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@ Our Results/Contribution
@ Canonical Form of the 1st-Order Homogeneous Lagrangians.
@ (Classical Forces Beyond Electromagnetism and Gravity.
@ Extended Hamiltonian formulation (extended phase-space).
@ Justification of Key Quantum Mechanical phenomenon.
@ Positivity of the mass and the common arrow of time.

© Summary and References

9 Appendix - Justifying the Reparametrization Invariance
@ Examples of Homogeneous Lagrangians of First Order.
@ Examples of Reparametrization Invariance in Physical Systems.
@ Systems with Constraints (H = 0) and the Dirac’s formalism.
@ From Lagrangian to Hamiltonian Mechanics
@ From Classical to Quantum Mechanics
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@ The Principle of Reparametrization Invariance

= Lagrangians that are Homogeneous Functions of First Order.
= Forces beyond electromagnetism and gravity.

The simplest case exhibits a pathological behavior in the limit v — 0.
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@ The Principle of Reparametrization Invariance
= Lagrangians that are Homogeneous Functions of First Order.
= Forces beyond electromagnetism and gravity.
The simplest case exhibits a pathological behavior in the limit v — 0.

@ The Extended Hamiltonian formulation naturally justifies the
Superposition principle & the Schrédinger's equation.
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@ The Principle of Reparametrization Invariance
= Lagrangians that are Homogeneous Functions of First Order.
= Forces beyond electromagnetism and gravity.
The simplest case exhibits a pathological behavior in the limit v — 0.

@ The Extended Hamiltonian formulation naturally justifies the
Superposition principle & the Schrédinger's equation.

@ Evaluate [t, H] to understand the the specific parametrization!
Amplitude-modulated state in the proper-time parametrization!.
= State normalizability and the positivity of the rest-energy (mass).
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Pros and Cons for Homogeneous Lagrangians of First Order (vOL/0v = L) [1].

(1) There are constraints among the
Euler-Lagrange equations since

821 _
det( v avP ) 0.

(2) The Legendre transformation
(T (M) < T* (M)), which exchanges
velocity and momentum coordinates
(x,v) < (x,p), is problematic!

(3) There is a problem with the canonical
quantization approach since the
Hamiltonian function is identically
ZERO (h=0).

1) ?)

There will be no fictitious acceleration due to un-proper time parametrization!

The Euler-Lagrange equations for the two Lagrangians are equivalent as long as VO = dt/dT is well
behaved and 7 is a reasonable “time"-parametrization choice.
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Pros and Cons for Homogeneous Lagrangians of First Order (vOL/0v = L) [1].

(1) There are constraints among the (1) The action S = [ L(x, :—:)dq— is
Euler-Lagrange equations since T 5 1)
22, reparametrization invariant.
det| —<—=—)=0.
© (av&avﬂ ) . i
i (2) For any Lagrangian L(t,x', %) one can
(2) The Legendrf transform.atlon construct a reparametrization-invariant
(T (M) < T* (M)), which exchanges Lagrangian by enlarging the space to the

velocity and momentum coordlnates extended space-time (x° = ct).2)
(x,v) < (x, p), is problematic!
(3) Parameterization-independent

(3) There is a problem with the canonical path-integral quantization is possible!

quantization approach since the
Hamiltonian function is identically (4)

The reparametrization invariance may
ZERO (h=0).

help in dealing with singularities.

(5) It is easily generalized to extended
objects (p-branes).

1) ?)

There will be no fictitious acceleration due to un-proper time parametrization!

2 . . . .
The Euler-Lagrange equations for the two Lagrangians are equivalent as long as VO = dt/dT is well
behaved and 7 is a reasonable “time"-parametrization choice.
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Our Results/Contribution

Canonical Form of the 1st-Order Homogeneous Lagrangians
Classical Forces Beyond Electromagnetism and Gravity.
Extended Hamiltonian formulation (extended phase-space).
Justification of Key Quantum Mechanical phenomenon.
Positivity of the mass and the common arrow of time.

