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Motivations

Minisuperspaces

Simple, but relevant subsets of solutions in GR: e.g. black holes and cosmology
[Ashtekar, Ellis, Hartle, Hawking, Horowitz, Misner, Page, Unruh, Vilenkin ...]

Interesting for conceptual questions in quantum gravity
[DeWitt, Hartle, Hawking, Page, Wheeler, ...]

A priori easy to quantize

We fix the degrees of freedom on the slices

We study the dynamics in the orthogonal
direction (τ)

Mechanical model instead of field theory

Symmetries
Gauge vs physical

Control the structure of the classical solutions

Non-perturbative handle on quantization
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Black hole minisuperspace

Line element and action
Metric with homogeneous fields V1(τ), V2(τ)

ds2 = −N2dτ2 +
V1

2V2
(dx + Nxdτ)2 + L2s V1 dΩ2

Ls is a constant, to have dimensionless fields

Reduced Einstein-Hilbert action = mechanical model

SEH =

∫ √
gR → SBH =

∫
dτ

[
V0
G

(
V1(V2V̇1 − 2V1V̇2)

2
√
2N
√

V2V 3
1

+ N

√
2V2√
V1L2s

)]

Regulator in the x direction x ∈ [0, L0]∫
Σ

dxdΩ → V0 :=
L2s L0
4

On-shell metric
The solutions represent Schwarzschild black holes (interior and exterior)

τ is the radius, x is the time

The mass is one of the initial conditions (family of solutions)
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Field space approach

General method to find the symmetries of minisuperspaces

Lagrangian: describe the motion of a particle on curved space [Christodoulakis et al.]

L =
1
2N

gµν q̇
µq̇ν − NU(q)

Hamiltonian formalism: phase space {qµ, pν} = δµν

HADM = N
2πabπ

ab − π2

2
√
q

− N
√
qR → Hminis. =

N

2
gµνpµpν + NU

The kinetic term is the homogeneous reduction of the ADM one, the potential accounts
for the three-dimensional curvature

gµν is not related to the spacetime metric, we study the geometry of the geometry!

Mind the lapse: we need to choose a clock

Evolution of the spacetime metric ⇔ Geodesic motion on field space
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Conformal properties of the supermetric and symmetries

Killing vectors ⇔ conserved charges

Generalization to conformal Killing vectors, such that

£ξgµν = λgµν £ξU = −λU λ = const.

Q0 = H Q1 = ξµpµ − λτH

Whenever the supermetric is flat, from ξµξµ we can build charges quadratic in time

Q2 = ξ2 + τξµpµ + τ2H

These are conserved Q̇i = ∂τQi + {Q,H} = 0

Applying this to FLRW, we find an sl(2,R) algebra
[Pioline, Waldron 2002], [Bergeron, Gazeau 2013], [Ben Achour, Livine 2019]

For more general models there might be more vectors ξi

Q0 = H Qi
1 = ξµi pµ − λiτH Qij

2 = ξ µi ξj µ + ταk
ijξ
µ
k pµ + βijτ

2H

Applying this to BH, we find iso(2, 1) = sl(2,R) + R3
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Black holes and Poincaré symmetry

Using Noether’s theorem: Charges iso(2, 1) → Symmetry ISO(2, 1)
SL(2,R): Möbius transformation on τ , and conformal on Vi

τ 7→ τ̃ =
aτ + b

cτ + d
with ad − bc = 1

Vi 7→ Ṽi (τ̃) =
Vi (τ)

(cτ + d)2

R3: Abelian transformation on V2

τ 7→ τ̃ = τ

V1 7→ Ṽ1(τ) = V1

V2 7→ Ṽ2(τ) = V2 + (α+ βτ + γτ2)V̇1 − (β + 2γτ)V1

What is the interpretation?
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Physical interpretation of the symmetry

We act with the symmetry on the initial conditions:
singularity and horizon location (τ0, τ1), the mass M, and the fiducial scale L0

Example: Möbius τ 7→ f (τ)

τ0 7→ f (τ0)

τ1 7→ f (τ1)

L0 7→ L0 ḟ (τ0)−1/2 ḟ (τ1)−1/2

MBH 7→ ḟ (τ1)3/4 ḟ (τ0)1/4MBH

The mass changes ⇒ Not residual diffeos!
The fiducial length (boundary) interplays with the symmetry

Interesting features in common with the asymptotic symmetries in the full theory!
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Minisuperspace quantization

Quantum cosmology [DeWitt, Hartle, Hawking, Page, Wheeler, ...]

Interesting for conceptual questions in quantum gravity

A priori easy to quantize H → Ĥ, {q, p} → [q̂, p̂]

There are still ambiguities: ordering, choices of variables and quantization scheme

Loop quantum cosmology (LQC) [Ashtekar, Bojowald, Corichi, Lewandowski, Pawlowski,
Singh, ...]

Quantization inspired from Loop Quantum Gravity

In FLRW it replaces the big-bang with a big-bounce
Regularisation scheme (polymerization) is ambiguous

Under control for FLRW [Ashtekar, Bojowald, Corichi, Lewandowski, Pawlowski,
Singh, ...]
Application to black holes less consensual [Ashtekar, Bodendorfer, Bojowald,
Campiglia, Corichi, Gambini, Mele, Modesto, Munch, Rovelli, Olmedo, Perez, Pullin,
Singh, ... ]

Use the symmetries to fix some ambiguities!
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Black holes in LQC

Polymerization
Capture in an effective classical theory the quantum contributions

Equivalent to a regularization of the Hamiltonian p 7→ sin(λp)/λ

Introduces a minimal length and a maximal curvature

Which momenta and which regularization?

Respecting the symmetry

One can exhibits a polymerization that is a canonical transformation Vi → vi

Property not satisfied by some of the existing proposal for BHs

Property satisfied by the µ̄-scheme in FLRW

New physics using vi as metric coefficients

Kinematics

We build the Hilbert space using irreducible representations of Poincaré

This naturally respects the symmetry
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Regular metric

Effective metric form expectation values of Poincaré generators

ds2eff = −f −1dR2 + f dR2 + (R2 + ∆)dΩ2 f =
2MR − R2 −∆

R2 + ∆
∆ ∝ `

2
Pl

Singularity

Classical black hole solution

7→

Effective non-singular metric

No singularity

Two horizons connecting two asymptotically flat regions

Same mass on black and white hole sides

Wheeler-DeWitt quantization
We obtain the same metric allowing some boundary fluctuations
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Conclusions and perspectives

Despite their apparent simplicity, minisuperspaces contain a rich symmetry structure

Physical symmetries
They rescale the energy and the fiducial cell

Background symmetries ↔ conserved quantities for test fields?

Consequences on QNM or Hawking radiation?

Group quantization
Better control on quantization ambiguities

Non-singular solution: boundary fluctuation or fundamental discreteness?

Explore the landscape of anisotropic models in LQC

Relationship with LQC-like coarse graining

Generalisation
Extension to inhomogeneous spaces

Understand connection with full theory
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Relationship with LQC-like coarse graining

Generalisation
Extension to inhomogeneous spaces

Understand connection with full theory
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Thank you for your attention!


