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Motivation & Preliminaries

• Interested in decoherence and dissipation in polymer QM.

• Consider an open quantum system with Ĥtot = ĤS + Ĥε + αĤint,

d

dt
ρ̂(I )(t) = −iα[Ĥint(t), ρ̂(I )(t)] = αL(t)ρ̂(I )(t).

• Aim is the formulation of a second-order TCL1 master equation:

d

dt
P ρ̂(I )(t) = K (t, t0)P ρ̂(I )(t) ≈ α2

t∫
t0

dτ PL(t)QL(τ)P ρ̂(I )(t)

• Investigate effects of polymerisation on generator K (t, t0).

1Breuer and Petruccione, 2003; Nakajima, 1958; Zwanzig, 1960.
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ρ̂(I )(t) = −iα[Ĥint(t), ρ̂(I )(t)] = αL(t)ρ̂(I )(t).

• Aim is the formulation of a second-order TCL1 master equation:

d

dt
P ρ̂(I )(t) = K (t, t0)P ρ̂(I )(t) ≈ α2

t∫
t0

dτ PL(t)QL(τ)P ρ̂(I )(t)

• Investigate effects of polymerisation on generator K (t, t0).

1Breuer and Petruccione, 2003; Nakajima, 1958; Zwanzig, 1960.
Michael Kobler (IQG FAU Erlangen) A polymerised decoherence model 2 / 8



Step I: Derive (or choose) a total Hamiltonian.

Step II: Transform Ĥint into the interaction picture.

Step III: Fix an initial environmental state ρ̂ε.

Step IV: Compute environmental correlation functions.

Step V: Formulate Born-Redfield or Born-Markov master equation.
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A quantum mechanical open U(1) scattering model

• Lindblad operators2 for collisional decoherence L̂q =
√
γG (q)e iqx̂ .

• Superselection Hilbert space3 given by HS1 = L2
(
S1, dϕ2π , δ

)
.

• Algebra of observables4 p̂ϕ, Ûλ, Û
†
λ where Û

(†)
λ = e±iλϕ.

• Step I: Choose total Hamiltonian Ĥtot = ĤS ⊗ 1ε + 1S ⊗ Ĥε + Ĥint:

Ĥtot =
p̂2
ϕ

2m0
+

N∑
α=1

(
p̂

(α)
ϕ

)2

2mα
+
(
Ûλ−Û†λ

)
⊗

N∑
α=1

gα
(2iλ)2

(
Û

(α)
λ −

(
Û

(α)
λ

)†)
.

2Hornberger and Sipe, 2003; Vacchini and Hornberger, 2007.
3Ashtekar, Fairhurst, and Willis, 2003; Corichi, Vukašinac, and Zapata, 2007.
4Bahr and Korsch, 2007; Kastrup, 2006; Kastrup, 2003.
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Û

(α)
λ

)†)
.

2Hornberger and Sipe, 2003; Vacchini and Hornberger, 2007.
3Ashtekar, Fairhurst, and Willis, 2003; Corichi, Vukašinac, and Zapata, 2007.
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Deriving the second-order TCL master equation

• Step II: Transform Ĥint into the interaction picture:

d

dξ
Ûλ(ξ) = i

[
Ĥtot, Ûλ(ξ)

]
, Û

(†)
λ (ξ) = Û

(†)
λ exp

{
iλξ

m0

(
± p̂ϕ +

λ1

2

)}
.

• Step III: Fix a Gibbs state ∝ e−βĤ for the environment:

ρ̂
(S1)
th =

1

ϑ(z ; τ)

∑
n∈Z

exp
{
−σn2 − 2σnδ

}
|n〉δ⊗〈n|δ =

∑
n∈Z

cn |n〉δ⊗〈n|δ .

• Step IV: Compute the environmental correlation functions

Cαα(ξ) =
g2
α

2λ2

[
cos

(
ξλ2

2mα

)
−i sin

(
ξλ2

2mα

)]∑
n∈Z

c
(α)
n cos

(
ξλ

mα

(
n+δ

))
.
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Ĥtot, Ûλ(ξ)

]
, Û
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Ûλ(ξ) = i

[
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A polymerised Born-Redfield-type master equation

• Step V: Formulate master equation in the Schrödinger picture as:

d

dt
ρ̂S(t) = −i [ĤS , ρ̂S(t)] +

1

8λ4

t−t0∫
0

dξ

N∑
α=1,
n∈Z

g2
αc

(α)
n cos

( ξ

mα
λ(n + δ)

)

×
(

cos
( ξλ2

2mα

)[
Ûλ − Û†λ,

[
Ûλ(−ξ)− Û†λ(−ξ), ρ̂S(t)

]]
− i sin

( ξλ2

2mα

)[
Ûλ − Û†λ,

{
Ûλ(−ξ)− Û†λ(−ξ), ρ̂S(t)

}])
.

• Have
〈

d
dt ρ̂S(t)

〉
S

= 0 by construction, still depends on t, t0.

• Possible replacement of
∑

α g
2
α by continuous spectral density5.

5Breuer and Petruccione, 2006; Schlosshauer, 2007.
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Properties of the polymer master equations

• Derive effective differential equations for
〈
p̂ϕ
〉
S

and
〈
Ûλ − Û†λ

〉
S

.

• Expand prefactors in the full master equations in orders of λ.

• Set mα = m0 for all α for simplicity, which yields:

d

dt

〈
p̂ϕ
〉
S

= −
t−t0∫
0

dξ

N∑
α=1

∑
n∈Z

g2
α

e−σn
2
e−2σnδ

ϑ(z , τ)

ξ2

2m2
0

〈
p̂ϕ
〉
S

+O(λ2)

= −G (t − t0)3

6m2
0

〈
p̂ϕ
〉
S

+O(λ2), with G :=
N∑
α=1

g2
α ≥ 0.

• Hence
〈
p̂ϕ
〉
S

(t) = exp
{
− G

24m2
0
(t − t0)4

}〈
p̂ϕ
〉
S

(t0) in lowest order.

• Similarly, obtain and solve for
〈
Q̂λ
〉
S

given solution of
〈
p̂ϕ
〉
S

(t).
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Conclusions & Outlook

• Derived a simple polymer QM Born-Redfield-type master equation.

• Expanded master equation in the lattice parameter, decoupled eff.

differential equations for
〈
p̂ϕ
〉
S

and
〈
Ûλ − Û†λ

〉
S

.

• Solutions different to Schrödinger-type6 models.

• Use different polymer representation, generalize7 to polymer QHO.

• Understand relation of master equation and U(1) coherent states8,

extend pointer states9 to the polymer case.

• Consider cosmological models as polymerised open quantum systems.

6Hornberger, 2006; Vacchini and Hornberger, 2007.
7Caldeira and Leggett, 1983.
8Bahr and Korsch, 2007; Thiemann, 2006.
9Busse and Hornberger, 2009.
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