / 0.4.

For � < 0.1 the norm of the partition function is larger for larger ⇤. This order is however
inverted for � > 0.2 and the ⇤ = 4 norm shows strongly oscillatory behaviour, starting at approx-
imately � ⇠ 0.15. Thus the oscillations of the expectation values in � will have larger amplitude
for larger scale ⇤.

Put plot of area and angle expectation values for � < 0.4.
We can di↵erentiate between the following regimes:

• Regime I (� / 0.01): Here � is too small to lead to a reliable semi-classical regime. The
on-set of a reliable regime moves to smaller values of � for growing ⇤.

• Regime II (0.01 / � / 0.14): The (area) expectation values match well to the classical
values.

• Regime III (0.14 / � / 0.34): The expectation values show oscillations, with an amplitude
depending quite strongly on the scale. For ⇤ = 1 the maximal mismatch for A1 is under 10
percent, and for A2 it is between 10 and 20 percent. For ⇤ = 4 the oscillations are too large
for this regime to be acceptable as semi-classical.

• Regime IV (0.34 / � / 0.6): The expectation values for ⇤ = 1 and ⇤ = 2 are are strongly
oscillating, and this regime cannot be considered as semi-classical.
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Figure 13: Absolute value of the partition function and real part of the expectation value for A1 for an
example with large curvature angles.

The areas are quite well matched in Regime II, but this is less the case for the deficit angles,
see Fig. ??. There is also more of a systematic mismatch for the deficit angles in Regime III for
⇤ = 2 and – less so – for ⇤ = 1.

To summarize, in contrast to the low curvature example, the identification of a semi-classical
regime is, for this example, quite strongly scale dependent. Regime II can be considered as semi-
classical for ⇤ = 1, 2 and ⇤ = 4. Regime III is not semi-classical anymore for ⇤ = 4, and depending
on how much mismatch one wants to accept for the deficit angles, one may only declare a part of
Regime III semiclassical for ⇤ = 2.

We could therefore argue that the heuristic argument leading to equation (3.7), which suggest a
�–dependent bound on the scale for the semi-classical regime, does apply to this example. But we
see also here, that an important factor determining a reliable semi-classical regime is the occurrence
of oscillations in the norm of the partition function as a function of �.

D. Summary of behaviour found in the examples

In summary we have uncovered a surprising rich behaviour of the expectation values, when con-
sidered for varying Barbero-Immirzi parameter �, di↵erent scales and di↵erent classical curvature
values.

The arguments in section III suggested a bound �
p
j✏ / O(1) for the identification of a semi-

classical regime. Our results suggest some modification to this bound. We have seen in particular,
that the identification of a semi-classical regime does depend a lot on the appearance of oscillations
at certain threshold values for �:

Reproduce classical EOM for 

 γ < 0.15⋯0.3



Computation of area expectation values by full non-perturbative evaluation of path integral for triangulation with inner edge.

Testing effective spin foams  
[Asante-BD-Haggard 2020 ]

Very large curvature
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A similar behaviour can be observed for ✏2 and ✏3. For all three angles the matching is somewhat
less perfect, but in Regime II the mismatch is smaller for larger ⇤.

In summary – depending on the amount of mismatch one deems acceptable, one can declare
Regime II-V as semiclassical, with Regime II showing minimal mismatches for su�ciently large
scale. However in regime V the (maximal) size of the mismatch is ⇤–dependent – and grows with
⇤ for ⇤ larger than a certain threshold value of around ⇤ = 20. Thus one might not accept Regime
V as semi-classical anymore for e.g. ⇤ = 40.

C. Examples with large curvature angle

The last family of examples we will discuss has relatively large deficit angles:

✏1(tsol) = 4.193 , ✏2(tsol) = �1.790 , ✏3(tsol) = �1.1432 . (6.8)

The boundary lengths are given by

a = 15.280
p

� , b = 19.140
p

� , c = 20.356
p

� , d = 19.661
p

� (6.9)

leading to a solution tsol = 20.125
p
�. The boundary areas and the values for the bulk areas at

t = tsol are given by

B1 = 114� , B2 = 116� , B3 = 115� , A
sol
1 = 115.7� , A

sol
2 = 178.1 , Asol

3 = 170.0� . (6.10)

We calculated the partition functions and expectation values for � = ⇤�`2P with ⇤ = 1, 2, 4.
Note that these scales here correspond approximately to the scales ⇤ = 10, 20, 40 in the previous
examples.

