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A	simple	story	about	Lorentz	transformations		
and	how	they	are	useful	to	understand	the	geometry		
of	the	semiclassical	limit	of	the	Lorentzian	EPRL	model



γ!"#$%&'()#*'+,-."(/01(&-2'",(2'#34,"

Lorentzian	spin	foams	use	SL(2,C)	unitary	irreps	(of	the	principal	series)
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we	say	that	the	bivector	JIJ(L,K)	is	γ!"#$%&'
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In	the	EPRL	model,	the	"#$%&#+#,5(+-0",./#0,"	(relating	BF	theory	to	GR)	
impose	that	the	expectation	values	(EVs)	of	the	generators	satisfy

The	solution	to	this	constraint	is	to	take	SU(2)	lowest	weights	only:	j=l=k

In the particular case ! = 0 the simple bivector has vanishing magnetic part and" (0, #) = 0, but T0(h) is still
not a representation.

The property of ! -simplicity is covariant under Lorentz transformations. This can be seen explicitly writing
(21) in covariant terms as

tI ( � !$ )J IJ = 0 , tI = (1 , 0, 0, 0). (31)

Then J IJ
⇤ := ⇤I

KJKL⇤J
L is again! -simple, but with respect to a new time-like direction N I := ⇤I

J tJ . According
to (31), its canonical generators satisfy

cosh#( %K � ! %L) = sinh # (R�1%u) ⇥ (%L + ! %K ). (32)

Or in terms of the boosted electric and magnetic parts,

%K ⇤ = ! T�1/�(h)T�(h)�1%L⇤. (33)

This is the ! -simplicity condition (21) in an arbitrary frame.
Consider now the case withj > k . The expectation values (%L, %K ) do not satisfy the condition of ! -simplicity,

because their proportionality is j -dependent. However, it is always possible to construct a! -simple bivector
keeping %L, and looking for a new %K 0 that would preserve the (large-spin limit) Casimir identities

%K 02 � %L 2 = &2 � k2, %K 0 · %L = &k, %L 2 = j 2. (34)

To that end, recall that a unit-norm spinor deÞnes an orthonormal basis ofR3 given by (%n, %F , %n ⇥ %F ), where

h' |%(|' i = �%n, [' |%(|' i = i %F + %n ⇥ %F . (35)

The Ôßag vectorÕ%F depends explicitly on the spinorÕs ßag, namely that global phase information that is lost in
the projection to %n 2 S2 (recall PenroseÕs picture of a spinor as a null pole plus null ßag). Using this basis, the
most general bivector (%L, %K 0) satisfying (34) is given by

%K 0 = �&k
j

%n +

!
j 2 � k2

j
(�j %p + &%q) =

j + 1
j

%K +

!
j 2 � k2

j
(�j %p + &%q), (36)

where (%p,%q) are obtained by an SO(2) rotation of (%F , %n ⇥ %F ) with arbitrary parameter. The new bivector can be
written as a Lorentz transformation of (the generator of) a four-screw,

%⇧0 = %L + i %K 0 = �T(1 ,0) (g)(k + i&)%n = ( k + i&)h' |g�1%(g|' i, (37)

with g a unique four-screw up to a further four-screw in the%n direction:

g = exp

"

)
&%p + j %q

!
j 2 + &2

· %(
2

#

exp
$

(x + iy )%n · %(
2

%
, (38)

) = sinh�1

"
1
j

!
(j 2 � k2) ( j 2 + &2)

k + i&

#

= cosh�1 j 2 + ik &
j (k + i&)

2 C, (39)

and (x, y) arbitrary. Comparing (37) with (24), we deduce that each bivector of the family ( %L, %K 0) is ! -simple.
The frame of ! -simplicity is identiÞed by g as

N I = ⇤I
J (g)tJ (40)

=

" &
j 2 + &2

k2 + &2 coshx,

&
j 2 � k2

k2 + &2 coshx
&%p + j %q

!
j 2 + &2

+
k
j

&
j 2 + &2

k2 + &2 sinhx %n � &
j

&
j 2 � k2

k2 + &2 sinhx %n ⇥ &%p + j %q
!

j 2 + &2

#

.

This give a two-parameter family of time-like normals, parametrized by the freedom of rotating (%F , %n⇥ %F ) to ( %p,%q)
and by x. In other words, our construction gives a one-parameter family of bivectors, spanned by the rotational
freedom, all of which are! -simple in a frame that is determined by the spin j , the rotational parameter of the

7

In	covariant	terms:
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(J0i = Ki, J ij = ✏ijkL
k)

Remark:	this	expression	of	the	simplicity	constraints	is	0-0!+-*/.#/0, ,		
and	valid	only	in	a	special	frame:
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t I = (1 , 0, 0, 0)
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this	bivector	is	simple

Naimark’s	canonical	basis,	diagonalising	the	SU(2)	subgroup
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D(⇢,k)
kmkn(h)

(this	is	the	frame	whose		
stabilizer	coincides	
with	the	canonical	
matrix	subgroup	SU(2))
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To	study	the	semiclassical	limit	of	the	EPRL	model,		
it	is	convenient	to	replace	the	magnetic	indices	with		
89:;<(+-4'.'0,(",/,'"
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c(γ!"#$%&'()#*'+,-."(,./0"=-.$(/"(=-7.!"+.'2"

•Then	the	EVs	have	the	same	direction	and	satisfy

~K � (⇢/k)~L = O(k�1). In the following, we will be interested in the limit of large labels, and discard all factors
O(k�1).4 In the large spin limit,

~K = �~L, � :=
⇢

k
. (21)

