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Causal Structure in Quantum

Gravity



Role of Causal Structure in GR

I Characteristic feature of Lorentzian

signature

I Encodes all geometric information up to

conformal factor

I Cosmological and black hole horizons

Causal structure = time orientation + bare causality

Malament 1977; Bianchi, Martin-Dussaud 2109.00986; Markopoulou, Smolin gr-qc/9702025; Livine, Oriti gr-qc/0210064; Figure: Wikipedia
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Status of Bare Causality in Quantum Gravity

Observation

Standard BC and EPRL treat spacelike tetrahedra only

I Causal structure emerges in a continuum limit?

I Exclusion of timelike and lightlike boundaries

I Different phase structure in bare causal model

Extensions tackling bare causality: Perez-Rovelli, Alexandrov, Speziale
I Conrady-Hnybida: EPRL model with spacelike and timelike tetrahedra

Asymptotic analysis: Liu, Han 1810.09042; Simão, Steinhaus 2106.15635

SU(1, 1)-spin networks: Livine 1807.06848

Talks by Tobias and Honguang

Task

Construct a model that includes spacelike, lightlike and timelike tetrahedra and

all possible interactions thereof

Perez, Rovelli gr-qc/0011037; Alexandrov, Kadar gr-qc/0501093; Speziale, Zhang 1311.3279; Conrady, Hnybida 1002.1959
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Completing the Barrett-Crane

Model



The BC GFT Model in the Extended Formulation

Most criticisms have been alleviated with extended formulation using timelike
normal vectors

ϕ(g1, g2, g3, g4) −→ ϕ(g1, g2, g3, g4;X)

S[ϕ̄, ϕ] = K + V =

∫
[dg]4

∫
dX ϕ̄(gv ;X)ϕ(gv ;X)+

+
λ

5

∫
[dg]10

∫
[dX]5 ϕ1234(X1)ϕ4567(X2)ϕ7389(X3)ϕ962(10)(X4)ϕ(10)851(X5) + c.c.,

Barrett, Crane gr-qc/9904025; Baratin, Oriti 1108.1178; Oriti, Pithis, AJ 2112.00091
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The BC GFT Model in the Extended Formulation

I Covariant and commuting imposition of closure and simplicity

ϕ(g1, g2, g3, g4;X) = ϕ(g1u1, g2u2, g3u3, g4u4;X), ∀ui ∈ SU(2)X

ϕ(g1, g2, g3, g4;X) = ϕ(g1h
−1, g2h

−1, g3h
−1, g4h

−1;h ·X), ∀h ∈ SL(2,C)

I Simplicity constraint explicitly known in group representation

XA(∗B)AB = 0

⑥

d-

X ∈ H3 is assumed to be timelike ⇒ Restriction to spacelike tetrahedra

Barrett, Crane gr-qc/9904025; Baratin, Oriti 1108.1178; Oriti, Pithis, AJ 2112.00091
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Key Ideas of the Completion

Idea 1: Allow for all normal vector signatures

X+ = (1, 0, 0, 0) ∈ H3
+ X0 = (1, 0, 0, 1) ∈ C+ X− = (0, 0, 0, 1) ∈ H1,2

Oriti, Pithis, AJ 2206.15442
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Key Ideas of the Completion

Idea 2: Allow for all possible simplicial interactions ⇒ 21 vertices

S[ϕ, ϕ̄] =
∑
α

∫
[dg]4

∫
dXα ϕ̄(gv ;Xα)ϕ(gv ;Xα) +
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n+,n0,n−≥0
n++n0+n−=5

λ(n+,n0,n−)

5
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Results and Perspectives

Results

3 Construct a GFT and spin foam model that faithfully encodes bare causality + coloring

3 Quantum geometric results (already anticipated by Barrett, Crane gr-qc/9904025):

• Spacelike and lightlike tetrahedra contain spacelike faces, ρ ∈ R:
• Timelike tetrahedra contain spacelike and timelike faces, ρ ∈ R and ν ∈ 2N+

⇒ Continuous space and discrete time (recover Perez, Rovelli gr-qc/0011037)

3 Determine behavior under spacetime reversal

• Larger symmetry group O(1, 3) or Pin(1, 3)

3 Construct CDT-like GFT model, resulting in causal tensor model

Perspectives

I Include lightlike faces

I Re-consider matter coupling in GFT

• Proper distinction between clocks and rods

I Study bearing on cosmology

I Develop an oriented GFT and spin foam model based on the group Pin(1, 3)