Here we see again that the behaviour in the norm of the partition function is reflected in the
behaviour of the expectation values, see Fig. ??. We can see that beyond � > 0.4 we do not have
a semi-classical regime and we are therefore focussing on � / 0.4.

For � < 0.1 the norm of the partition function is larger for larger ⇤. This order is however
inverted for � > 0.2 and the ⇤ = 4 norm shows strongly oscillatory behaviour, starting at approx-
imately � ⇠ 0.15. Thus the oscillations of the expectation values in � will have larger amplitude
for larger scale ⇤.

Put plot of area and angle expectation values for � < 0.4.
We can di↵erentiate between the following regimes:

• Regime I (� / 0.01): Here � is too small to lead to a reliable semi-classical regime. The
on-set of a reliable regime moves to smaller values of � for growing ⇤.

• Regime II (0.01 / � / 0.14): The (area) expectation values match well to the classical
values.

• Regime III (0.14 / � / 0.34): The expectation values show oscillations, with an amplitude
depending quite strongly on the scale. For ⇤ = 1 the maximal mismatch for A1 is under 10
percent, and for A2 it is between 10 and 20 percent. For ⇤ = 4 the oscillations are too large
for this regime to be acceptable as semi-classical.

• Regime IV (0.34 / � / 0.6): The expectation values for ⇤ = 1 and ⇤ = 2 are are strongly
oscillating, and this regime cannot be considered as semi-classical.
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Figure 13: Absolute value of the partition function and real part of the expectation value for A1 for an
example with large curvature angles.

The areas are quite well matched in Regime II, but this is less the case for the deficit angles,
see Fig. ??. There is also more of a systematic mismatch for the deficit angles in Regime III for
⇤ = 2 and – less so – for ⇤ = 1.

To summarize, in contrast to the low curvature example, the identification of a semi-classical
regime is, for this example, quite strongly scale dependent. Regime II can be considered as semi-
classical for ⇤ = 1, 2 and ⇤ = 4. Regime III is not semi-classical anymore for ⇤ = 4, and depending
on how much mismatch one wants to accept for the deficit angles, one may only declare a part of
Regime III semiclassical for ⇤ = 2.

We could therefore argue that the heuristic argument leading to equation (3.7), which suggest a
�–dependent bound on the scale for the semi-classical regime, does apply to this example. But we
see also here, that an important factor determining a reliable semi-classical regime is the occurrence
of oscillations in the norm of the partition function as a function of �.

D. Summary of behaviour found in the examples

In summary we have uncovered a surprising rich behaviour of the expectation values, when con-
sidered for varying Barbero-Immirzi parameter �, di↵erent scales and di↵erent classical curvature
values.

The arguments in section III suggested a bound �
p
j✏ / O(1) for the identification of a semi-

classical regime. Our results suggest some modification to this bound. We have seen in particular,
that the identification of a semi-classical regime does depend a lot on the appearance of oscillations
at certain threshold values for �:
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Discrete gravity from spin foams

• areas are independent variables

• have discrete (equi-distant) spectrum

• Anomaly in Area-Length constraints

• Controlled by  = Anomaly parameterγ

• Forces weak implementation

• Anomaly parameter should be small

for proper semi-classical limit

Expectation values recover discrete gravitational equations of motions - for a larger range of     than expected.γ

(Configurations with inner edge (three inner triangles) better behaved than configuration with just one triangle.)

 
[Asante-BD-Haggard 2020 ]



Reproducing continuum GR
         (and corrections)

Surprise:  The dynamics in the continuum limit provides a 

              mechanism to suppress the Area-Length constraints, 

              without any explicit constraint implementation.



Continuum limit for the Area Regge action
Despite its importance for spin foams, almost nothing was known about the continuum limit of the Area Regge Action. 

Equation of motion: 0 = ϵt(At) Curvature + Shape Mismatch =0

But discrete canonical analysis shows that it has much more propagating dof’s than Length Regge Action.
 
