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Background Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs as a black hole interior model

m Kantowski-Sachs: homogeneous model with spatial section topology ~ S2 x R.
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Background  Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs as a black hole interior model

m Kantowski-Sachs: homogeneous model with spatial section topology ~ S2 x R.

m Metric:

da} + |pc\d92 (1)
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Background  Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs as a black hole interior model

m Kantowski-Sachs: homogeneous model with spatial section topology ~ S2 x R.

m Metric:

da} + |pc\d92 (1)

m Relates to Schwarzschild interior metric by:

2m 2m -1
pl=rt e (o) e (o)
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Background  Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs in Ashtekar-Barbero variables

m Ashtekar-Barbero variables:

Al = _bsin09,¢ , Ef=-Lbge
Lo
A2 =b8,0 , ES =L gingg®
Lo
A3 = iaam +cos00q,0 E§ = pcsinfz®
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Background  Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs in Ashtekar-Barbero variables

m Ashtekar-Barbero variables:

Al = —bsin0d.¢ , B¢ = —%l;w
A2 =b8,0 |, ES= %’; sin 09° 3)
Ag = Lioaam + cos 00,9 , E§ = pcsinfz®
m Symplectic Structure
{or} =Gy, {epe}=2Gy (4)
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Background  Kantowski-Sachs in Ashtekar-Barbero Variables

Kantowski-Sachs in Ashtekar-Barbero variables

m Ashtekar-Barbero variables:

Al = _bsin09,¢ , Ef=-Lbge
Lo
A2 =b8,0 , ES =L gingg® 3)
Lo
Ag = Lioaam + cos 00,9 , E§ = pcsinfz®
m Symplectic Structure
{op} =Gy, {cpe} =2Gy (4)
m Hamiltonian Constraint (for an arbitrary lapse N)
8N sgn(pe
Hep = _ 8N sgn(pe) [(6% +~v%)py + 2bepe] (5)

72 v |pel
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Residual Diffeomorphisms
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
i DAL . | 9A

m That is, we must solve LzA", = A°, = 5% b + —5%¢ for some b and ¢.
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
y oAt oAl

m That is, we must solve LzA", = A°, = 5% b + —5%¢ for some b and ¢.

[ ] {57 z, mi’} forms a basis for the most general 7.
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
y oAt oAl

m That is, we must solve LzA", = A°, = 5% b + —5%¢ for some b and ¢.

[ ] {57 z, mi’} forms a basis for the most general 7.

m The subgroup generated by {q;, i‘} has trivial action
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
a A",

. i (i Al . ; .
m That is, we must solve LzA", = A°, = 552 b + —5z% ¢ for some b and ¢.

[ ] {57 z, mi’} forms a basis for the most general 7.

m The subgroup generated by {q;, i‘} has trivial action

m The subgroup with non-trivial action is generated by {zZ}.
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
a A",

. i (i Al . ; .
m That is, we must solve LzA", = A°, = 552 b + —5z% ¢ for some b and ¢.

[ ] {57 z, mi’} forms a basis for the most general 7.

The subgroup generated by {q;, i‘} has trivial action

m The subgroup with non-trivial action is generated by {zZ}.
: OE,* | OE,* . . .
m LE"=E"= Bplb Py + Tlcpc for some pp and p. must also be solved.
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Residual Diffeomorphisms

Residual Diffeomorphisms

m Residual diffeomorphisms: a group of transformations preserving the form of (A, E).

m First we must find the most general vector field v generating a flow preserving the
Kantowski-Sachs form for A,
a A",

. R At . . . .
m That is, we must solve LzA", = A°, = 552 b + —5z% ¢ for some b and ¢.

[ ] {57 z, mi’} forms a basis for the most general 7.

m The subgroup generated by {q;, i‘} has trivial action

m The subgroup with non-trivial action is generated by {zZ}.
. a

" LB =E =2

i

9py,
m The resulting flow equations requires:

. OE,* . . .
Py + ﬁpc for some pp and p. must also be solved.

b=0 , Pr=p , ¢t=c , Pe=0 (6)
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Classical Covariance

Classical Covariance
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Classical Covariance

Covariance Equation

m Hamiltonian Constraint (for an arbitrary lapse N)

87N sgn(pe)

72 V [pel

He =

[(6% +~v%)py + 2bepe] )
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Classical Covariance

Covariance Equation

m Hamiltonian Constraint (for an arbitrary lapse N)

87N sgn(pe)

72 V [pel

He =

(6% +~%)py + 2bepe] )

m This Hamiltonian Constraint is of density weight one so, under the residual diffeomorphism
flow,

Hep = Heg. (8)
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Classical Covariance

Covariance Equation

m Hamiltonian Constraint (for an arbitrary lapse N)
87N sgn(pe)

72 V [pel

m This Hamiltonian Constraint is of density weight one so, under the residual diffeomorphism
flow,

He = [(6% +~v%)py + 2bepe] (7)

Hep = Heg. (8)

m This is the equation we will then attempt to quantize.
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Classical Covariance

Covariance Equation

m Hamiltonian Constraint (for an arbitrary lapse N)

87N sgn(pe)

