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What are effective spin foams ?

Effective spin foam models are discrete geometrical path integrals for quantum gravity.

✅  most efficient spin foam and fast computations to date.

They need not be approximate. 

𝒵 = ∫M/Diff(M)
[𝒟geom] e−i S[geom]

✅  allows different ‘gluing constraints’ - general family of models.

Geometry based on area variables
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Minkowski theorem:

Area normal vectors capture geometry of tetrahedron

constraint satisfied for classical tetrahedron

Geometry from Areas

Area variables describe generalized geometries — more than Lorentzian geometry

⃗A 1

⃗A 2

⃗A 3
⃗A 4

⃗A i = Ai ̂ni
4

∑
i

⃗A i = 0

[Schuller, Wohlfahrt ’06]

Quantum geometries from LQG, Spin foams

Holography

Entanglement entropy

Black hole micro state counting minimal area metric in String theory

Boundary edge modes natural sympletic structure discrete gravity

[Minkowski]
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Building blocks are 4-simplices: each simplex has 10 triangles and 10 edges

Discrete gravity - Area Regge calculus

Locally invert areas and lengths

Heron’s formula   At(le) = at

le = Lσ
e (at)

A2
t (l1, l2, l3) = 1

16 (l1 + l2 + l3)(l1 + l2 − l3)(l1 − l2 + l3)(−l1 + l2 + l3)

[Hero of Alexandria AD 60]

SRegge[at] = ∑
h

at ϵt(at′￼)

δSRegge ⟹ ϵt(at′￼) = 0 flatness 

Flatness due to more degrees of freedom

Flatness problem

[SKA, Dittrich, Haggard]

[Bonzom ]
[ Barrett, Roček, Williams]
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Constraints

Require that geometry of shared tetrahedron should match

Φτ,σ
ei

(at) = Φτ,σ′￼
ei

(at)match two 3d dihedral angles

𝒞τ
i := ϕτ

ei
− Φτ,σ

ei
(at) = 0(localized constraints)

i = 1,2 (non-opposite edges)

σ

Gluing simplices

16 area variables 14 length variables

σ′￼

General triangulation has a mismatch between shared tetrahedra

(second-class

constraints)

{𝒞τ
i , 𝒞τ

j} = (2γ sin α12)/at

4 areas vs. 6 lengths

τ

τ
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Input from LQG, Spin foams

๏ Discrete eigenvalues for  area operators (almost equidistant)

Features of Quantum Geometry

a2
t ≃ γ2ℓ2

P j( j + 1) ∼ γ2ℓ2
P j2 j ∈ ℕ/2

Discrete areas

[Rovelli, Smolin]
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Input from LQG, Spin foams

๏ Discrete eigenvalues for  area operators (almost equidistant)

๏ Weak imposition of constraints 

Features of Quantum Geometry

a2
t ≃ γ2ℓ2

P j( j + 1) ∼ γ2ℓ2
P j2 j ∈ ℕ/2

∼ 𝒩k exp (−
∑i 𝒞2

i

4σ2( j) )

Gτ = ⟨KΦτ,σ
ei

|KΦτ,σ′￼
ei

⟩

Constraints:

ansatz

Discrete areas

See Simāo’s talk

Friday

[Rovelli, Smolin]

[Engle, Perriera, Rovelli, Livine]

{𝒞τ
i , 𝒞τ

j} = (2γ sin α12)/at𝒞τ
i := ϕτ

ei
− Φτ,σ

ei
(at)
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at ∼ γℓP jt

Effective spin foam model

discrete area spectrum

𝒵ESF = ∑
{a}

μ( j)∏
t,σ

exp ( i
ℏ

S[a])∏
τ

Gτ(a)

Constraints:

-0.4 -0.2 0.0 0.2 0.4
-1.0

-0.5

0.0

0.5

1.0

Gτ ∼ 𝒩k exp (−
∑i 𝒞2

i

4σ2( j) )

γ jt curvt ≲ 𝒪(1)Asymptotic condition:

S[at] = ∑
t

at ϵt

[SKA, Dittrich, Haggard]

σ2 ∼ {ϕτ
e1

, ϕτ
e2

} = (2γ sin α12)/jt
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⟨𝒪(a)⟩ =
1

𝒵ESF ∑
{j}

μ( j)∏
t,σ

exp ( i
ℏ

S[γ, j])∏
τ

Gτ( j) 𝒪(a)

Testing the model

Triangulation with bulk edge

6 four-simplices
21 tetrahedra

Parameters of model :

γ Λ ∼ j ϵ
curvatureboundary dataarea gap

anisotropy

29 triangles



Numerical results

Surprises:

-threshold behaviour for oscillations

-threshold values independent of

 scale Λ

Small curvature

17

Additionally, the G-factors do suppress a growing portion of the region allowed by the triangle
inequalities for growing ⇤, and here in particular the portion where "2 (and "3) are negative, see
Fig 6. The reason for that is that the linear extension for this region grows with ⇤, whereas the
deviation ⌃(j) for the G-factors grows only with

p
⇤, see (4.10).

