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A simple story about Lorentz transformations
and how they are useful to understand the geometry
of the semiclassical limit of the Lorentzian EPRL model
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Lorentzian spin foams use SL(2,C) unitary irreps (of the principal series)

DPMpy 1T R, k! N2 "k #]$m$]

imlin
Naimark’s canonical basis, diagonalising the SU(2) subgroup

In the EPRL model, the "#$%&#+#,5(+-0",./#{Qrelating BF theory to GR)
impose that the expectation values (EVs) of the generators satisfy

K = vL
The solution to this constraint is to take SU(2) lowest weights only: j=I=k

Remark: this expression of the simplicity constraints is 0-0!+-*/.#/0,
and valid only in a special frame: t' =(1,0,0,0)

In covariant terms:  t;(1 —!$)J!/ =0 (JY = K, JY =€, LF)
H/_/
this bivector is simple

we say that the bivector JU(L,K) is y!"#$%&'

D(PJf) (h)

kmkn

(this is the frame whose
stabilizer coincides
with the canonical
matrix subgroup SU(2))
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(p,k) : ST
Dimin(h)  To study the semiclassical limit of the EPRL model, )
\ it is convenient to replace the magnetic indices with PO *\\

EXE ., =AY -
89:;<(+'4l.|0,(",/,l" (/ N 4_;:/1 /ﬁ \'
el A
e Then the EVs have the same direction and satisfy \‘:\\\‘?;,_"_ >
=2 N : R 1 .
L+iK = —(k+ip)ii = (k +ip)(|FIC) =150, CeC  h=n()
a (2-to-1) map from C? = (k + i!,") to y-simple bivectors

e Under a Lorentz transformation, L +iK = E +iB ! (1,0) and

TAO()(L +iK) = (k+ip)(¢[h"FhIC)

a (2-to-1) map from Lorentz transformations on spinors
to Lorentz transformations on y-simple bivectors
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t' =(1,0,0,0)

The Lorentz transformation of a y-simple bivector

plays an important role in the semiclassical analysis
of the EPRL model

In the saddle point approximation,
the boundary data (Pab: kab, Cabs Cba) must satisfy :
e closure conditions

e orientation conditions

\’ <Cab|0—:|<=ab> — <Cab’h;blghab|<ab>

precisely equivalent to the Lorentz transformation of a y-simple bivector

(L +iK) gy = T (hop /(L 4 1K) pa

The orientation conditions appearing in the semiclassical limit represent the requirement that
hap be the boost connecting two y-simple bivectors, each in its canonical time frame
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The simplicity condition K = 75 is only valid in the frame t' =(1,0,0,0)

For an arbitrary time-like direction given by N' = 1 ' ;t’ it becomes:

A= A(RB(n, @)) coshn(K —~vL) = sinhn (R1%) x (L +9K)  )-"/1( y"#$%E&H#+#,5
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The simplicity condition K = 75 is only valid in the frame t' =(1,0,0,0)

For an arbitrary time-like direction given by N' = 1 ' ;t’ it becomes:

A= A(RB(n, @)) coshn(K —~vL) = sinhn (R1%) x (L +9K)  )-"/1( y"#$%E&H#+#,5

@"(#,(%-""#)&'(,-("-&*'(,4#" (+-01#,#B8ig other matrix elements than the lowest weights?
The answeris 5"

One has to use general SU(2) weights and consider both EVs and the anti-diagonal of the boosts:

A

kg R R gt 0, k; 7, CI1K | p, k3 4, C!

\» dual spinor: this expression depends

on the global phase of the spinor (its flag)

e the spinor’s flag and the difference j-k then determine 2 out of 3 parameters of the boosted frame,
namely of N’
=2 (?1%/.18') . (=/$#E&S(-=(y!"#$%&' ) #*'+,-."(+/0() ' (/""-+#/,'1(,-(3'0"./&(2'#34,"

We refer to the J(L,K’) as )--",'1( y!"#3%&'()#*'+,-."