[Asante-BD-Haggard 2018 ]
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[BD 2021] 
[BD, Kogios  2022]

First analysis of (linearized) Area Regge action on hyper-cubic lattices and extraction of continuum limit.

Crucial (non-trivial) step:   Split variables according to the order in which they contribute to the continuum limit.

                                       Determined by scaling of Hessian blocks in derivatives. 
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[BD 2021] 
[BD, Kogios  2022]

First analysis of (linearized) Area Regge action on hyper-cubic lattices and extraction of continuum limit.

Crucial (non-trivial) step:   Split variables according to the order in which they contribute to the continuum limit.

                                       Determined by scaling of Hessian blocks in derivatives. 

       Finding:   The two leading orders for the continuum limit result from variables forming an  Area Metric. 

                     The Area Metric has 20 components and can be parametrized by 

                        -length metric     and                    (trace part)

                        -10 additional components            (trace-free part)

h
χ

[BD, Kogios  2022]



Continuum limit for the Area Regge action

Crucial for continuum behaviour:  Scaling of the Hessian blocks in derivatives.   

Hessian blocks in length metric:  Gives discretized Einstein-Hilbert action.  Second order in derivatives.  

Heff = Hhh − HhχH−1
χχ Hχh

GR  “Correction” 
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Crucial for continuum behaviour:  Scaling of the Hessian blocks in derivatives.   

Hessian blocks in length metric:  Gives discretized Einstein-Hilbert action.  Second order in derivatives.  
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h χ

χ
k2

k2

Possibilities:  

k0

k0

Heff = Hhh − HhχH−1
χχ Hχh

GR  “Correction” 

Correction ∼ k−2

The “Correction” would dominate

In the continuum limit. 

Even if we do implement the constraints.
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h χ

χ
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k2
k2

k2

Correction ∼ k2

The “Correction” would is at the same

order as the GR part.

Constraints needed to make it subdominant.
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k2

Correction ∼ k4

Higher order correction.

Constraints are not even needed.



Continuum limit for the Area Regge action

Crucial for continuum behaviour:  Scaling of the Hessian blocks in derivatives.   

Hessian blocks in length metric:  Gives discretized Einstein-Hilbert action.  Second order in derivatives.  

The dynamics of Area Regge leads to: 

Heff = Hhh − HhχH−1
χχ Hχh

GR  “Correction” 

h

h χ

χ
k2

k0
k2

k2

Correction ∼ k4

Higher order correction.

Constraints are not even needed.



Area Regge = GR - Weyl^2 
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[BD, Kogios  2022]



Area Regge = GR - Weyl^2 

H ⋅ h ∼ εεRiemann

h

h χ

χ
k2

k0
k2

k2

Correction ∼ k4

h ⋅ H ⋅ h ∼ Einstein-Hilbert χ ⋅ H ⋅ h ∼ − χ ⋅ Weyl

Correction ∼ − Weyl2 + 𝒪(k6)

[BD, Kogios  2022]



Area Regge = GR+ Weyl^2 

H ⋅ h ∼ εεRiemann

h

h χ

χ
k2

k0
k2

k2

Correction ∼ k4

h ⋅ H ⋅ h ∼ Einstein-Hilbert

Correction ∼ − Weyl2 + 𝒪(k6)

• Dynamics of Area Regge calculus gives (Planck) mass to Area-Length constraint dof’s.

• Do not need an explicit constraint implementation.

• Even if we do:  Result does not change in an essential way.

• Universality:  Spin foam models differ in how/ whether constraints are implemented.

                      But this does not seem to matter in the continuum limit.

[BD, Kogios  2022]

[to appear]

χ ⋅ H ⋅ h ∼ − χ ⋅ Weyl



Effective actions for the continuum limit of spin foams
           directly from continuum action.
 Reviving the modified Plebanski action program.

[Borissova, BD 2022]

[Krasnov 2006]
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Spinfoam quantization
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Effective actions for the continuum limit of spin foams
           directly from continuum action.
 Reviving the modified Plebanski action program.