This property will be referred to as �-simplicity, and it is the cornerstone of the EPRL model [16]. As a vectorial
equation, it has one Lorentz-invariant component, and two components depending explicitly on the time-like
canonical direction tI = (1, 0, 0, 0). If we define the bivector JIJ with J0i = Ki and J ij = �✏ijkLk, then
BIJ := ( � �?)JIJ is simple, since B0i = 0 and thus ✏IJKLBIJBKL = 0. This is the Lorentz-invariant content
of (21). By �-simplicity, we will mean the set of all three (frame-dependent) conditions. In matrix form,

JIJ = k

0

BB@

0 ��nx ��ny ��nz

�nx 0 nz �ny

�ny �nz 0 nx

�nz ny �nx 0

1

CCA , BIJ = (1 + �2)k

0

BB@

0 0 0 0
0 0 nz �ny

0 �nz 0 nx

0 ny �nx 0

1

CCA . (22)

Therefore, we can think of �k~n as the electric part of a ‘�-simple’ bivector JIJ . We also remark that the self-dual
part of such a bivector generates a four-screw (a boost accompanied by a rotation in the same direction) in the
direction of ~n, since

~⇧ := ~L+ i ~K = �(k + i⇢)~n = (k + i⇢)h⇣|~�|⇣i. (23)

If h 2 SL(2,C), we have ⇤ = T (1/2,1/2)(h) (we use T instead of D to distinguish the finite-dimensional irreps from
the infinite-dimensional ones), and

~⇧⇤ :=T (1,0)(h)~⇧ = (k + i⇢)h⇣|h�1~�h|⇣i. (24)

This map provides a 2-to-1 homomorphism between (proper orthochronus) Lorentz transformations ⇤ on the
four-screw generators and SL(2,C) transformations on the spinors.5 The explicit form of the transformation (24)
can be conveniently written using the polar decomposition

h = rb, T (1,0)(h) = RB, (25a)

r = ei✓~v·
~�
2 , R = cos ✓ � sin ✓ ? ~v + (1� cos ✓)~v ⌦ ~v, (25b)

b = e⌘~u·
~�
2 , B = cosh ⌘ + i sinh ⌘ ? ~u+ (1� cosh ⌘)~u⌦ ~u. (25c)

Taking real and imaginary parts of (24) and using (21), we find

~L 7! ~L⇤ = T�(h)~L, ~K 7! ~K⇤ = T�1/�(h) ~K, (26)

T�(h) = R
�
Re(B)� �Im(B)

�
= R (cosh ⌘ � � sinh ⌘ ? ~u+ (1� cosh ⌘)~u⌦ ~u) . (27)

We remark that T�(h) is not a representation of SL(2,C), and it shouldn’t since the electric-magnetic decompo-
sition is not invariant. We can decompose it as rotations times a dilation,

T�(h) = RR~u( )D� . (28)

Here R~u( ) is a rotation in the direction ~u of an angle

 (�, ⌘) = arccos
�
d�1
� (⌘) cosh(⌘)

�
, d�(⌘) :=

q
cosh2 ⌘ + �2 sinh2 ⌘, (29)

and D� is a dilation in the plane orthogonal to ~u,

D� = d�(⌘) + (1� d�(⌘)) ~u⌦ ~u . (30)

4If one wants to keep them, it is possible to work with the parameter �0 := ⇢/(k + 1), and move the measure terms inside the
definition of the action, so to have �0 appear in the critical point equations.

5The reader may be familiar with the map from spinors to the 4d space of null and simple bivectors. This is not the map used
here. The space of four-screw bivectors is also 4d, but it is being spanned by the ratio of the spinor’s components plus the two irrep
parameters ⇢ and k. In the first case, both Casimirs are vanishing. In the second case, the value of the Casimirs is arbitrary.

6

a	(2-to-1)	map	from																																				to	γ-simple	bivectors						
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|⇣i := |1
2
, ⇣i, ⇣ 2 C
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C2 = ( k + i ! , " )
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!n = !n(" )

•Under	a	Lorentz	transformation,																																																							and

~K � (⇢/k)~L = O(k�1). In the following, we will be interested in the limit of large labels, and discard all factors
O(k�1).4 In the large spin limit,

~K = �~L, � :=
⇢

k
. (21)

This property will be referred to as �-simplicity , and it is the cornerstone of the EPRL model [16]. As a vectorial
equation, it has one Lorentz-invariant component, and two components depending explicitly on the time-like
canonical direction tI = (1, 0, 0, 0). If we define the bivector J IJ with J0i = K i and J ij = �✏ij kLk , then
BIJ := ( � �?)J IJ is simple, since B0i = 0 and thus ✏IJKL BIJ BKL = 0. This is the Lorentz-invariant content
of (21). By �-simplicity, we will mean the set of all three (frame-dependent) conditions. In matrix form,

J IJ = k

0

BB@

0 ��nx ��ny ��nz

�nx 0 nz �ny

�ny �nz 0 nx

�nz ny �nx 0

1

CCA , BIJ = (1 + �2)k

0

BB@

0 0 0 0
0 0 nz �ny

0 �nz 0 nx

0 ny �nx 0

1

CCA . (22)

Therefore, we can think of �k~n as the electric part of a ‘�-simple’ bivector J IJ . We also remark that the self-dual
part of such a bivector generates a four-screw (a boost accompanied by a rotation in the same direction) in the
direction of ~n, since

~⇧ := ~L+ i ~K = �(k + i⇢)~n = (k + i⇢)h⇣|~�|⇣i. (23)

If h 2 SL(2,C), we have ⇤ = T (1/ 2,1/ 2)(h) (we use T instead of D to distinguish the finite-dimensional irreps from
the infinite-dimensional ones), and

~⇧⇤ :=T (1,0)(h)~⇧ = (k + i⇢)h⇣|h�1~�h|⇣i. (24)