Canonical Form of the First-Order Homogeneous Lagrangians (vOL/0v = L) [1].
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Our Results/Contribution

Canonical Form of the First-Order Homogeneous Lagrangians (vOL/0v = L) [1].

Theorem (one-to-one correspondence b/w interaction field and its source)

For the canonical form of the first-order homogeneous Lagrangian:
L(%,V) = i VS (0,...,7) = Aav® +\/8apvavh + ...+ N/S(M (v,..., ).

There is a one-to-one correspondence between the interaction field S(™ :

S,ST,?_MM vH  vkm and its source type ~ vHt .. yHm,
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Our Results/Contribution

Canonical Form of the First-Order Homogeneous Lagrangians (vOL/0v = L) [1].

Theorem (one-to-one correspondence b/w interaction field and its source)

For the canonical form of the first-order homogeneous Lagrangian:
L(%,V) = i VS (0,...,7) = Aav® +\/8apvavh + ...+ N/S(M (v,..., ).

There is a one-to-one correspondence between the interaction field S(™ :

S,ST,?_MM vH  vkm and its source type ~ vHt .. yHm,

Classical Forces Beyond Electromagnetism and Gravity (m>2).
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Our Results/Contribution

Canonical Form of the First-Order Homogeneous Lagrangians (vOL/0v = L) [1].

Theorem (one-to-one correspondence b/w interaction field and its source)

For the canonical form of the first-order homogeneous Lagrangian:
L(%,V) = i VS (0,...,7) = Aav® +\/8apvavh + ...+ N/S(M (v,..., ).

There is a one-to-one correspondence between the interaction field S(™ :

S,ST,?_MM vH  vkm and its source type ~ vHt .. yHm,

Classical Forces Beyond Electromagnetism and Gravity (m>2).

Proposition

Any first-order homogeneous function maybe equivalent to a function
with only m=1 and 2 terms; that is, Electromagnetism and Gravity only!
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Canonical Form of the 1st-Order Homogeneous Lagrangians
Classical Forces Beyond Electromagnetism and Gravity.
Extended Hamiltonian formulation (extended phase-space).
Justification of Key Quantum Mechanical phenomenon.
Positivity of the mass and the common arrow of time.

Our Results/Contribution

Pure S(" systems (n > 2) exhibit pathological behavior in the Newtonian limit [1].

Consider the simplest pure S,(v) Lagrangian Systems:
SO (r,w,u) = d(r)w” + o(r)u".

It is for a static, curvilinear, Newton-like space-time with w = dXO/C/T,
u=dr/dT, and in coordinate-time parametrization v = dr/dt = c u/w.
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Our Results/Contribution

Pure S(" systems (n > 2) exhibit pathological behavior in the Newtonian limit [1].

Consider the simplest pure S,(v) Lagrangian Systems:

5(”)(r, wyu) =Pp(r)w” +¢(r)u”.

It is for a static, curvilinear, Newton-like space-time with w = dXO/C/T,
u=dr/dT, and in coordinate-time parametrization v = dr/dt = cu/w.
The corresponding equations of motion for L = S (r, w, u) are:

du u?¢'(r) 1 w™W'(r) dw wu)' (r)

dr " (n=Dé(n " wZa(n-1)6(r)’ dr  (n-Di(n)’
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Pure S(" systems (n > 2) exhibit pathological behavior in the Newtonian limit [1].

Consider the simplest pure S,(v) Lagrangian Systems:

5(”)(r, wyu) =Pp(r)w” +¢(r)u”.

It is for a static, curvilinear, Newton-like space-time with w = dXO/C/T,
u=dr/dT, and in coordinate-time parametrization v = dr/dt = cu/w.
The corresponding equations of motion for L = S (r, w, u) are:

du u?¢'(r) 1 w™W'(r) dw wu)' (r)

dr T (n=Da(n) " wa(n=1)e(r)’ dr  (n- Db’
Dividing by w? and by using u/w = v/c, the first equation will become:

(-Ddu_ (D) 2 0)
w2 dr c2p(r) vt 2né(r)’

which for n>2 exhibits pathological behavior (divergence) when v — 0.
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Our Results/Contribution

From Classical to Relativistic Quantum Mechanics [2, 5].