Plebanski formulation for GR

Spinfoam quantization
Simplicity constraints partially imposed only weakly

Semi-classical limit: 
Area-Regge action

Continuum limit:
Area-metrics 

Seff = GR + Weyl2 + 𝒪(∂6)

For continuum action:
Simplicity constraints partially imposed only weakly

?

[Borissova, BD 2022]



Modified Plebanski actions

[Krasnov  2006, …] Replace simplicity constraints with potential for the corresponding degrees of freedom.
                            (Hope: Renormalization flow = flow of potential)

[Freidel  2008, Krasnov, …] Surprise! For chiral theory modified Plebanski still leads to (a deformation of) GR.

[Alexandrov-Krasnov 2009, Speziale 2010] For non-chiral theory general modified Plebanski leads to (messy) bi-metric theory.
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                            (Hope: Renormalization flow = flow of potential)

[Freidel  2008, Krasnov, …] Surprise! For chiral theory modified Plebanski still leads to (a deformation of) GR.

[Alexandrov-Krasnov 2009, Speziale 2010] For non-chiral theory general modified Plebanski leads to (messy) bi-metric theory.

Strategy for determining dynamics: • Integrate out connection and Lagrange multipliers
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Modified Plebanski actions

[Krasnov  2006, …] Replace simplicity constraints with potential for the corresponding degrees of freedom.
                            (Hope: Renormalization flow = flow of potential)

[Freidel  2008, Krasnov, …] Surprise! For chiral theory modified Plebanski still leads to (a deformation of) GR.

[Alexandrov-Krasnov 2009, Speziale 2010] For non-chiral theory general modified Plebanski leads to (messy) bi-metric theory.

Strategy for determining dynamics: • Integrate out connection and Lagrange multipliers
• Leaves us with second order action for B-fields
• Use clever parametrization of B-fields in terms of two length metrics  and 

two uni-modular internal su(2) metrics: 
• Simplicity constraints: 

g+, g−, q+, q−

g+ = g− and q± = Id

[Bengtsson 1995]

[Freidel 2008]

What we have to choose: • Which simplicity constraints to impose strongly and which only by potential term
• We want to reproduce:  Area metric as free variable
• Effective action from Area Regge (as far as determined)

 [Freidel 2008, Speziale 2010]

[Borissova, BD 2022]



Effective actions for the continuum limit of spin foams

Choose: •   imposed strongly
•   imposed weakly via Potential

• Leaves us with 20 degrees of freedom, can be packaged into  Area Metric  

g+ = g−

q± ≈ Id

A = A(g, q+, q−)

[Borissova, BD 2022]
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Linearized action: S = 1 + γ−1

2 ∫ ℒGR(hμν + χ+
μν) + 1 − γ−1

2 ∫ ℒGR(hμν + χ−
μν)

+ 1 + γ−1

8 ∫ m2
+ χ+

μν χ+μν + 1 − γ−1

8 ∫ m2
− χ−

μν χ−μν

Effective action: 
Seff = ∫ ℒGR(hμν)−

1
4 ( 1

m2
+ + Δ

+
1

m2
− + Δ )Weyl2(hμν)

Ghost-free version of Einstein-Weyl Gravity.
Barbero-Immirzi-parameter only through mass terms. 
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Linearized action: S = 1 + γ−1

2 ∫ ℒGR(hμν + χ+
μν) + 1 − γ−1

2 ∫ ℒGR(hμν + χ−
μν)

+ 1 + γ−1
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μν χ+μν + 1 − γ−1
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− χ−

μν χ−μν

Effective action: 
Seff = ∫ ℒGR(hμν)−

1
4 ( 1
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+ + Δ

+
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m2
− + Δ )Weyl2(hμν)

Ghost-free version of Einstein-Weyl Gravity.
Barbero-Immirzi-parameter only through mass terms. 

Area Regge action 

−−

Compatible with 
Effective action found 
From Area Regge action



Effective actions for the continuum limit of spin foams
• Can model enlargement of configuration space also in the continuum:  Area instead of Length metrics

• Modified Plebanski approach gives effective action consistent with Area Regge calculus result

• Puzzling sign difference for coupling between  and   (can be easily removed by field redefinition)

  Future work:  consider Area-Angle action.

h χ

Are there universality arguments for area metric actions?  