This map provides a 2-to-1 homomorphism between (proper orthochronus) Lorentz transformations ⇤ on the
four-screw generators and SL(2,C) transformations on the spinors.5 The explicit form of the transformation (24)
can be conveniently written using the polar decomposition

h = rb, T (1,0)(h) = RB, (25a)

r = ei ✓~v · ~�2 , R = cos ✓ � sin ✓ ? ~v + (1� cos ✓)~v ⌦ ~v, (25b)

b = e⌘~u ·
~�
2 , B = cosh ⌘ + i sinh ⌘ ? ~u+ (1� cosh ⌘)~u⌦ ~u. (25c)

Taking real and imaginary parts of (24) and using (21), we find

~L 7! ~L⇤ = T�(h)~L, ~K 7! ~K⇤ = T�1/ �(h) ~K, (26)

T�(h) = R
�
Re(B)� �Im(B)

�
= R (cosh ⌘ � � sinh ⌘ ? ~u+ (1� cosh ⌘)~u⌦ ~u) . (27)

We remark that T�(h) is not a representation of SL(2,C), and it shouldn’t since the electric-magnetic decompo-
sition is not invariant. We can decompose it as rotations times a dilation,

T�(h) = RR~u ( )D� . (28)

Here R~u ( ) is a rotation in the direction ~u of an angle

 (�, ⌘) = arccos
�
d�1
� (⌘) cosh(⌘)

�
, d�(⌘) :=

q
cosh2 ⌘ + �2 sinh2 ⌘, (29)

and D� is a dilation in the plane orthogonal to ~u,

D� = d�(⌘) + (1� d�(⌘)) ~u⌦ ~u . (30)

4If one wants to keep them, it is possible to work with the parameter ! ! := " / (k + 1), and move the measure terms inside the
deÞnition of the action, so to have ! ! appear in the critical point equations.

5The reader may be familiar with the map from spinors to the 4d space of null and simple bivectors. This is not the map used
here. The space of four-screw bivectors is also 4d, but it is being spanned by the ratio of the spinorÕs components plus the two irrep
parameters " and k. In the Þrst case, both Casimirs are vanishing. In the second case, the value of the Casimirs is arbitrary.
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a	(2-to-1)	map	from	Lorentz	transformations	on	spinors		
to	Lorentz	transformations	on	γ-simple	bivectors						
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T (1 ,0) (h)( !L + i !K )
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~L+ i ~K = ~E + i ~B ! (1, 0)



The	Lorentz	transformation	of	a	γ-simple	bivector	
plays	an	important	role	in	the	semiclassical	analysis		
of	the	EPRL	model	

In	the	saddle	point	approximation,		
the	boundary	data																																			must	satisfy	:	
•closure	conditions	
•orientation	conditions

<latexit sha1_base64="LB7Pbrta4Wk8kWqwWk9riCtOO28="></latexit>

(⇢ab, kab, ⇣ab, ⇣ba)
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h⇣ab|~�|⇣abi = h⇣ab|h�1
ab ~�hab|⇣abi

precisely	equivalent	to	the	Lorentz	transformation	of	a	γ-simple	bivector
<latexit sha1_base64="2Z4eqQ3J/nQot9nW9McMo+Ir1I4="></latexit>

(~L+ i ~K)ab = T (1,0)(hab)(~L+ i ~K)ba

γ!"#$%&'()#*'+,-."(/01("/11&'(%-#0,(/%%.->#$/,#-0

The	orientation	conditions	appearing	in	the	semiclassical	limit	represent	the	requirement	that		
hab	be	the	boost	connecting	two	γ-simple	bivectors,	each	in	its	canonical	time	frame

In dealing with the model, it is practical to use a graphical notation, where each representation matrix is
represented by an oriented line, with rows associated to the end point and columns associated to the starting
point.5 Each edge of the foam is split into a multi-strand line according to its valency (i.e. the number of
faces sharing that edge), and a vertex is identified by the intersection of the edges; a squared box indicates
an integration over SL(2, C), and a blue thin and filled box a Y map. To give an explicit example, for a
vertex ! dual to a 4-simplex, we have (neglecting the orientation of the links not to clutter the picture)

A! [j ab, mab] = .

The outgoing blue lines represent SU(2) magnetic indices mi, which are glued to the next vertex amplitude
and summed over. The integration over SL(2, C) induces SU(2)-gauge-invariance of the boundary, therefore
the magnetic indices can be contracted for free with Wigner’s generalised 3jm -symbols, giving the vertex
amplitude in the form

A�(jf , ie) = .

In this way, the summations over magnetic indices at each edge can be replaced by summations over inter-
twiners, once we have chosen a basis for each recoupling, and one obtains the state sum formula (1). When
boundaries are present, there is a single integration at the boundary edge, and spins and intertwiners of
faces and edges at the boundary are not summed over, but become the spins and intertwiners of links and
nodes of the boundary EPRL projected spin networks [46, 28].

Before concluding this brief review, notice that the Y -map is present only on one side of each group
element in (4), the one reaching out to the next vertex: the two group elements joining at the vertex are
instead multiplied together without the Y map, a property that should be clear in the graphical notation.
Accordingly, the infinite-dimensional matrix product h�1

a hb contains an infinite summation over SU(2) spins
(which are just like magnetic numbers from the perspective of the infinite-dimensional SL(2, C) irrep),

D (�j,j)
jmjm0(h�1

a hb) =
X

l�j

lX

n=�l

D (�j,j)
jmln (h�1

a )D (�j,j)
lnjm0(hb). (5)

If we make these summations explicit at each vertex, the partition function will have as many new spins lfv

per face as its valence.6

2.2 Factorisation in SU(2) vertex amplitudes

As a first step to deal with the SL(2, C) integrals, we exploit the Cartan decomposition of h as

h = ue
r
2 �3v�1, (6)

5
This is the convention associated with action from the right, and it is the one used in the twistorial papers. The opposite

convention, rows on source and columns on target can also be commonly found and corresponds to the action from the left.
6
These implicit extra variables are often neglected in Euclidean models, but they are present from the start in the general

definition of spin foam models based on wedges [47].

