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Introduction Extension in GR Extension in YM Abelian Infinite Hierarchy Perspectives

General Idea
• Starting point: Phase Space at I+ with “radiative” boundary condition, Γrad +

Symmetries G, and its associated canonical charges, Qg , g ∈ G: Leading charges.
• Leading and Subn-leading soft factorization theorems imply new symmetries of

the S matrix.
• Enlargement G ⊂ Ĝ implies relaxation of b.c. through more Large Gauge

Transformations.
• Construct Γext such that Ĝ acts canonically. Introduction of edge modes for large

gauge symmetries and new non-trivial conservation laws.

Extended phase space with radiative modes and edge mode fields: [Ciambelli, Donnay,
Donnelly, Freidel, Geiller, Leigh, Livine, Pranzetti,...]



Gravity case
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Bondi gauge

ds2 = (v/r)e2βdu2 − 2e2βdudr + gab(dxa − Uadu)(dxb − Ubdu),

β = O(r−2), v = O(r), Ua = O(r−2), gab = r2qab(x̂)+r(Cab(u, x̂)+uTab(x̂))+...

Gauge fixing: det(gab) = r4 det(qab). Geroch Tensor: DbTab = − 1
2

DaR(qab)

Symmetries: CKV (S2) n C∞(S2) vs. Diff (S2) n C∞(S2)

1. G := Extended BMS: ∇(µξν)
r→+∞→ 0. Fixes the metric qab. [Barnich, Troessaert

’10]
“Bondi frame”:= qab = qS2 , round metric on S2 ⇔ Tab ≡ 0

2. G :=Generalized BMS: ∇µξµ
r→+∞→ 0. Relaxation of qab. (but

√
qab =

√
qS2 )

[Campiglia, Laddha ’14]

ξ = V a(x̂)∂a + (uα(x̂) + f (x̂))∂u − rα(x̂)∂r + O(r−1), α =
1

2
Dc V c

Variations
Diffeo algebra: [ξf , ξf ′ ] = 0, [ξV , ξf ] = ξLV f−αf , [ξV , ξ

′
V ] = ξ[V ,V ′].

General action:

δf qab = 0, δf Cab = f ∂uCab − 2DaDTF
b f + fTab, δf Tab = 0

δV qab = LV qab−2αqab, δV Cab = LV Cab+αu∂uCab−αCab, δV Tab = LV Tab−2DaDbα
TF
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Charge candidates [Campiglia,Laddha ’14,’15],

Pf =

∫
I
δf C ab∂uCabdµ,

JV =

∫
I
δV Cab∂uC abdµ︸ ︷︷ ︸

Standard Ashtekar-Streubel terms

+

∫
I

u∂uC ab

(
−4D̄aD̄bᾱ+ D̄aD̄cδV qbc −

R̄

2
δV qab

)
dµ︸ ︷︷ ︸

Acting with a Diff (S2)

Problem:

{Pf , JV } = δV Pf 6=− δf JV

δf JV = PV (f ) − δf (Boundary Term) + magnetic(f ,V ),

Boundary Term =

∫
∂I

(
V aC bc D̄c Cab +

3

2
ᾱC 2

)
√

qd2x =: J∂IV

magnetic(f ,V ) = −4

∫
S2

(∫
R
∂uC abdu

)
D̄aD̄c

(
D̄[bfVc] −

1

2
f D̄[bVc]

)
√

qd2x .

magnetic term: vanishes by AF, limu→±∞ D̄[aD̄c Cb]c = 0. Pure supertranslation.
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Resolution: add a boundary term.

Pf =

∫
I
δf C ab∂uCabdµ,

JV =

∫
I
δV Cab∂uC abdµ︸ ︷︷ ︸

Standard Bondi frame term

+

∫
I

u∂uC ab

(
−4D̄aD̄bᾱ+ D̄aD̄cδV qbc −

R̄

2
δV qab

)
dµ︸ ︷︷ ︸

Acting with a Diff (S2)

+

∫
∂I

(
V aC bc D̄c Cab +

3

2
ᾱC 2

)
√

qd2x︸ ︷︷ ︸
Boundary term

Phase Space:

Γ :=
⋃

qab :
√

q=
√

q
S2

{Cab : qabCab = 0, ∂uCab
u→±∞

= O(1/|u|2+ε), lim
u→±∞

D̄[aD̄c Cb]c = 0}qab

Simplectic Form:

Ω =

∫
I
δ∂uC ab ∧ δCabdµ+

∫
S2

(δpab ∧ δqab + δΠab ∧ δTab)
√

qd2x ,

pab = D(aDc

1

Nb)c −
R

2

1

Nab + (C 2)ab|∂I , Πab = 2
1

Nab +
1

2
CC ab|∂I ,

1

Nab =

∫
R

u∂uC abdu



Yang-Mills case
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Eom + Gauge symmetry :

DµFµν = ∇µFµν + [Aµ,Fµν ] = 0, δΛAµ = DµΛ = ∂µΛ + [Aµ,Λ]

Harmonic gauge: ∇µAµ = 0 ⇒ [δΛ, δΥ]Aµ = δ[Λ,Υ]∗Aµ.
Decays in (u, r , xa): consistent with eom and tree level diagrams for “radiative” data, Miguel’s

talk!

Γrad = {Aa : ∂uAa
u→±∞

= O(1/|u|∞), lim
u→+∞

F (0)
ru = lim

u→+∞
F (0)

ra = 0}

Subleading soft theorem are related to the O(r) gauge transformation!

Problem: The set span({Λ0
λ,Λ

1
ε}) contains O(rn), for any n.

Minimally extending the phase space, by linearizing at O(r)



Introduction Extension in GR Extension in YM Abelian Infinite Hierarchy Perspectives

Extension:

Γext := {Ãµ = Aµ +DµΛ1
φ, Aµ ∈ Γrad, φ ∈ C∞(S2)}

δ0
λAa = Daλ, δ0

λφ = [φ, λ], δ1
εAa = 0, δ1

εφ = ε

Remark: all identities are modulo O(φ2), O(ε2) and O(φε).

Variations: [δ0
λ, δ

0
λ′ ] = δ0

[λ,λ′], [δ1
ε , δ

0
λ] = δ1

[ε,λ]
, [δ1

ε , δ
1
ε′ ] = 0

Imposing Poisson algebra closure

{Q0
λ,Q

0
λ′} = Q0

[λ,λ′], {Q0
λ,Q

1
ε} = Q1

[λ,ε],

we have,

Q0
λ =

∫
I

tr(∂uAaDaλ)dµ + Q1
[φ,λ] Q1

ε =

∫
S2

Trd2x(επ) π := −
1

2

∫
R

u∂uD−a (DaFru+DbF ba)du

Symplectic Form

Ωext :=

∫
I

Tr(δ∂uAa ∧ δAa)dud2x︸ ︷︷ ︸
ΩI

+

∫
S2

Tr(δπ ∧ δφ)d2x︸ ︷︷ ︸
ΩS2
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Abelian Case: Infinite tower of charges from first principles

Directions by different O(rn) extensions independent of each other. (No commutator!
⇒ linearity and no field dependence)

Can be done directly from first principles (upon renormalization [Freidel, Hopfmüller,
Riello, ’19).

Γext := {Ãµ = Aµ + ∂µ
∑
n>0

Λn
φn
, Aµ ∈ Γrad, φn ∈ C∞(S2)}

After renormalization

Ωext
ren =

∫
I
ω0(δ, δ)dudx2︸ ︷︷ ︸

ΩI

+

∫
S2

∞∑
n=1

δF
(−2−n,0)
ru ∧ δφnd2x︸ ︷︷ ︸

ΩS2

with F
(−2−i,0)
ru as in [Campiglia,Laddha ’18]. Symplectic Form before charges!

Charges

Q{ε0,...,εn,...} =

∫
S2

√
q
∞∑

n=0

εnF−2−n,0
ru dx2
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Ongoing work:

• Subleading charges in Einstein-Yang-Mills: consistency proof.

• Non-Abelian O(rn) extensions.

Discussion:

• Renormalization of Phase Space methods: Yang-Mills for O(rn) and Gravity?.

• Extended Double copy YM ↔ Gravity ? ([Campiglia, Nagy ’21], ongoing)

• Symmetry hierarchy in Gravity ? (Pranzetti’s talk)



Thank you!
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