Extended Hamiltonian formalism.

On the extended phase-space (h = 0), then the Hilbert space # is H = 0.
@ Natural superposition of states for the Hilbert space: H = {H =0}
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From Classical to Relativistic Quantum Mechanics [2, 5].

Extended Hamiltonian formalism.

On the extended phase-space (h = 0), then the Hilbert space # is H = 0.
@ Natural superposition of states for the Hilbert space: H = {H =0}
@ Extended Poisson bracket where ;1 =0,1,...,n and n,, is the
Lorentz-invariant tensor with signature 1,-1,...,—1 such that
lqi, pill = 6i,j and [qo, po] = -1°:
of dg Of Og

fg) = [f 8] = —nu [ o oo - = 2
{8}~ 1f el = { 5 B, ~ B0y B0

“Deriglazov and Rizzuti [5] use +1 instead.
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From Classical to Relativistic Quantum Mechanics [2, 5].

Extended Hamiltonian formalism.

On the extended phase-space (h = 0), then the Hilbert space # is H = 0.
@ Natural superposition of states for the Hilbert space: H = {H =0}
@ Extended Poisson bracket where ;1 =0,1,...,n and n,, is the
Lorentz-invariant tensor with signature 1,-1,...,—1 such that
lqi, pill = 6i,j and [qo, po] = -1°:

of 0g Of Og
f.gy > [f.gl=-n V(—)

{ a2 g dq,. Op, 8[3“ 99,

@ Evolution of operators: % ={f,H} + % - % =[f,H].

@ Then the Extended Hamiltonian H is: H = H(g;, p;) — cpo-

@ Schrédinger's equation from Hi = 0 and the form of pg = +ih0g, .

“Deriglazov and Rizzuti [5] use +1 instead.
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The Schrodinger’s equation and the principle of superposition
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The Schrodinger's equation and the principle of superposition [2].

Superposition Principle!
When defining the Hilbert space via # = {Hi = 0}, by promoting
the extended phase-space Hamiltonian constraint (h = 0) into an

operator such that H = 0, then states in the Hilbert space satisfying
H+) = 0 are guaranteed to obey the Superposition Principle!
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Our Results/Contribution

The Schrodinger's equation and the principle of superposition [2].

Superposition Principle!

When defining the Hilbert space via # = {Hi = 0}, by promoting
the extended phase-space Hamiltonian constraint (h = 0) into an
operator such that H = 0, then states in the Hilbert space satisfying
H1 = 0 are guaranteed to obey the Superposition Principle!

Justifying the Schrddinger’s equation

The Extended Hamiltonian H has the form H = H(q;, p;) — cpo,
while the states within the Hilbert space satisfy H1) = 0.

Thus, upon canonical quantization one can identify pg = ih0q, and
arrives at the usual Schrédinger's equation ihdyp = H(q;, pi)v.

talk by V.G. Gueorguiev at LOOPS'22 on July 21st on the Reparametrization Invariance



Canonical Form of the 1st-Order Homogeneous Lagrangians
Classical Forces Beyond Electromagnetism and Gravity.
Extended Hamiltonian formulation (extended phase-space).
Justification of Key Quantum Mechanical phenomenon.
Positivity of the mass and the common arrow of time.

Our Results/Contribution

The Meaning of A and the Role of H =0 in the Extended Phase-space [2].

The simplest possible case of only one space-time coordinate q:

V% =L(q,v) = L(q,v) = ¢(q)v.