5

a

b
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⇣ab
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⇣ba
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hab = h�1
a hb
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t I = (1 , 0, 0, 0)
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t I = (1 , 0, 0, 0)



The	simplicity	condition																								is	only	valid	in	the	frame	
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In the particular case � = 0 the simple bivector has vanishing magnetic part and  (0, ⌘) = 0, but T0(h) is still
not a representation.

The property of �-simplicity is covariant under Lorentz transformations. This can be seen explicitly writing
(21) in covariant terms as

tI( � �?)JIJ = 0, tI = (1, 0, 0, 0). (31)

Then JIJ
! := ⇤I

KJKL⇤J
L is again �-simple, but with respect to a new time-like directionN I := ⇤I

J tJ . According
to (31), its canonical generators satisfy

cosh ⌘( ~K � �~L) = sinh ⌘ (R�1~u)⇥ (~L+ � ~K). (32)

Or in terms of the boosted electric and magnetic parts,

~K! = �T�1/�(h)T�(h)
�1~L! . (33)

This is the �-simplicity condition (21) in an arbitrary frame.
Consider now the case with j > k. The expectation values (~L, ~K) do not satisfy the condition of �-simplicity,

because their proportionality is j-dependent. However, it is always possible to construct a �-simple bivector
keeping ~L, and looking for a new ~K 0 that would preserve the (large-spin limit) Casimir identities

~K 02 � ~L2 = ⇢2 � k2, ~K 0 · ~L = ⇢k, ~L2 = j2. (34)

To that end, recall that a unit-norm spinor defines an orthonormal basis of R3 given by (~n, ~F ,~n⇥ ~F ), where

h⇣|~�|⇣i = �~n, [⇣|~�|⇣i = i~F + ~n⇥ ~F . (35)

The ‘flag vector’ ~F depends explicitly on the spinor’s flag, namely that global phase information that is lost in
the projection to ~n 2 S2 (recall Penrose’s picture of a spinor as a null pole plus null flag). Using this basis, the
most general bivector (~L, ~K 0) satisfying (34) is given by

~K 0 = �⇢k
j
~n+

p
j2 � k2

j
(�j~p+ ⇢~q) =

j + 1

j
~K +

p
j2 � k2

j
(�j~p+ ⇢~q), (36)

where (~p, ~q) are obtained by an SO(2) rotation of (~F ,~n⇥ ~F ) with arbitrary parameter. The new bivector can be
written as a Lorentz transformation of (the generator of) a four-screw,

~⇧0 = ~L+ i ~K 0 = �T (1 ,0) (g)(k + i⇢)~n = (k + i⇢)h⇣|g�1~�g|⇣i, (37)

with g a unique four-screw up to a further four-screw in the ~n direction:

g = exp

 
!
⇢~p+ j~qp
j2 + ⇢2

· ~�
2

!
exp

✓
(x+ iy)~n · ~�

2

◆
, (38)

! = sinh�1

 
1

j

p
(j2 � k2) (j2 + ⇢2)

k + i⇢

!
= cosh�1 j2 + ik⇢

j(k + i⇢)
2 C, (39)

and (x, y) arbitrary. Comparing (37) with (24), we deduce that each bivector of the family (~L, ~K 0) is �-simple.
The frame of �-simplicity is identified by g as

N I = ⇤I
J(g)t

J (40)

=

 s
j2 + ⇢2

k2 + ⇢2 coshx,

s
j2 � k2

k2 + ⇢2 coshx
⇢~p+ j~qp
j2 + ⇢2

+
k

j

s
j2 + ⇢2

k2 + ⇢2 sinhx~n� ⇢

j

s
j2 � k2

k2 + ⇢2 sinhx~n⇥ ⇢~p+ j~qp
j2 + ⇢2

!
.

This give a two-parameter family of time-like normals, parametrized by the freedom of rotating (~F ,~n⇥ ~F ) to (~p, ~q)
and by x. In other words, our construction gives a one-parameter family of bivectors, spanned by the rotational
freedom, all of which are �-simple in a frame that is determined by the spin j, the rotational parameter of the

7

For	an	arbitrary	time-like	direction	given	by																								,	it	becomes:

)--",'1( γ!"#$%&#+#,5
<latexit sha1_base64="7QEFooCzqN5BE2/N64U1KpzE7w8="></latexit>

⇤ = ⇤
⇣
RB(⌘, ~u)

⌘
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The	simplicity	condition																								is	only	valid	in	the	frame	

•the	spinor’s	flag	and	the	difference	j-k	then	determine	2	out	of	3	parameters	of	the	boosted	frame,	
namely	of		
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We	refer	to	the	J(L,K’)	as	)--",'1( γ!"#$%&'()#*'+,-."

In the particular case � = 0 the simple bivector has vanishing magnetic part and  (0, ⌘) = 0, but T0(h) is still
not a representation.