B'$/.C :the 4-screw transformation rule holds also for boosted y-simple bivectors
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This form of the saddle point equations
(L+iK)ap = TY (hay) (L +iK)pe  is a consequence of the use of D,(j?’,b’;)n(h)’
&-2",("%#0(2'#34,"(in the unitary irreps —

F-2())-7,(,4'("/11&'(%-#0,(/%%.->#$/ #-0(2#,4(3'0"./&("%#0" (2'#34," A(
D4'("/11&'(%-#0,('J7/,#-0"(/.'("#30#E+/0,&5($-."(+-$%&#+/,"1( o

but the analysis we just made allows us to interpret them in very simple terms: _ijln(h)
DA'(0'2(-#0,/ #-0(+-01#,#-0"(IT#. (A1,(  hap()'(,4'()-",(+-00"+ #03(,2-(( o
boosted y-simple bivectorsG('/+4(=./$'(:%/.,#/&&5<(1',".$#0'1()5(,4'("%#0" (/01 ("%#0-.K"(L/3"

—

T (g1 ) (K 4 yL)ap = THO (A ) TV (g, ) (K + 7L )b

Remember that the boosted y-simple bivectors had one frame parameter left undetermined:
D4'(",./01(",.7+,7.'(E>"(,4'(."$/#0#03(=."1-$

Remark: The spinors’ phases, that don’t play any significant role in the lowest weight semiclassics, become

important for non-lowest weights
Cfr. e.g. the time-like and mixed space-like/time-like analysis and the complex saddle points :F/OGH#/7GI<

where even in the lowest weights, the flag-dependent shifted K’ and not K enters the closure, like here
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Even though the EPRL is defined only in terms of lowest weights, arbitrary weights enter when one

uses the Boosting Wigner... 16 decomposition, which is the starting point for numerical codes
'(,/&C"()5(O-0P(/01(6.#"-0#<

il
Jf Jie BRI
@ SL(2, C) vertex

{15(p, k k=j,p=1k

The SL(2,C) unbounded integrals are traded for an infinite sum over SU(2) spins and a single

unbounded integral, that goes in an edge amplitude later called booster functions

kcv @ ic @ kc'v’
Lo IDSEIE T
J f 1| e I,k lfq, lfv’

SU(2) vertex
booster:

contain both lowest and general weights Dl(r;kkn) (h)

A(T78,(QT" (1 ) L(1&&-2'L(T" (& - (+-$%7 ' (,4'(I"5$%, - #+"(-=(,4'()--","."
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e Imposing the simplicity constraints in the canonical time frame leads to lowest spin weights;
the EVs of the Lorentz generators are then y-simple

e With general spin weights one can identify boosted y-simple bivectors:
2(2'(4( yl'#S%&' ()#+,-."(101(,4'#.(3'-%',.5(™*'0(2#,4-7,(#9%-"#03("#$%&#+#,5(+-0",./#0,"

The results of our analysis:

 Allow one to extend the Lorentzian semiclassics (Barrett et al 10, Dona-Speziale 20)

to general weights (but results not complete! Scfor the most general case not known)

%

A=k g oLk i0tm
e Give justice to the name booster functions: 59%:; & $§%j%i
the solutions to the saddle point equations identify e N BT
the Lorentz mapping a y-simple bivectorin a W [%EEO%@[)) . {%;{%iﬁ?m
boosted y-simple bivector M-k-foyR o Bt vis,
e Explain how the Lorentzian semiclassical behaviour booster
can be recovered from a sum over SU(2) vertex k@ P
amplitudes, that contain only Euclidean semiclassics . o o
— the booster functions change the SU(2) tetrahedra until they ® SU(2) vertex

match the shape of the tetrahedra compatible with the Lorentzian boundary data
NB: details on the constructive interference 15j/boosters still to be worked out!



some hice memories from Lyon...
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