Therefore, p = BL(q’V) = ¢(q) and therefore H = pv — L = 0.
For g = t the relatlonship po = ¢(t) suggests two extensions for H:

Po
H=¢(t)-po, and H=1- ——.
’ (1)
The first one corresponds to coordinate-time parametrization and the
second to the proper-time parametrization! Consider dt/d\ = [t, H],
which gives 1, therefore coordinate-time parametrization; while 1/¢(t)
corresponds to the proper-time parametrization d\ = ¢(t)dt = d7.
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The Meaning of A and the Role of H =0 in the Extended Phase-space [2].

The simplest possible case of only one space-time coordinate q:

DY) (g vy = 1(g,v) = dlav.
ov
Therefore, p = W = ¢(q) and therefore H = pv — L = 0.

For g = t the relationship pp = ¢(t) suggests two extensions for H:

Po
H=¢(t)-po, and H=1- ——.
’ (1)
The first one corresponds to coordinate-time parametrization and the
second to the proper-time parametrization! Consider dt/d\ = [t, H],
which gives 1, therefore coordinate-time parametrization; while 1/¢(t)
corresponds to the proper-time parametrization d\ = ¢(t)dt = d7.

Evaluating dt/d\ = [t, H] provides information about the
parametrization implied by the choice of the extended Hamiltonian.
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Classical Forces Beyond Electromagnetism and Gravity.
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Our Results/Contribution

Wave-function's form in coordinate and proper-time parametrization

Conserved energy and onset of quantum-fluctuations scale.

p = Po = ¢(t) should be related to the energy of the system. A process can be considered classical with
conserved energy if the fowling quantity is independent of the observational time interval At:

AT

L A L A7
E=E(At)=(d)p, = — [ d(t)dt=— [ dr=
N’ 6[ At 6[ At
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Wave-function's form in coordinate and proper-time parametrization

Conserved energy and onset of quantum-fluctuations scale.

p = Po = ¢(t) should be related to the energy of the system. A process can be considered classical with
conserved energy if the fowling quantity is independent of the observational time interval At:

£ = E(AD) = (#)p, = — ftmr)dr ! 7" ar
= = At = — = — T=—
At o At o At

Plane-waves in Coordinate parametrization (A = t).

N fol
H= 6(0)~po = A(D) =0 = in 22 = (0

where the wave function solutions v)(t) are given by: (t) = ﬁ exp [—% (foK‘; @(t)dt + E[(;»‘s dt)]
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Wave-function's form in coordinate and proper-time parametrization [2]!

Conserved energy and onset of quantum-fluctuations scale.

p = Po = ¢(t) should be related to the energy of the system. A process can be considered classical with
conserved energy if the fowling quantity is independent of the observational time interval At:

£ = E(AD) = (#)p, = — ftmr)dr ! 7Td ar
= = At = — = — T=—
At o At o At

Plane-waves in Coordinate parametrization (A = t).
o L oY
H=(t) —po ~ H(t) =0 = === ()

where the wave function solutions v)(t) are given by: (t) = ﬁ exp [—% (foK‘; @(t)dt + E[(;»‘s dt)]

Modulated plane-wave in the proper-time parametrization (A = 7).
Po . 1( 1 1 o ih (Dlng(t) )]
H=1-2 L f-1--(— — ). = inZZ - ([ 2
$(t) 2 (¢(t) Potho d>(t)) T [W) "2 ( ac )]¥®

The corresponding Schrddinger like equation now will have an extra term. This factor will not disappear
for At > 5 when the energy pg = E is conserved and now the wave function will be:

. f t<6 8
P(t) = %mexp —Lh(ofqb(t)dtJrE {! dt)
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Positive Mass and the Normalizability of the Wave-Function [2]!

Inner Product and Statistically Conserved Energy.

tg+A 1 At ;1 A Ar
V|d) 4 = — V*odt; E = E(At) = = — t)ydt= — [ dr=—
<|>AAth (80 = @hac= 7 [ ette= o [ar= 20
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Positive Mass and the Normalizability of the Wave-Function [2]!