The property of �-simplicity is covariant under Lorentz transformations. This can be seen explicitly writing
(21) in covariant terms as

tI( � �?)JIJ = 0, tI = (1, 0, 0, 0). (31)

Then JIJ
! := ⇤I

KJKL⇤J
L is again �-simple, but with respect to a new time-like directionN I := ⇤I

J tJ . According
to (31), its canonical generators satisfy

cosh ⌘( ~K � �~L) = sinh ⌘ (R�1~u)⇥ (~L+ � ~K). (32)

Or in terms of the boosted electric and magnetic parts,

~K! = �T�1/�(h)T�(h)
�1~L! . (33)

This is the �-simplicity condition (21) in an arbitrary frame.
Consider now the case with j > k. The expectation values (~L, ~K) do not satisfy the condition of �-simplicity,

because their proportionality is j-dependent. However, it is always possible to construct a �-simple bivector
keeping ~L, and looking for a new ~K 0 that would preserve the (large-spin limit) Casimir identities

~K 02 � ~L2 = ⇢2 � k2, ~K 0 · ~L = ⇢k, ~L2 = j2. (34)

To that end, recall that a unit-norm spinor defines an orthonormal basis of R3 given by (~n, ~F ,~n⇥ ~F ), where

h⇣|~�|⇣i = �~n, [⇣|~�|⇣i = i~F + ~n⇥ ~F . (35)

The ‘flag vector’ ~F depends explicitly on the spinor’s flag, namely that global phase information that is lost in
the projection to ~n 2 S2 (recall Penrose’s picture of a spinor as a null pole plus null flag). Using this basis, the
most general bivector (~L, ~K 0) satisfying (34) is given by

~K 0 = �⇢k
j
~n+

p
j2 � k2

j
(�j~p+ ⇢~q) =

j + 1

j
~K +

p
j2 � k2

j
(�j~p+ ⇢~q), (36)

where (~p, ~q) are obtained by an SO(2) rotation of (~F ,~n⇥ ~F ) with arbitrary parameter. The new bivector can be
written as a Lorentz transformation of (the generator of) a four-screw,

~⇧0 = ~L+ i ~K 0 = �T (1 ,0) (g)(k + i⇢)~n = (k + i⇢)h⇣|g�1~�g|⇣i, (37)

with g a unique four-screw up to a further four-screw in the ~n direction:

g = exp
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⇢~p+ j~qp
j2 + ⇢2

· ~�
2

!
exp

✓
(x+ iy)~n · ~�
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◆
, (38)

! = sinh�1

 
1

j

p
(j2 � k2) (j2 + ⇢2)

k + i⇢

!
= cosh�1 j2 + ik⇢

j(k + i⇢)
2 C, (39)

and (x, y) arbitrary. Comparing (37) with (24), we deduce that each bivector of the family (~L, ~K 0) is �-simple.
The frame of �-simplicity is identified by g as

N I = ⇤I
J(g)t

J (40)

=

 s
j2 + ⇢2

k2 + ⇢2 coshx,

s
j2 � k2

k2 + ⇢2 coshx
⇢~p+ j~qp
j2 + ⇢2

+
k

j

s
j2 + ⇢2

k2 + ⇢2 sinhx~n� ⇢

j

s
j2 � k2

k2 + ⇢2 sinhx~n⇥ ⇢~p+ j~qp
j2 + ⇢2

!
.

This give a two-parameter family of time-like normals, parametrized by the freedom of rotating (~F ,~n⇥ ~F ) to (~p, ~q)
and by x. In other words, our construction gives a one-parameter family of bivectors, spanned by the rotational
freedom, all of which are �-simple in a frame that is determined by the spin j, the rotational parameter of the
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This	form	of	the	saddle	point	equations		
is	a	consequence	of	the	use	of		
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Remember	that	the	boosted	γ-simple	bivectors	had	one	frame	parameter	left	undetermined:	
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Remark:	The	spinors’	phases,	that	don’t	play	any	significant	role	in	the	lowest	weight	semiclassics,	become	
important	for	non-lowest	weights	
Cfr.	e.g.	the	time-like	and	mixed	space-like/time-like	analysis	and	the	complex	saddle	points	:F/0GH#7GI<	
where	even	in	the	lowest	weights,	the	flag-dependent	shifted	K’	and	not	K	enters	the	closure,	like	here
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Figure 1: (In color in the online version) The steps leading to (13), in graphical notation. Each edge contains

two group integrations, represented by boxes, joined by a Y map, represented by the blue bar. Using (7), we split

each SL(2,C) integration in three: first, an SU(2) integral on the vertex side, whose evaluation leads to an SU(2)

nj-symbol labelled by the spins l; second, an integral over the boost parameter r, bridging between the l and j vectors;

third, another SU(2) integral absorbed by the SU(2) intertwiner gluing the two half-edges. Over the whole edge, we

have two integrals over the boost parameter on either side of the edge intertwiner, ie, connected via summations over

new SU(2) intertwiners, say kev and kev0 , to the SU(2) vertex amplitudes labelled with spins lfv. The graphical

notation motivates the name dipole amplitude for B�
4 . In the last picture we have kept just the blue colour in the

dipole diagrams to mark the Y map still present on one side of the dr integrals. Finally, attaching the edge to its

source and target vertices gives a graphical representation like in Fig.2.

As a result, the partition function for a 5-valent complex takes the factorised form

ZEPRL
C =

X

jf ,ie,lfv,kev

Y

f

djf

Y

e

dieA
�
e (jf , ie, lfv, kev, kev0)

Y

v

{15j}v(lfv, kev). (14)

These simple algebraic manipulations can be done compactly using a graphical notation, as shown in Figs. 1
and 2, and make it natural to refer to (10) as a dipole graph amplitude, or dipole amplitude, for short.

Figure 2: (In color in the online version) The EPRL spin foam after the factorisation, assuming a 4-valent edge

connecting two 5-valent vertices. The original spins and intertwiners, in blue, are carried only by the �-dependent

edge amplitudes, and the vertex amplitudes are pure SU(2) nj-symbols like in SU(2) BF theory. Summations over

the spin and intertwiner numbers are implicitly understood, as well as dj weight factors.