We will see that this mismatch of the expectation values with the classical solution basically
disappears for su�ciently large ⇤. But we note that this appearance of the mismatch for smaller ⇤
can be considered to result – at least in this example – from the weak imposition of the constraints.

To explain some features of the expectation values it is will be helpful to consider first the
behaviour of the partition function as a function of the Barbero-Immirzi parameter �. To this end
we note that we computed the sums appearing in (6.1) keeping the �–parameter general. We will
therefore show the results, i.e. the absolute value of the partition function, and the expectation
values, as continuous functions of �. We will see that for certain region of �, these functions are
oscillating with a very high frequency – the graph might then appear to be thickened into a blob.

Fig. 7 shows the absolute value of the partition function for ⇤ = 10, 20, 40, 80. (The phase
shows extremely rapid oscillations over the entire range of 0 < � < 1.5.)
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Figure 7: Absolute value of the partition function and normalized expectation values for the areas A1 and
A2 for boundary values leading to a very small curvature solution.

The absolute values for the partition functions appear do decrease monotonously up to a value
of � ⇠ 0.55. We then have an oscillatory behaviour with relatively high frequency and small
amplitude, up to a value of � ⇠ 0.72. The value for the onset of these oscillations does almost
not seem to change with scale ⇤, whereas the frequency of these oscillations (as a function of �)

Bulk-Edge

symmetry reduced :  bulk areas5 → 3ϵ1cl = 0, ϵ2cl = ϵ3cl = 0.034

Improvement in semi-classical 
expectation values for large Λ

9
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Figure 13: Absolute value of the partition function and real part of the expectation value for A1 for an
example with large curvature angles.

The areas are quite well matched in Regime II, but this is less the case for the deficit angles,
see Fig. ??. There is also more of a systematic mismatch for the deficit angles in Regime III for
⇤ = 2 and – less so – for ⇤ = 1.

To summarize, in contrast to the low curvature example, the identification of a semi-classical
regime is, for this example, quite strongly scale dependent. Regime II can be considered as semi-
classical for ⇤ = 1, 2 and ⇤ = 4. Regime III is not semi-classical anymore for ⇤ = 4, and depending
on how much mismatch one wants to accept for the deficit angles, one may only declare a part of
Regime III semiclassical for ⇤ = 2.

We could therefore argue that the heuristic argument leading to equation (3.7), which suggest a
�–dependent bound on the scale for the semi-classical regime, does apply to this example. But we
see also here, that an important factor determining a reliable semi-classical regime is the occurrence
of oscillations in the norm of the partition function as a function of �.

D. Summary of behaviour found in the examples

In summary we have uncovered a surprising rich behaviour of the expectation values, when con-
sidered for varying Barbero-Immirzi parameter �, di↵erent scales and di↵erent classical curvature
values.

The arguments in section III suggested a bound �
p
j✏ / O(1) for the identification of a semi-

classical regime. Our results suggest some modification to this bound. We have seen in particular,
that the identification of a semi-classical regime does depend a lot on the appearance of oscillations
at certain threshold values for �:

Large curvature

Bulk-Edge

ϵ1cl = 4.193, ϵ2cl = − 1.790, ϵ3cl = − 1.1432

10

γ jt curvt ≲ 𝒪(1)

agree with



• Some surprising structures:  sudden onset of oscillations likely related to resonances - due to 
scaling property of Regge action

• Can easily check stability of these  features, if we change certain details of model

Good news: 

•  Get much larger acceptable  range of values for small . For the continuum limit we expect to 
have small curvature (per building block).

γ ϵ

Concluding  Remarks

• First test of spin foam implementing equations of motion for gravity
Resolves flatness problem

11

- configurations with curvature appear
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• Can easily check stability of these  features, if we change certain details of model

Good news: 

•  Get much larger acceptable  range of values for small . For the continuum limit we expect to 
have small curvature (per building block).

γ ϵ

• Results support hope to restore diff. symmetry in continuum limit. 

• inhomogeneously scaling.

Concluding  Remarks

• First test of spin foam implementing equations of motion for gravity
Resolves flatness problem

11

- configurations with curvature appear

Outlook: Coarse graining and test diffeomorphism invariance

[Dittrich, Kogios, Borissova  ]

• require curvature to be sufficiently small.

THANK YOU !