72 V [pel

He =

(6% +~%)py + 2bepe] )

m This Hamiltonian Constraint is of density weight one so, under the residual diffeomorphism
flow,

Hep = Heg. (8)

m This is the equation we will then attempt to quantize.

m Unfortunately, the flows in (6) are not canonical, so the left hand side of (8) cannot be
quantized in the usual way.
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Maxwell Field in Kantowski-Sachs Spacetime

Maxwell Field in Kantowski-Sachs Spacetime
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Maxwell Field in Kantowski-Sachs Spacetime ~ Maxwell Field

Maxwell Field

m A similar approach can be taken with a general Maxwell Field in Kantowski-Sachs.
Aa = (¢7 95 x) 6a¢ + /@ (¢7 97 1‘) 8(10 + v (¢7 97 CU) 8‘1I

B = x(6,0,2) ¢° + 1 (6,0,) 6%+ (6,6,) = ®)
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Maxwell Field in Kantowski-Sachs Spacetime ~ Maxwell Field

Maxwell Field

m A similar approach can be taken with a general Maxwell Field in Kantowski-Sachs.
Aa = 04((1),9,30) 60,(;5*‘1’,3((25,9,1) 8(104"»7((;57 O,I) 8‘1I (g)

m Our basis of the Killing vector fields for the Kantowski-Sachs symmetry group is:

Eo =z?

Ri = cotd cos ¢ ¢% + sin ¢ 0%

) (10)
Ro :== —cot 0 sin¢ ¢® + cos ¢ 6¢

Rs = ¢°
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Maxwell Field in Kantowski-Sachs Spacetime ~ Maxwell Field

Maxwell Field

m A similar approach can be taken with a general Maxwell Field in Kantowski-Sachs.
Aa = (¢7 95 x) 6a¢ + /3 (¢7 97 LE) 8(10 + v (¢7 97 CU) 8‘1I

B = x(6,0,2) ¢° + 1 (6,0,) 6%+ (6,6,) = ®)

m Our basis of the Killing vector fields for the Kantowski-Sachs symmetry group is:

Ry = 2
IEl = cot 0 cos ¢ ¢* + sin ¢ 0% (10)
Ro :== —cot 0 sin¢ ¢® + cos ¢ 6¢
R3 = ¢°
m Our residual diffeomorphisms then become:
LAa=0= Lz E" (11)
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Maxwell Field in Kantowski-Sachs Spacetime ~ Maxwell Field

Maxwell Field

m A similar approach can be taken with a general Maxwell Field in Kantowski-Sachs.
Aa = (¢7 95 x) 6a¢ + /3 (¢7 97 LE) 8(10 + v (¢7 97 CU) 8‘1I

B = x(6,0,2) ¢° + 1 (6,0,) 6%+ (6,6,) = ®)

m Our basis of the Killing vector fields for the Kantowski-Sachs symmetry group is:

Eo =z?
R1 = cot 6 cos ¢ d* 4 sin ¢ O¢
- (10)
Ro :== —cot 0 sin¢ ¢® + cos ¢ 6¢
R3 = ¢°
m Our residual diffeomorphisms then become:
LAa=0= Lz E" (11)
m It turns out, the most general forms of A, and E¢ are:
Ag =7 Oax
a Y Oa (12)

E® = w sinf z%.

where v and w are constants.
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Maxwell Field in Kantowski-Sachs Spacetime ~ Maxwell Field

Maxwell Field

m A similar approach can be taken with a general Maxwell Field in Kantowski-Sachs.
Aa = (¢7 95 x) 6a¢ + /3 (¢7 97 LE) 8(10 + v (¢7 97 CU) 8‘1I

B = x(6,0,2) ¢° + 1 (6,0,) 6%+ (6,6,) = ®)

m Our basis of the Killing vector fields for the Kantowski-Sachs symmetry group is:

Eo =z?
R1 = cot 6 cos ¢ d* 4 sin ¢ O¢ (10)
Ry == —cot 0 sin ¢ ¢* + cos ¢ 6%
R3 = ¢°
m Our residual diffeomorphisms then become:
LAa=0= Lz E" (11)
m It turns out, the most general forms of A, and E¢ are:
Ag =7 Oax (12)
E® = w sinf z%.
where v and w are constants.
m Therefore:
YA, =V (1) 8ar + Aa =V () a7 + 7 (1) Buz. (13)
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution

m The Reissner-Nordstrom metric is given by:

2M 2 2M 2\t
gbe:f<1f—+ Q >6at6bt+<lf—+ Q ) Bar Opr
r 4meqr? r 4meqr?

(14)
+125in% 0 8,6 Oyd + 12 Baf B0

1A, = Qaat (15)
T
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution

m The Reissner-Nordstrom metric is given by:

2M 2 2M 2\t
gbe:f<1f—+ Q >6at6bt+<lf—+ Q ) Bar Opr
r 4meqr? r 4meqr?