Effective actions for the continuum limit of spin foams
• Can model enlargement of configuration space also in the continuum:  Area instead of Length metrics

• Modified Plebanski approach gives effective action consistent with Area Regge calculus result

• Puzzling sign difference for coupling between  and   (can be easily removed by field redefinition)

  Future work:  consider Area-Angle action.

h χ

•  dof’s  are microscopic / Planck scale degrees of freedom  

• There is hair for black holes in Einstein-Weyl gravity

• We obtain a ghost-free version of Einstein-Weyl gravity

• Can extend to non-linear theory

χ

New opportunities for spin foam phenomenology!
[Perez]

Are there universality arguments for area metric actions?  



Fully non-perturbative continuum limit

• Here we assumed that ‘perturbative continuum limit’ can be taken  (background field method)
• Still lots of work to do to show that this is allowed

• Convergence of oscillatory path integral       (instead of conformal factor problem)      

• Not being swamped by degenerate, too wild configurations, e.g. branching of baby universes

[Jose’s talk]

[Jose’s talk]

• Can fine-tune which configurations to allow and which not to allow
• Huge computational advantage

Effective spin foam models will be helpful: 



Conclusions

• Areas as more fundamental variables, discrete spectrum            Anomaly problem  

• Discrete level:  Anomaly parameter  has to be small for proper semi-classical limit
• Explicit test of equations of motions with effective spin foams:  allowed range larger than expected

• Continuum limit:  We are in luck!  Area-Regge dynamics gives mass to degrees of freedom we want to suppress.

• Barrett-Crane model can lead to General Relativity!

• Mechanism can be modelled within Modified Plebanski approach - directly in the continuum.

                               Effective length metric action:  ghost-free version of  Einstein-Weyl gravity. 

• Many opportunities for phenomenology!     Area metric has twice as many degrees of freedom as length metric.

•  Are there universality arguments for the type of corrections?        

⇒

γ





How does the anomaly arise?

BIJ → JIJ quantized as non-commuting   SO(4) generators

(as in Lattice gauge theory)

BKL →
γ2

γ2 + 1 (JKL −
1
γ

⋆ JKL)
without Immirzi parameter

with Immirzi parameter

introduced through adding a quasi-topological 
term to the action

“Non-diagonal” part of simplicity constraints becomes second class.  

Non-commutativity parametrized by , which becomes an anomaly parameter.γ

[ BD, Ryan 08; Perez ’12; Asante, BD, Haggard ‘20]

[ Holst]



(Naive) Semi-classical limit of spin foams

SAR(At) = ∑
t

At ⋅ ϵt(At)

SLR(Le) = ∑
t

At(Le) ⋅ ϵt(Le) 0 = ∑
t

∂At

∂Le
ϵt(Le)Equation of motion: 

Equation of motion: 0 = ϵt(At)
Seem to demand flatness

discretization of Einstein

equations

Area Regge action

Length Regge action

curvature angles

[Barrett-Williams, Barrrett-Dowdall-Fairbairn-Gomes-Hellmann,  Conrady-Freidel, …]



Parametrization of  (self-dual)  two-form fields

BIJ
μν→ →

bj
+i Σi

+μν(e)

Bi
−μν

⋆ − eigenvectors :

non-chiral Plebanski

 chiral PlebanskiBi
+μν

bj
−i Σi

−μν(e)

→ →Urbantke metric:  extract length metric

(conformal class) from chiral B-fields

  

ggμν = ϵijkB±μαB±βγB±δν ϵαβγδ

[Freidel ’08]

[Borissova-BD]:

  
  Indeed form area-metric:                                                                                                                                   

Simplicity constraints demand: e = e, bj
+i = δ j

i , bj
−i = δ j

i

mass terms for     (e − e), b+, b−(generically) modified non-chiral Plebanski:

Impose  sharply,  mass terms for     e = e b+, b−

Aμνρσ = Πϵ ∘ BIJ
μνBI′￼J′￼

ρσ δIJI′￼J′￼

20 components

two independent tetrads/length metric  plus (internal gauge reduced) 5+5 additional fields

overall: 30 (internal gauge reduced) components

  
10 (internal gauge reduced) components

30 (internal gauge reduced) components

20 (internal gauge reduced) components