Inner Product and Statistically Conserved Ene

tg+A

1 T 1 ¥ ar
V|d) 4 = — V*odt; E = E(At) = = — t)ydt= — [ dr=—
<|>AAt0f (80 = @hac= 7 [ ette= o [ar= 20

Positivity of the norm requires positivity of the rest energy
E = po > 0 since ¢(t) — po.

11 A>H

[V = (Wl)a= 555 [ oDt — 250

In the rest frame this should correspond to the rest mass of the particle.
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Positive Mass and the Normalizability of the Wave-Function [2]!

Inner Product and Statistically Conserved Ene

tg+A

1 T 1 ¥ ar
V|d) 4 = — V*odt; E = E(At) = = — t)ydt= — [ dr=—
<|>AAt0f (80 = @hac= 7 [ ette= o [ar= 20

Positivity of the norm requires positivity of the rest energy
E = po > 0 since ¢(t) — po.
A>6
11

[V = (Wl)a= 555 [ s(t)de — B 50

In the rest frame this should correspond to the rest mass of the particle.

Common Arrow of Time - commonly studied processes / g(7,7)>0& m(0) > o.

m(0)dT = m(Vspace )\/&(V,V)d\ = dt/d7 > 0.
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@ The Principle of Reparametrization Invariance

= Lagrangians that are Homogeneous Functions of First Order.
= Forces beyond electromagnetism and gravity.
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Superposition principle & the Schrédinger's equation.
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Summary

Summary

@ The Principle of Reparametrization Invariance
= Lagrangians that are Homogeneous Functions of First Order.
= Forces beyond electromagnetism and gravity.
The simplest case exhibits a pathological behavior in the limit v — 0.

@ The Extended Hamiltonian formulation naturally justifies the
Superposition principle & the Schrédinger's equation.

@ Evaluate [t, H] to understand the the specific parametrization!
Amplitude-modulated state in the proper-time parametrization!.
= State normalizability and the positivity of the rest-energy (mass).

@ Outlook

e Math classification of the 1st-Order Homogeneous Functions.
o Try the approach to understand Quantum Gravity.
e Connect to the Standard Model of the elementary particles.
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Examples of First-Order Homogeneous Lagrangians
Reparametrization Invariance for Extended Objects.
The Hamiltonian Constraint (H = 0)

From Lagrangian to Hamiltonian Mechanics

Appendix - Justifying the Reparametrization Invariance N .
PP ying P From Classical to Quantum Mechanics

Homogeneous Lagrangians of Fist Order in Physics (vOL/0v = L) [1].

Example (Quadratic Lagrangian L)

52:fLZ(X’V)d)‘:fgWVﬂVUdA, g(vav)_)1:>S2:[dT.
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From Classical to Quantum Mechanics

Appendix - Justifying the Reparametrization Invariance

Homogeneous Lagrangians of Fist Order in Physics (vOL/0v = L) [1].
Example (Relativistic Particle Lagrangian L;)
S, = f dAL (V) = [ dA/Zr VPV” > S, = f dr.

Example (Quadratic Lagrangian L)

52:fLZ(X’V)d)‘:fgWVﬂVUdA, g(vav)_)1:>S2:[dT.
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Reparametrization Invariance for Extended Objects.
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From Lagrangian to Hamiltonian Mechanics

From Classical to Quantum Mechanics

Appendix - Justifying the Reparametrization Invariance

Homogeneous Lagrangians of Fist Order in Physics (vOL/0v = L) [1].
Example (Relativistic Particle Lagrangian L;)
S, = f dAL (V) = [ dA/Zr VPV” > S, = f dr.

Example (Quadratic Lagrangian L)

52:fLQ(X’V)d)‘:fgWVﬂVUdA, g(vav)_)1:>S2:[dT.

Equivalent Euler-Lagrange equations!

The equations obtained from S; and S, are equivalent, and are also
equivalent to the geodesic equation:

%V:DVV:VBVBVZO, v (g—ﬁ+ra5v7) 0.
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Examples of First-Order Homogeneous Lagrangians
Reparametrization Invariance for Extended Objects.
The Hamiltonian Constraint (H = 0)

From Lagrangian to Hamiltonian Mechanics

Appendix - Justifying the Reparametrization Invariance N .
PP ying P From Classical to Quantum Mechanics

Homogeneous Lagrangians of Fist Order in Physics [1].