(14)
+125in% 0 8,6 Oyd + 12 Baf B0

1A, = Qaat (15)
T

m To compare to the Reissner-Nordstrom solution, we need to determine the corresponding

metric: bi
ha,b — 6ij€a-€b- _ EU;E ’
9 Tdet{han}] 5)
1 1 D,
= csc?0 % + —0%0° + ‘Ij;| z%ab.
[Pe| [pe| fs
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution

m The Reissner-Nordstrom metric is given by:

2M Q2 2M Q2 \ !
gbe:—<1——+ 2>6at6bt+<1——+ ) Bar Ay
T

r 4meqr 4meqr?

(14)
+125in% 0 8,6 Oyd + 12 Baf B0

1A, = Qaat (15)
T

m To compare to the Reissner-Nordstrom solution, we need to determine the corresponding

metric: bi
ha,b _ 6ij€a€b- _ EU;E ‘
B YT | det{h
Gl 5)
= —csc?0¢%pb + 9“0b+ p; 2%,
[Bel |pe| P
m This leads to:
gabsz 8(l78br+|pL\bm 0 Oap Opp + |Pec| Oa 0859«% b Do Opx. 17)
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m |dentifying (z, 7) with (¢,7):

9
by
~C

Jab = Bl Dat Opt — N20,1 Opr + |Pe| sin 0 D Oy + |Be| Dab 8p0 (18)

YAu =V (r) Qar + (1) But (19)
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m |dentifying (z, 7) with (¢,7):

)
Jab = ﬁ—”‘ Dat Oyt — N20ar Oyr + |Pe| sin® 0 8acp Oy + |Pe| a 00 (18)
Dc
‘A, =V (r) Bar + v (r) Oat (19)
m Comparing the 4 A,:
V) =0 A~y =2 (20)
T
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m |dentifying (z, 7) with (¢,7):

=2
Jab = é—”‘ Dat Oyt — N20ar Oyr + |Pe| sin® 0 8acp Oy + |Pe| a 00 (18)
c
YAu =V (r) Qar + (1) But (19)
m Comparing the 4 A,:
V) =0 Ay =2 (20)
r
m Comparing the rest:
|pe| =r?
2M Q?
-2 2
=2 (1=
P " ( r * 47reor2> (21)
2M 2 \7!
N2 =— <1 -+ Q >
r 4meqr?
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Maxwell Field in Kantowski-Sachs Spacetime Reissner-Nordstrom Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m The flow defined by & (now identified as tf) also preserves the form of the electromagnetic
variables A and E.
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m The flow defined by & (now identified as tf) also preserves the form of the electromagnetic
variables A and E.

m This flow results in:

oM [EZA — dmeor (r — 2M)]

gab()‘) = —e(a+2)’\ 1-—— 8at 8bt
r 4meqr?
aX -1
£— —dmeor (r — 2M) (22)
2M 0
+ e 1———}—[& ] Oar Opr
r 4dmegr?
+ 12 (820 9p0 + sin? 09a¢ By)
Where

a=(Q%—dmeor (r—2M)) (23)
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Maxwell Field in Kantowski-Sachs Spacetime  Reissner-Nordstrém Comparison

Comparison to the Reissner-Nordstrom Solution Continued

m The flow defined by & (now identified as tf) also preserves the form of the electromagnetic
variables A and E.

m This flow results in:

oM [EZA — dmeor (r — 2M)]

gab()‘) = —e(a+2)’\ 1-—— 8at 8bt
r 4meqr?
aX -1
£— —dmeor (r — 2M) (22)
2M 0
+ e 1———}—[& ] Oar Opr
r 4dmegr?
+ 12 (820 9p0 + sin? 09a¢ By)
Where

a=(Q%—dmeor (r—2M)) (23)

m | haven't finished the rest of this yet, as we have been focused on quantizing the
gravitational part.
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Next Steps

Next Steps

m The next step is to quantize the non-canonical covariance equation for the gravitational field,
which Rafael Dias will go into in more detail in his presentation.
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Next Steps

Next Steps

m The next step is to quantize the non-canonical covariance equation for the gravitational field,
which Rafael Dias will go into in more detail in his presentation.
m Usually in quantum theory one only defines unitary flows corresponding to canonical
transformations:
1 - t

F={0F} = F==[Fi] = F@=cithoe (0
wmn
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Next Steps

Next Steps

m The next step is to quantize the non-canonical covariance equation for the gravitational field,
which Rafael Dias will go into in more detail in his presentation.

m Usually in quantum theory one only defines unitary flows corresponding to canonical
transformations:

. X 1 A A A t A o~ t A
F={AF} = F=- [F A] =  F(t)=em POt (24)
21

m However, as Rafael will explain, the flows in (6) are non-canonical, so (24) cannot be directly
applied.
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Next Steps

Next Steps

m The next step is to quantize the non-canonical covariance equation for the gravitational field,
which Rafael Dias will go into in more detail in his presentation.

m Usually in quantum theory one only defines unitary flows corresponding to canonical
transformations:

. X 1 A A A t A o~ t A
F={AF} = F=- [F A] =  F(t)=em POt (24)
21

m However, as Rafael will explain, the flows in (6) are non-canonical, so (24) cannot be directly
applied.

m Fortunately, we were able to quantize things by generalizing (24).
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Discussion

Discussion

Questions?
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Thank You!
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