The vertex structures are now purely SU(2), and the edge amplitude contains all the dependence on
boosts and on the Immirzi parameter. Geometrically, one can think of this construction as SU(2) areas and
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In dealing with the model, it is practical to use a graphical notation, where each representation matrix is
represented by an oriented line, with rows associated to the end point and columns associated to the starting
point.5 Each edge of the foam is split into a multi-strand line according to its valency (i.e. the number of
faces sharing that edge), and a vertex is identified by the intersection of the edges; a squared box indicates
an integration over SL(2, C), and a blue thin and filled box a Y map. To give an explicit example, for a
vertex ! dual to a 4-simplex, we have (neglecting the orientation of the links not to clutter the picture)

In dealing with the model, it is practical to use a graphical notation, where each representation matrix is
represented by an oriented line, with rows associated to the end point and columns associated to the starting
point.5 Each edge of the foam is split into a multi-strand line according to its valency (i.e. the number of
faces sharing that edge), and a vertex is identiÞed by the intersection of the edges; a squared box indicates
an integration over SL(2, C), and a blue thin and Þlled box a Y map. To give an explicit example, for a
vertex � dual to a 4-simplex, we have (neglecting the orientation of the links not to clutter the picture)

A! [j ab, mab] = . (5)

The outgoing blue lines represent SU(2) magnetic indicesmi, which are glued to the next vertex amplitude
and summed over. The integration over SL(2, C) induces SU(2)-gauge-invariance of the boundary, therefore
the magnetic indices can be contracted for free with WignerÕs generalised 3jm -symbols, giving the vertex
amplitude in the form

A! (j f , i e) = . (6)

In this way, the summations over magnetic indices at each edge can be replaced by summations over inter-
twiners, once we have chosen a basis for each recoupling, and one obtains the state sum formula (1). When
boundaries are present, there is a single integration at the boundary edge, and spins and intertwiners of
faces and edges at the boundary are not summed over, but become the spins and intertwiners of links and
nodes of the boundary EPRL projected spin networks [46, 28].

Before concluding this brief review, notice that the Y-map is present only on one side of each group
element in (4), the one reaching out to the next vertex: the two group elements joining at the vertex are
instead multiplied together without the Y map, a property that should be clear in the graphical notation.
Accordingly, the inÞnite-dimensional matrix product h�1

a hb contains an inÞnite summation over SU(2) spins
(which are just like magnetic numbers from the perspective of the inÞnite-dimensional SL(2, C) irrep),

D (" j,j)
jmjm0 (h�1

a hb) =
X

l�j

lX

n=�l

D (" j,j)
jmln (h�1

a )D (" j,j)
lnjm0 (hb). (7)

If we make these summations explicit at each vertex, the partition function will have as many new spinslfv

per face as its valence.6

2.2 Factorisation in SU(2) vertex amplitudes

As a Þrst step to deal with the SL(2, C) integrals, we exploit the Cartan decomposition ofh as

h = ue
r
2 ! 3v�1, (8)

where u and v are arbitrary rotations, and r 2 [0, 1) is the rapidity parameter of a boost along the z axis.
The parametrization has a U(1) gauge of common rotations ofu and v along the z axis, but this redundancy
is harmless since the orbits are compact, and can be easily taken into account normalising the Haar measure
as in [22],

dh = dµ(r ) du dv, dµ(r ) =
1

4⇡
sinh2 r dr, (9)

5
This is the convention associated with action from the right, and it is the one used in the twistorial papers. The opposite

convention, rows on source and columns on target can also be commonly found and corresponds to the action from the left.
6
These implicit extra variables are often neglected in Euclidean models, but they are present from the start in the general

definition of spin foam models based on wedges [47].
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boundaries are present, there is a single integration at the boundary edge, and spins and intertwiners of
faces and edges at the boundary are not summed over, but become the spins and intertwiners of links and
nodes of the boundary EPRL projected spin networks [46, 28].

Before concluding this brief review, notice that the Y -map is present only on one side of each group
element in (4), the one reaching out to the next vertex: the two group elements joining at the vertex are
instead multiplied together without the Y map, a property that should be clear in the graphical notation.
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(which are just like magnetic numbers from the perspective of the infinite-dimensional SL(2, C) irrep),
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dh = dµ(r) du dv, dµ(r) =
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5This is the convention associated with action from the right, and it is the one used in the twistorial papers. The opposite
convention, rows on source and columns on target can also be commonly found and corresponds to the action from the left.

6These implicit extra variables are often neglected in Euclidean models, but they are present from the start in the general
deÞnition of spin foam models based on wedges [47].
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Indealingwiththemodel,itispracticaltouseagraphicalnotation,whereeachrepresentationmatrixis
representedbyanorientedline,withrowsassociatedtotheendpointandcolumnsassociatedtothestarting
point.5Eachedgeofthefoamissplitintoamulti-strandlineaccordingtoitsvalency(i.e.thenumberof
facessharingthatedge),andavertexisidentifiedbytheintersectionoftheedges;asquaredboxindicates
anintegrationoverSL(2,C),andabluethinandfilledboxaYmap.Togiveanexplicitexample,fora
vertex!dualtoa4-simplex,wehave(neglectingtheorientationofthelinksnottoclutterthepicture)
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vertex�dualtoa4-simplex,wehave(neglectingtheorientationofthelinksnottoclutterthepicture)

A![jab,mab]=.(5)

TheoutgoingbluelinesrepresentSU(2)magneticindicesmi,whicharegluedtothenextvertexamplitude
andsummedover.TheintegrationoverSL(2,C)inducesSU(2)-gauge-invarianceoftheboundary,therefore
themagneticindicescanbecontractedforfreewithWignerÕsgeneralised3 jm-symbols,givingthevertex
amplitudeintheform

A!(jf,ie)=.(6)

Inthisway,thesummationsovermagneticindicesateachedgecanbereplacedbysummationsoverinter-
twiners,oncewehavechosenabasisforeachrecoupling,andoneobtainsthestatesumformula(1).When
boundariesarepresent,thereisasingleintegrationattheboundaryedge,andspinsandintertwinersof
facesandedgesattheboundaryarenotsummedover,butbecomethespinsandintertwinersoflinksand
nodesoftheboundaryEPRLprojectedspinnetworks[46,28].

