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• How about gravity? What happens to energy if we use different types of 
boundary conditions?
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• Improved Noether charge prescription 


                                           

LEH = Rϵ

δLEH = Gμνδgμνϵ + dθEH

θEH = s (Kμνδqμν − 2δK) ϵΣ + dϑ δLEH ≈ 0

L = LEH + dℓ

θ := θEH + δℓ − dϑ θ ≈ 0

δHξ = − ∫Σ
Iξδθ Hξ = ∫S

qξ + iξℓ − Iξϑ

[Freidel, Geiller, Pranzetti, ’20]

[Harlow, Wu, ’18]

[Iyer, Wald ’94]

[Wald, Zupas ’00]
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characterization of the observer, then a solution with di↵erent � would be on the same status as, say, a
Kerr solution with di↵erent values of the asymptotic lapse and shift, namely corresponding to boosted
or rotated black holes. Hence, within the context of thinking of the gauge degrees of freedom broken
by the boundary as physical, it is of interest to consider � as part of the phase space. Indeed, this
choice will be justified by the canonical analysis of the boundary terms done in Section 6.

A similar logic can be applied to the case of York’s mixed boundary conditions. Since they leave
the determinant of the induced metric free, it seems reasonable to us to take �� = 0 also in this case,
even though it is not required by the well-posedness of the initial value problem [27, 34]. Again, this
will be justified by the canonical analysis reported below. These choices are summarized in Table 2.

As before, we can treat all cases with a generic corner Lagrangian

`c = c�✏S , (2.16)

with c needing to be 2, 0 and 0 respectively for Dirichlet, mixed and Neumann boundary conditions.
The action principle with non-orthogonal corners thus reads

S =

Z
R✏ � b

Z ⌃1

⌃0

K✏⌃ + b

Z

T
K̄✏T + c

Z S1

S0

� ✏S . (2.17)

For Dirichlet boundary conditions, (2.14) and (2.17) are referred to as trace-K actions in the literature.
Accordingly, we will refer to them as b-generalized trace-K actions.

boundary conditions quantity fixed on boundary value of b quantity fixed at corner value of c
Dirichlet qµ⌫ 2 � 2
York (q̂µ⌫ , K) 2/3 � 0
Neumann ⇧̃µ⌫ 0 � 0

Table 2: Di↵erent boundary conditions and their boundary and corner Lagrangians.

3 Surface charges from covariant phase space

The first method we are going to use to compute the charges associated with the di↵erent boundary
conditions is the covariant phase space, in particular with the prescription of [16], which we briefly
review here. We use the notation of [15, 11], where � and I are respectively the exterior derivative and
internal product in field space. We denote ✓L the (integrand of the) symplectic potential associated
to a bulk Lagrangian L, which satisfies �L ⇡ d✓L.10 The quantities

⇥L :=

Z

⌃
✓L, ⌦L =

Z

⌃
!L, !L = �✓L, (3.1)

define respectively a (pre-)symplectic potential and (pre-)symplectic 2-form in the space of fields
associated with the hypersurface ⌃ and the Lagrangian L. The formalism can be used to compute
canonical generators of the infinitesimal symmetries �⇠ of L, by seeking functionals HL

⇠ that would

10If the latter equality is taken as the definition of the symplectic potential, it makes it ambiguous by the freedom
to add any exact 3-form. We fix this ambiguity by taking always the ‘bare’ choice, which can be justified defining the
symplectic potential by using the Anderson homotopy operator prescription, see [37, 38, 16].
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(always with the same corner symplectic potential)


  

ℓb = bKϵΣ

L = LEH + dℓb

θ := θEH + δℓb − dϑEH

ϑEH := − uμδnμϵS = uμnνδgμνϵS
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York (b=2/3)       


Neumann (b=0) 

HBY
ξ = − 2∫S

nμξν (K̄μν − q̄μνK̄) ϵS = − 2∫S
nμξνΠ̄μνϵS

HY
ξ = − 2∫S

nμξν (K̄μν −
1
3

q̄μνK̄) ϵS = − 2∫S
nμξνΠ̄⟨μν⟩ϵS

HN
ξ = − 2∫S

nμξνK̄μνϵS = − 2∫S
nμξν (Π̄μν −

1
2

q̄μνΠ̄) ϵS

[Brown, York ’93]





conclusions

• The dependence of the charges on boundary conditions was anticipated by Iyer&Wald ’95 


• The same results can be obtained by canonical methods based on the generalized trace-K 
action — additional support for the improved Noether charge prescription


• Are there gravitational systems described by non-Dirichlet boundary conditions? Can we 
find an application for the new charges?