Example (E-dimensional Extended Objects)

Solving for ¢ : E - M, where dmE = E =p+1 with p=0,1,2,... is the “trajectory” of a p-brane,
submerged in space M with coordinate charts (x : M — R™). Then the action for the embedding ¢ is:
* T - roQ r
s :f Q :fA d—»fL,d, =Z
[61- [L¢* @ [ Ar@ldz > [ L(6,w)de = =

< r
L($,w) = Arw + grirzwrlwr2A
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Appendix - Justifying the Reparametrization Invariance

Homogeneous Lagrangians of Fist Order in Physics [1].

Example ( ensional Extended Objects)

Solving for ¢ : E - M, where dmE = E =p+1 with p=0,1,2,... is the “trajectory” of a p-brane,
submerged in space M with coordinate charts (x : M — R™). Then the action for the embedding ¢ is:

r
r

2 = Q
stel= [Lo* @ = [Ar@wdz= [1(dw)dz W == =¥,

< r
L($,w) = Arw + grirzwrlwr2A

(x> . xB a «
L(xa,afxﬂ):‘lyaﬁyaﬁ,Yo‘ﬁ = M :det( gTiB gaxﬁ ):('%—xo‘aaxﬁ —aax“arxﬁ.
s

v
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Appendix - Justifying the Reparametrization Invariance

Homogeneous Lagrangians of Fist Order in Physics [1].

Example ( ensional Extended Objects)

Solving for ¢ : E - M, where dmE = E =p+1 with p=0,1,2,... is the “trajectory” of a p-brane,
submerged in space M with coordinate charts (x : M — R™). Then the action for the embedding ¢ is:

r
r

2 = Q
stel= [Lo* @ = [Ar@wdz= [1(dw)dz W == =¥,

< r
L($,w) = Arw + grirzwrlwr2A

a(x%, B a «
L(Xa,a,-xﬂ):,fyrﬁyaﬁ',yw:%:det( o 2 ):aﬂaaaxﬁ_aaxaaﬂﬁ.

v

Example (general p-brane: Dirac-Nambu-Goto Lagrangian)

o102 of
& BY _ 7 r_of O (x¥1x¥2 .. . xYE)
L(x*,8ex?) =\/YT¥r, ¥ 7na1maE7”ZE) .
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From Lagrangian to Hamiltonian Mechanics

Appendix - Justifying the Reparametrization Invariance N .
PP ying P From Classical to Quantum Mechanics

Systems with Constraints and the Dirac’s formalism approach [3, 4].

Start with H = vp — L and the primary constraints ¢; ~ 0, proceed to:

@ Finding all the “secondary” constraints ¢;, and closing the algebra of
the constraints {¢;, ¢;} = cl.j?qﬁk_
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Appendix - Justifying the Reparametrization Invariance (ARt Lagra.nglan e Me.chanlcs
From Classical to Quantum Mechanics

Systems with Constraints and the Dirac’s formalism approach [3, 4].

Start with H = vp — L and the primary constraints ¢; ~ 0, proceed to:

@ Finding all the “secondary” constraints ¢;, and closing the algebra of
the constraints {¢;, ¢;} = cl.j?qﬁk_

@ Extending the Hamiltonian

H, = H+ u*pp + v VEpy.

@ If H =0 then one can use some of the constraints as Hamiltonian.
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Appendix - Justifying the Reparametrization Invariance (ARt Lagra.nglan e Me.chanlcs
From Classical to Quantum Mechanics

Systems with Constraints and the Dirac’s formalism approach [3, 4].

Start with H = vp — L and the primary constraints ¢; ~ 0, proceed to:

@ Finding all the “secondary” constraints ¢;, and closing the algebra of
the constraints {¢;, ¢;} = cl.j?qﬁk_

@ Extending the Hamiltonian
H, = H+ u*pp + v VEpy.

