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Relational cosmological dynamics

ADM for Bianchi I coupled to a massless scalar field χ

ds2 = −N (t)2dt2+a1(t)2dx2+a2(t)2dy2+a3(t)2dz2


a1 = V 1/3eβ++

√
3β−

a2 = V 1/3eβ+−
√

3β−

a3 = V 1/3e−2β+

Action and Hamiltonian constraint

S =

∫
dt
(

pV V̇+p+β̇+ + p−β̇− + pχχ̇− NC
)

NC = −6πGNVp2
V+

2πG
3

Np2
+

V +
2πG

3
Np2

−
V +

Np2
χ

2V
Combining eom V̇ and β̇ using χ as clock (i.e. fixing lapse N suitably)(

1
3V

dV
dχ

)2
=

(
dβ+

dχ

)2
+

(
dβ−

dχ

)2
+

4πG
3

one finds a generalised Friedman eq. for Bianchi I
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GFT canonical quantisation - deparametrisation [Wilson-Ewing, Gielen, Polaczek]

• Simplicial gravity coupled to a massless scalar χ (matter)
• Quantise SU(2)-GFT (neglecting interactions) using χ as clock
• Peter-Weyl theorem (schematically) ϕ(gI , χ) =

∑
J ϕJ (χ)DJ (gI )

• Construct a Fock space (with [âJ(χ), â†
J ′(χ)] = δJJ ′)

âJ(χ)|0〉 = 0
∣∣∣∣ 〉

= |J , χ〉 = â†
J(χ)|0〉

• Hamiltonian operator Ĥ decomposes as Ĥ =
∑

J ĤJ

ĤJ =
1
2mJ

(
â†

J â†
−J + âJ â−J

)
, mJ = m2 − M 2

∑
I

jI (jI + 1)

• Number and volume operators in GFT

N̂ (χ) =
∑

J
â†

J (χ)âJ(χ) =
∑

J
N̂J (χ) , V̂ (χ) =

∑
J

V LQG
~j,ı N̂J(χ)

• Anything similar for the notion of anisotropy? (i.e. sum over modes
J of some function encoding “local anisotropy” times N̂J(χ))
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Quantum geometry of the tetrahedron

A GFT quantum is nothing but a
4-valent spin network node.

LQG recipes for eigenvalues
• AI ∼

√
jI (jI + 1)

• V LQG
~j,ı

we fix ı to give V max
~j

Quantum anisotropy?

• A mode with same spins ~j = (j, j, j, j)
might represent “discrete isotropy”
[Oriti, Sindoni, Wilson-Ewing]

• Let’s stretch this idea: one spin differs
from the others. Classically, the
simplest generalisation is given by the
isosceles tetrahedron which we
assume to be described by

~j = (ja, ja, ja, jb)

• Can one associate a somewhat
effective notion of anisotropy with
such a non-equilateral shape?
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Define “local” anisotropy parameters

Embed tetrahedron on (LRS) Bianchi I spatial slice

dl2 = a2
1(dx2+dy2)+a2

2dz2 = V 2/3e2β+(dx2+dy2)+V 2/3e−4β+dz2

This has areas (base B and sides A)

B =
3 6√3

2 e2β+V 2/3 , A =
6√3
2 e2β+

√
1 + 8e−6β+V 2/3

Take the ratio of such equations (get rid of the volume) and define
β+(A,B) = −1

6 ln
(
(9A2 − B2)/(8B2)

)
Plugging eigenvalues (ignoring uncertainties)

βja,jb
+ = −1

6 ln

(
9ja(ja + 1)− jb(jb + 1)

8jb(jb + 1)

)

This is somehow a basic notion of anisotropy for a quantum
tetrahedron (note that it vanishes when spins are equal ja = jb)
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GFT cosmology - recovery of FLRW [Oriti, Sindoni, Wilson-Ewing, ...]

