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Introduction

INTRODUCTION

Simple models within LQG to gain intuition about the open
problems of the theory.

Study dynamics in a truncation: 2-vertex model.

Spinorial formalism for LQG and twisted geometries.

Symmetry reduced sector already studied.
Homogeneous and isotropic sector.
Interesting cosmological analogies and results.

General case, out of the reduced sector.
Evolution of random initial configurations of spinors.
Universal dependence of the evolution regimes.
Reconstructing the associated polyhedra we compute the
evolution of their volume and shape.
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Spinorial formalism and twisted geometries

SPINORS AND NOTATIONS

Spinors z ∈ C2: |z〉 =

(
z0

z1

)
, 〈z| =

(
z̄0 z̄1

)
.

Geometric vector in 3d ~X (z), |z〉〈z| =
1
2

(
〈z|z〉I + ~X (z) · ~σ

)
.

Poisson brackets: {zA, z̄B} = −iδAB {X a,X b} = εabcX c .

Dual spinors: |z] ≡ −iσy |z̄〉 =

(
−z̄1

z̄0

)
, [z|w ] = 〈z|w〉.

N spinors (one intertwiner with N legs): closure contraint

~C =
∑

i

~Xi(zi) = 0⇒





∑
i z0

i z̄1
i = 0,

∑
i

∣∣z0
i

∣∣2 =
∑

i

∣∣z1
i

∣∣2 = 1
2
∑

i〈zi |zi〉.

Matching constraint along each edge,

Ck = 〈zs
k |zs

k 〉 − 〈z t
k |z t

k 〉 = 0.
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Spinorial formalism and twisted geometries

TWISTED GEOMETRIES AND QUANTIZATION

Minkowski theorem

If
∑N

i=1
~Xi = 0, there exists a unique convex polyhedron (up to trans-

lations) whose i-th face have orthogonal vector ~Xi and area |~Xi |.

Collection of spinors
satisfying closure constraint

= Collection of vectors
satisfying Minkowski theorem

Associate a polyhedron to each configuration of spinors. They
are glued by faces of equal are→ Twisted geometries.
[Freidel, Speziale, 2010]

Quantization of the spinors −→ LQG kinematical Hilbert space.
[Livine, Tambornino, 2012]

Algorithm to reconstruct the polyhedron.
[Bianchi, Dona, Speziale, 2011; Sellaroli, 2017]
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2-vertex model Dynamics for the 2-vertex model

THE 2-VERTEX GRAPH

17

First, we have written Eei without reference to any vertex. This is because spin network states satisfy the matching

constraints on all edges E
s(e)
ee = E

t(e)
ee , therefore we write here Eei ≡ Evi

eiei = Evi
ei−1ei−1

. In particular, one can easily

check that the operator
∏

j M̂j commute with all the matching constraints Evi
eiei − Evi

ei−1ei−1
. Second, Eei is the

energy operator of the oscillators living on the edge ei, so it has a positive spectrum N. Thus, the shifted operator
Eei + 1 is still Hermitian and has a strictly positive spectrum N∗ = N \ {0}. Therefore, the operator 1/

√
Eei + 1 is

well-defined.
Finally, we point out that the operator T̂r GL defined as above is straightforwardly Hermitian.

In order to prove this conjecture, we could do a direct calculation of the action of the holonomy operator, check
how it acts on all the intertwiners living at the vertices of the loops L and compare with the expression above. We
believe that a more indirect check but certainly less painful and more enlightening would be to compute the algebra
of our conjectured holonomy operators and compare it to the actual well-known holonomy algebra. We postpone this
study to future investigation [8].

We nevertheless check our conjectured formula against the exact expression of the holonomy operators for the
2-vertex graph [7], and it seems that we have the exact same expressions apart from the sign factor (−1)ri . Let us
look more carefully at this issue.
The 2-vertex graph consists in two vertices α and β, linked by N edges all oriented in the same direction from

α to β. We number the edges i = 1..N . We now have U(N) operators acting at each vertex, E
(α)
ij , F

(α)
ij , F

(α)
ij

† and

E
(β)
ij , F

(β)
ij , F

(β)
ij

†. Finally, the matching conditions to ensure that we are working with true spin network states are

E
(α)
ii − E

(β)
ii = 0 for all edges i.

 

α β

e1

e2

e3
e4

eN−3

eN−2

eN−1

eN

FIG. 3: The 2-vertex graph with vertices α and β and the N edges linking them.