@ If H =0 then one can use some of the constraints as Hamiltonian.

@ Extending the Poisson bracket via the second-class ({2, b} # 0)
constraints by using M, = {¢a, ¢} to define the Dirac bracket:

{fag}DB = {f,g} - {fa an}Mab{éb»g}’
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PP ying P From Classical to Quantum Mechanics

From Lagrangian to Hamiltonian Mechanics [2].

Lagrangian formulation in T (M)

(1) Euler-Lagrange equations from an action
principle over T(M) with {q(t):5A =0}
using an action A = [ L(t,q,q)dt:

d ( aL ) oL
dt\og) 8q
(2) Velocity v = ¢ and momentum p:
_ oL
=
(3) Hamiltonian function H(t,q,v):
H=pv-L(q,v)
for homogeneous function of order n:
v%(v) =nf(v), one has H= (n-1)L.
v

(4

=

Rate of change of f(t,q,v):

df  of (dq) of (dv) of
pl A (i DG R PP
dt  9q \ dt ov \ dt ot
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Examples of First-Order Homogeneous Lagrangians
Reparametrization Invariance for Extended Objects.
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From Lagrangian to Hamiltonian Mechanics

From Classical to Quantum Mechanics

From Lagrangian to Hamiltonian Mechanics [2].

Lagrangian formulation in T (M) Hamiltonian formulation in T*(M)

(1) Euler-Lagrange equations from an action
principle over T(M) with {q(t):5A =0}
using an action A = [ L(t,q,q)dt:

d(aL)_aL
dt\ag) oq°

(2) Velocity v = ¢ and momentum p:
aL

-
(3) Hamiltonian function H(t,q,v):
H=pv-L(q,v)
for homogeneous function of order n:

v%(vv) =nf(v), one has H= (n-1)L.

(4) Rate of change of f(t,q,v):

df  of (dq) of (dv) of
+— =]+ =
dt aq ov \ dt ot

(1) Using the canonical Poisson bracket {, }:

(2) The Euler-Lagrange equations can be written as
Hamilton's equations using H(t, q,p):

dp OH dq OH
= o {pHY=——", L ={q,H} = — 1
= {p 2q @ {9, H} o 1)

(3) The rate of change of an observable over the
phase-space f(t,q, p) is given by:
df  of

—f———{q,Hn

——— " o, H) = (5, H)

(4) When applied to the Hamiltonian function H:
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From Lagrangian to Hamiltonian Mechanics

A dix - ifyi he R ization | i n q
ppendix - Justifying the Reparametrization Invariance From Classical to Quantum Mechanics

From Classical to Quantum Mechanics [2]

Canonical Quantization

@ Observables are replaced by operators A — é over a Hilbert space H, while the Poisson bracket is
replaced by a commutator: {A, B} — %[A,B] along with {q,p} =1 = [§, p] = ih.

@ In particular, if the Hilbert space H is taken to be the space of square integrable functions over
the configuration space H = L2[v(q) : §¢(q) = q¥(q), [ |W(Q)Hz =1] than the momentum
operator p becomes: p = —ih(% consistent with the notion that momentum is a generator of
translations along the coordinate gq.

@ The evolution of operators is now given by the Heisenberg equation* which is very similar to
what one had in the Hamiltonian formalism (17):

df of df 1 _, .
—={f,H}+ — > — = —[f,H] + —
dt ot dt ih ot

Commonly used structures in relativistic QM & QFT:

@ Measuring energy using the Hamiltonian: E = H(q, p) — Ey =< ¢|I:I|1/) =,

Energy and the time translation operator: pg — po = ih%.

o
@ Constructing Hilbert space basis states: cpoe(t,q) = EYe(t,q).
@ Useful H-space: H = L2{¥(q) = f c(E)pe(a)dug : Hoe(a) = Ede(a), [ duellw(E)|? =1}
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