Beforeconcludingthisbriefreview,noticethattheY-mapispresentonlyononesideofeachgroup
elementin(4),theonereachingouttothenextvertex:thetwogroupelementsjoiningatthevertexare
insteadmultipliedtogetherwithouttheYmap,apropertythatshouldbeclearinthegraphicalnotation.
Accordingly,theinÞnite-dimensionalmatrixproducth�1

ahbcontainsaninÞnitesummationoverSU(2)spins
(whicharejustlikemagneticnumbersfromtheperspectiveoftheinÞnite-dimensionalSL(2,C)irrep),
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Figure 1: (In color in the online version) The steps leading to (13), in graphical notation. Each edge contains
two group integrations, represented by boxes, joined by aY map, represented by the blue bar. Using (7), we split
each SL(2,C) integration in three: Þrst, an SU(2) integral on the vertex side, whose evaluation leads to an SU(2)
nj-symbol labelled by the spinsl; second, an integral over the boost parameterr, bridging between thel and j vectors;
third, another SU(2) integral absorbed by the SU(2) intertwiner gluing the two half-edges. Over the whole edge, we
have two integrals over the boost parameter on either side of the edge intertwiner,ie, connected via summations over
new SU(2) intertwiners, say kev and kev0 , to the SU(2) vertex amplitudes labelled with spins lfv. The graphical
notation motivates the name dipole amplitude for B�

4 . In the last picture we have kept just the blue colour in the
dipole diagrams to mark the Y map still present on one side of the dr integrals. Finally, attaching the edge to its
source and target vertices gives a graphical representation like in Fig.2.

As a result, the partition function for a 5-valent complex takes the factorised form

ZEPRL
C =

X

jf ,ie,lfv,kev

Y

f

djf

Y

e

dieA
�
e (jf , ie, lfv, kev, kev0 )

Y

v

{15j}v(lfv, kev). (14)

These simple algebraic manipulations can be done compactly using a graphical notation, as shown in Figs. 1
and 2, and make it natural to refer to (10) as a dipole graph amplitude, or dipole amplitude, for short.

Figure 2: (In color in the online version) The EPRL spin foam after the factorisation, assuming a 4-valent edge
connecting two 5-valent vertices. The original spins and intertwiners, in blue, are carried only by the �-dependent
edge amplitudes, and the vertex amplitudes are pure SU(2)nj-symbols like in SU(2) BF theory. Summations over
the spin and intertwiner numbers are implicitly understood, as well as dj weight factors.

The vertex structures are now purely SU(2), and the edge amplitude contains all the dependence on
boosts and on the Immirzi parameter. Geometrically, one can think of this construction as SU(2) areas and
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Even	though	the	EPRL	is	defined	only	in	terms	of	lowest	weights,	arbitrary	weights	enter	when	one	
uses	the	Boosting	Wigner…’16	decomposition,	which	is	the	starting	point	for	numerical	codes	
:"''(,/&C"()5(O-0P(/01(6.#"-0#<

The	SL(2,C)	unbounded	integrals	are	traded	for	an	infinite	sum	over	SU(2)	spins	and	a	single	
unbounded	integral,	that	goes	in	an	edge	amplitude	later	called	booster	functions

contain	both	lowest	and	general	weights
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•Explain	how	the	Lorentzian	semiclassical	behaviour		
can	be	recovered	from	a	sum	over	SU(2)	vertex		
amplitudes,	that	contain	only	Euclidean	semiclassics	

g	the	booster	functions	change	the	SU(2)	tetrahedra	until	they		
match	the	shape	of	the	tetrahedra	compatible	with	the	Lorentzian	boundary	data	
NB:	details	on	the	constructive	interference	15j/boosters	still	to	be	worked	out!
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all remaining quantities. The flag phases obtained from (92) are
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(c) = f 1 + f 2 �

#
2

, (!̃ 1 � "̃ 1)
(c̄) = f 1 � f 2 +

#
2

, (121)
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(c) = f 1 + f 2 +

#
2

, (!̃ 2 � "̃ 2)
(c̄) = f 1 � f 2 �

#
2

, (122)

(!̃ 3 � "̃ 3)
(c) = f 1 � f 2, (!̃ 3 � "̃ 3)

(c̄) = f 1 + f 2, (123)

(!̃ 4 � "̃ 4)
(c) = f 1 � f 2 + #, (!̃ 4 � "̃ 4)

(c̄) = f 1 + f 2 + #, (124)

where f 1 = arctan
⇣

k�
j

⌘
and f 2 = arctan

⇣
k�
j

q
j2�k2

3j2+k2(2�2�1)

⌘
. The norm ratios obtained from (100) are
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for the positive sign critical point, and

||z(c̄)

1 ||2

||h(c̄)�1z(c̄)

1 ||2
=

||z(c̄)

2 ||2

||h(c̄)�1z(c̄)

2 ||2
= log

 p
2$2k2 + 3j 2 � k2 +

p
j 2 � k2

p
2k
p

$2 + 1

!
, (127)
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for the other critical point. The vectorial phases obtained from (103) are

(2! 1 � !̃ 1 � "̃ 1)
(c) = arctan $ +

3

2
#, (2! 1 � !̃ 1 � "̃ 1)

(c̄) = arctan $ +
#
2

, (129)

(2! 2 � !̃ 1 � "̃ 1)
(c) = arctan $ +

#
2

, (2! 2 � !̃ 2 � "̃ 2)
(c̄) = arctan $ � #

2
, (130)

(2! 3 � !̃ 1 � "̃ 1)
(c) = arctan $ + #, (2! 3 � !̃ 3 � "̃ 3)

(c̄) = arctan $, (131)

(2! 4 � !̃ 1 � "̃ 1)
(c) = arctan $ + 2#, (2! 4 � !̃ 4 � "̃ 4)

(c̄) = arctan $ + #. (132)

With these values, we find
�� = �4k#. (133)

Hence, there are no oscillations in the norms of the asymptotic formula (106), in spite of the presence of two
distinct critical points. This peculiar feature is due to the high symmetry of the configuration chosen in this
example, specifically the direction of the boost bisecting a symmetric configuration of normals.