Assumptions: Ignore interactions, single Peter-Weyl mode

Solve dynamics for V ≡ 〈V̂ 〉 for general (in particular coherent) states

Modified Friedmann equation [..., Gielen, Polaczek](
1
V

dV
dχ

)2
= 4m2

~j

(
1 +

V~j,ı

V (χ)
−

V 2
~j,ı

V (χ)2

[
N (0)2 + N (0)

])
Agreement with GR (V ′/V )2 = 12πG requires identification m2

~j = 3πG
to be seen as emergence of G from more fundamental couplings
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Anisotropic GFT cosmology

We introduce the notion of anisotropy effectively (volume as before)

β±(χ) =
1

N (χ)

∑
J

β
~j,ı
± NJ(χ)

V (χ) =
∑

J
V LQG
~j,ı NJ(χ)

Goal is to study β±(χ) dynamics and see back-reaction on (V ′/V )
2

Assumptions

• Fix ı to maximise V LQG
~j,ı so

∑
J =

∑
~j
∑

~m
∑

ı ⇒
∑

~j
∑

~m

• Assume N~j,~m(0) ≡ N~j(0) ⇒
∑

~j
∑

~m =
∑

(ja,jb)
(2ja + 1)3(2jb + 1)

• Focus on symmetric cosmological bounces

N~j,~m(χ) = −1
2 +

(
N~j,~m(0) + 1

2

)
cosh

(
2m~jχ

)
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Simple example: 3 modes with a fixed base

We fix jb = 1/2 and let ja take 3 values {1/2, 1, 3/2}

ja = 1/2 ja = 1 ja = 3/2

Representation of the three modes

V (χ) = 2
(

23 V LQG
1
2 ,

1
2

N 1
2 ,

1
2
(χ) + 33 V LQG

1, 1
2

N1, 1
2
(χ) + 43 V LQG

3
2 ,

1
2

N 3
2 ,

1
2
(χ)
)

β+(χ) =
2

N (χ)

(
�������
23 β

1
2 ,

1
2

+ N 1
2 ,

1
2
(χ) + 33 β

1, 1
2

+ N1, 1
2
(χ) + 43 β

3
2 ,

1
2

+ N 3
2 ,

1
2
(χ)
)
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Initial conditions and isotropisation [Sakellariadou, Oriti, de Cesare, Pithis]
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Smallest spins will dominate at late time [Gielen]

What happens before isotropisation?
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Results - 3 modes anisotropic GFT cosmology
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The effective Friedmann eq. does not reproduce any classical behaviour
before isotropisation. The anisotropy on the other hand is basically linear!

Andrea Calcinari Anisotropic GFT cosmology Thursday 21st July, 2022 9 / 12



We are neglecting interactions!
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Bianchi I

GFT model

Free GFT model breaks down for too large values of χ

Many quanta (e.g. N (50) ∼ 1045) ⇒ interactions are important
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Any chance to obtain some analytics?

Not with the sums ⇒ continuous toy model

• Consider β+ to be a continuous parameter
• Fix the volume of the tetrahedron to a constant V
• Complicated sums over modes become 1d integrals (in dβ+)
• Still too hard for exact solution, but approximations allow to obtain

analytical dynamics

β+(χ) ' β+ − 12M 2(3V )
4/3

β+σ
2

m χ tanh(mχ)

Despite additional assumptions toy model shows similar features,
strengthened by some analytical expressions
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Conclusions

Recap

• We defined notion of anisotropy in GFT with a clear interpretation
• Discreteness of quantum theory demands careful thought for this

construction (ambiguities arise, e.g. we had several βja,jb
+ definitions)

• Anisotropy has correct physical properties for a certain cosmological
period of time (linear evolution)

• Including many modes does not alter qualitative behaviour (but care
is needed to have a monotonic β+(χ) as it depends on shapes)

• However, the (previously) observed isotropisation does not
correspond to any classical behaviour; and anisotropies do not
back-react on the effective Friedman eq. as expected

• Useful for clock-dependence in (GFT) quantum cosmology?
A gravitational monotonic quantity such as β can serve as a clock!
No ad hoc matter needed to define (relational) dynamics
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Relational evolution in GFT without matter

Possible development: any monotonic quantity such as the
anisotropies can be used as relational clock. In contrast to what is
usually done in quantum cosmology (GFTs but not only), one can use
gravity dofs alone which relate to each other. In a classical (LRS)
Bianchi I, one can easily find (steps as shown before)(

1
3V

dV
dβ+

)2
= 1

We have defined a new quantity with monotonic evolution in GFT
cosmological models

This raises the possibility of obtaining relational evolution in GFT without
adding matter fields, which might help in understanding the “problem of
time”, or possible dependence of dynamics on the choice of clock
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