Let us look at a basic loop consisting in two edges (ij). Then we apply our conjectured formula to get:

T̂r G(ij) = − 1√
Ei + 1

√
Ej + 1

(F
(α)
ij F

(β)
ij + E

(α)
ij E

(β)
ij + E

(α)
ji E

(β)
ji + F

(α)
ij

†F (β)
ij

†)
1√

Ei + 1
√
Ej + 1

. (78)

This is the exact same expression as we have derived in the earlier work [7] apart from the global minus sign. This
discrepancy is not an issue since it is only due to the difference of orientation. Indeed, our conjecture formula holds
for all edges oriented the same way around the loop L, while the formula derived in [7] assumes that the edges are all
oriented from α to β. There is no problem with changing the orientations in our formula for the holonomy operator
above: we multiply by a minus sign for each edge whose orientation we switch.
At the end of the day, the present framework is totally consistent with the full analysis of spin network states on

the 2-vertex graph done in [7].

By expressing the holonomy operator around a closed loop in terms of the operators Eij , Fij and F †
ij of the U(N)

formalism, we have finally written a proper SU(2)-invariant operators acting on spin network states and not only on
single intertwiner states as done up to now [1–4]. As we have said earlier, looking carefully at the expression of the
holonomy operator, each term of the sum over ri = 0, 1 is also SU(2)-invariant and commutes with the matching
conditions. Moreover, we can forget about the factors E in the denominator, which comes from properly normalizing

the spinors into order to define the group elements ge. Finally, we are left with the operators M̂{ri}
L for each set of

values {ri}, which we interpret as defining generalized holonomy operators in our U(N) formalism for loop quantum
gravity. These operators are simply constructed as the product of E or F or F † operators acting on the vertices
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2-vertex model Dynamics for the 2-vertex model

DYNAMICS FOR THE 2-VERTEX GRAPH

SU(2) invariant observables around each of the two vertices

Eα
kl = 〈zαk |zαl 〉 , Fα

kl = [zαk |zαl 〉 , F̄α
kl = 〈zαl |zαk ] = −〈zαk |zαl ] .

Operators Eij form a U(N) algebra.

Hamiltonian: the lowest order polynomial ansatz for the spinors.

H =
∑

k ,l

λEα
klE

β
kl + γFα

kl F
β
kl + γ̄F̄α

kl F̄
β
kl .

H commutes with the closure and matching constraints.

Equations of motion for |zαi 〉:

dt |zi〉 = −{H, |zi〉} =
∑

j

(
2i γ̄F̄β

ij |zj ]− iλEβ
ij |zj〉

)
.
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2-vertex model Homogeneous and isotropic sector

SYMMETRY REDUCED SECTOR

We introduce the operators: Eij ≡ E (α)
ij − E (β)

ji .

They form a global u(N) algebra: [Eij , Ekl ] = δjkEil − δilEkj .

We look for a U(N) invariant subspace�� ��2Hinv =
⊕

J∈NC |J〉

Classical Hamiltonian for the reduced sector depends only on two
conjugated variables: (a, φ).

λ2 > 4|γ|2 → The evolution oscillates

λ2 ≤ 4|γ|2 → The evolution diverges

8



2-vertex model Homogeneous and isotropic sector

OSCILLATORY AND DIVERGENT REGIMES
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2-vertex model General case

RANDOM CONFIGURATIONS OF CLOSED SPINORS

Algorithm to generate random configurations of closed and
matching spinors.

Evolution of any initial configuration of spinors.

Reconstruction of the associated polyhedra.

Computation of the volume (using Sellarolli’s code).

Same regimes as the reduced case, independent of the number
of edges and initial configurations.

λ2 > 4|γ|2 → The evolution oscillates

λ2 ≤ 4|γ|2 → The evolution diverges
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2-vertex model General case

REGIMES DEPENDING ON THE COUPLING CONSTANTS
N = 2 N = 3 N = 4

∆t ∼ 104

∆t ∼ 103

∆t ∼ 101
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2-vertex model General case

TWO EDGES
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2-vertex model General case

EVOLVING A RANDOM CONFIGURATION
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2-vertex model General case

EVOLVING A RANDOM CONFIGURATION
t = −10−2 t = 0 t = 10−2 Volume

N = 20

N = 40

N = 60
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Conclusions

CONCLUSIONS

Dynamics for a truncation (2-vertex model) using the spinorial
formalism and twisted geometries.

Reduced sector with interesting cosmological interpretation.

General case: evolution of random initial configurations (out of
the homogeneous and isotropic sector).

Oscillatory and divergent regimes with a universal dependence
only on the coupling constants of the Hamiltonian.

We studied also different Hamiltonians (different normalizations
and edge dependent coupling constants). No regimes found.

Possible path to explore more general cosmological models
within the LQG theory.
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