The numerical evaluation of this configuration is presented in Fig. 2. It confirms the validity of the asymptotic
formula.

6.2 Boost aligned with one normal

For the second example, we start from the same equilateral tetrahedron, and align the four-screw with one of
the normals, which we choose by convenience as ẑ axis. The action of the four-screw preserves this normal and
the area of the triangle. We obtain in this way an example in which one of the SU(2) spins is unchanged. The
transformation gives
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6 Examples

In this Section we confirm the validity of the saddle point approximation with numerical tests. We give two
examples of critical data, and compare the numerical evaluations of the associated coherent invariants with the
asymptotic formulas. The numerics are done using a code developed in [46], which builds on and improves the
code [35] used in [36]. Wolfram’s Mathematica notebooks to evaluate the critical points and on-shell action are
available as supplementary material [37]. Both examples have n = 4, strand-independent ! and non-coplanar
normals. The spins in one set are at their lowest values, but not in the second set. This puts us in the half-lowest
case of Section 5.2, for which we know the explicit solution of the critical point equations. The critical data are
‘electric’ polyhedra, namely 3d polyhedra that transform under Lorentz as the electric part of ! -simple bivectors
in the canonical frame. As explained in the previous Section, the di�culty with finding an example in the general
spin case is that we don’t know a priori the frame of definition of ! -simplicity, and it is related in a non-linear
way to the choice of spins and normals. For the half-lowest case, our analysis tells us that given a set of lowest
spins with normals that close, all that is needed for a critical point is for the second set to be obtained through
one of the two solutions (89), namely a specific four-screw, up to a free rotation. In describing the examples,
we proceed as follows: we pick an initial configuration, and we compute the final configuration using (89). The
angle and boost parameters are given by (29) and (86) respectively, and can be determined if we choose ! and the
quantum labels of the final configuration, so to respect their domains of definition. But instead of choosing the
final normals and determine the direction of the four-screw and the rotation r (c), we can simply choose "u and fix
r (c) = , and determine the final configuration. We then use these as boundary data for a numerical evaluation
of (106). As we will see, the numerical results confirms that the configurations are critical, and the predicted
asymptotic fall-o↵ and oscillations.

6.1 Unaligned boost

For the first example, we start with an equilateral tetrahedron with areas given by the lowest spins j a = ka = k.
We take its area vectors as electric part of ! -simple bivectors in the canonical frame. We consider a four-screw
along the axis bisecting one dihedral angle, which we choose by convenience as ẑ axis. Using the formula for the
rotation angle (29), we obtain the following configuration,

!
""""""#

""""""$

"A1 = k(0,
%

2
3 , 1!

3
)

"A2 = k(0,�
%

2
3 , 1!

3
)

"A3 = k(
%

2
3 , 0,� 1!

3
)

"A4 = k(�
%

2
3 , 0,� 1!

3
)

(89)�!

!
""""#

""""$

"̃A1 = j (0,
&
1� #21 , #1)

"̃A2 = j (0,�
&

1� #21 , #1)
"̃A3 = j (

&
1� #21 , 0,�#1)

"̃A4 = j (�
&

1� #21 , 0,�#1)

(119)

where #1 := k!
3j
. The initial and final tetrahedra are related by a boost with rapidity

sinh $ = ±
'

3

2

&
j 2 � k2

k
&
1 + ! 2

. (120)

The sign of the % rotation depends on the sign chosen for $, and both choices give the same final configuration,
whose global frame (93) is N (c) = (cosh $, 0, 0, sinh $).

The boosted tetrahedron is equi-area but not equilateral, as a consequence of Lorentz contractions. Notice
however that this transformation is very di↵erent from the one that would have incurred if the normals were the
spatial part of a four-vector, instead of being the electric part of a ! -simple bivector. This is just to say that one
has to be careful in attempting to use intuition about Lorentz contractions to find critical boundary data.

Having identified the two critical points h(c) and h(c̄) corresponding to the two signs in (120), we can compute
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•Imposing	the	simplicity	constraints	in	the	canonical	time	frame	leads	to	lowest	spin	weights;	
the	EVs	of	the	Lorentz	generators	are	then	γ-simple

•Give	justice	to	the	name	booster	functions:	
the	solutions	to	the	saddle	point	equations	identify		
the	Lorentz	mapping	a	γ-simple	bivector	in	a	
boosted	γ-simple	bivector	

The	results	of	our	analysis:

•Allow	one	to	extend	the	Lorentzian	semiclassics	(Barrett	et	al	’10,	Donà-Speziale	’20)	
to	general	weights	(but	results	not	complete!		Sc	for	the	most	general	case	not	known)

•With	general	spin	weights	one	can	identify	boosted	γ-simple	bivectors:	
c(2'(4/*'( γ!"#$%&'()#*'+,-."(/01(,4'#.(3'-$',.5('*'0(2#,4-7,(#$%-"#03("#$%&#+#,5(+-0",./#0,"



some	nice	memories	from	Lyon…