I Examine phase structure via LG analysis ⇒ talk by Andreas
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Criticisms towards the Barrett-Crane Model

The BC spin foam model (Palatini quantization) has been criticized for

1. Inability of BC vertex to reproduce tensorial structure of (lattice) graviton

propagator [Alesci, Rovelli 0708.0883]

2. Missing area-length constraints [Alexandrov 0802.3389]

3. Role of degenerate geometries [Barrett, Steele gr-qc/0209023]

4. Constraints are imposed “too strongly” [EPR 0705.2388]

5. Non-covariant and non-commuting imposition of closure and simplicity

[Baratin, Oriti 1002.4723]

Also, the EPRL-like model has been favored since

6. Boundary states are closer to canonical LQG, incorporating the

Barbero-Immirzi parameter γ
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5. Non-covariant and non-commuting imposition of closure and simplicity

[Baratin, Oriti 1002.4723]

Also, the EPRL-like model has been favored since

6. Boundary states are closer to canonical LQG, incorporating the

Barbero-Immirzi parameter γ
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Alleviating the Criticisms

1. Conclusions reflect a mismatch of LQG boundary states and BC boundary

states. [Baratin, Oriti 1108.1178] Revision via projected spin networks needed (for

PSNs, see [Livine gr-qc/0207084] )

2. Recent results in [Dittrich 2105.10808] suggest that (on a hypercubical lattice) the

BC model is still viable and possibly lies in the same universality class as

the EPRL model in an effective continuum limit

3. Further studies required. Timelike and lightlike configurations?

4./5. Issues are resolved in the extended BC model introduced in [Baratin, Oriti 1108.1178]

6. Absence of γ does not rule out the BC model. Entailing questions regarding

its value and running as well as parity violation need to be clarified [Charles

1705.10984; Benedetti, Speziale 1111.0884]

I The criticisms are yet inconclusive
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Action of the complete BC Model

Kinetic action

K[ϕ, ϕ̄] =
∑
α

∫
SL(2,C)4

[dg]4
∫

SL(2,C)/U(α)

dXα ϕ̄(gv ;Xα)ϕ(gv ;Xα)

Vertex action

V [ϕ, ϕ̄] =
∑

n+,n0,n−≥0
n++n0+n−=5

λ(n+,n0,n−)

5
V (n+, n0, n−),

where the interaction V (n+, n0, n−) for a choice of normal signatures is given
by

V (n+, n0, n−) =

=

∫
[dg]10

∫
[dXα]5 ϕ1234(Xα1 )ϕ4567(Xα2 )ϕ7389(Xα3 )ϕ962(10)(Xα4 )ϕ(10)851(Xα5 )+

+c.c.
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Amplitudes of the complete BC Model

GFT partition function

Z =

∫
DϕDϕ̄e−S[ϕ,ϕ̄]

=
∑
Γ

1

sym(Γ)

∏
(n+,n0,n−)

(
λ(n+,n0,n−)

)V(n+,n0,n−)(Γ)
AΓ

Spin foam amplitudes

AΓ =
∏
f

∑
νf

∫
dρf Af (ρf , νf )

∏
e

Aαee (ρie , νie )
∏
v

Aα1,...,α5
v (ρva , νva )

with face, edge and vertex amplitudes

Af (ρf , νf ) = 4
(
ρ2
f + ν2

f

)
Aαee (ρie , νie ) = 1

Aα1,...,α5
v (ρva , νva ) = {10(ρva , νva )}(α1,...,α5)

The vertex amplitude is defined through kernels

{10(ρ, ν)}(α1,...,α5) =

∫
[dXα]5

∏
a<b

K
(ρab,νab)
αaαb (Xa, Xb)
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Kernels

Non-mixed kernels

δ(X,Y ) =
∑
ν

∫
dρ 4

(
ρ2 + ν2

)
K

(ρ,ν)
αα (X,Y )

Example: Timelike normal vectors X = (1, 0, 0, 0), Y = (cosh(η), 0, 0, sinh(η))

K
(ρ,ν)
++ (X,Y ) =

δν,0

2

∫
dΩ (Xµξµ)iρ−1 (Y µξµ)−iρ−1 = ... =

sin(ρη)

ρ sinh(η)

Mixed kernels acting similar to δ-function

f(g1) =
∑
ν

∫
dρ 4(ρ2 + ν2)

∫
dg2D

(ρ,ν)
α1α2 (g−1

1 g2)f(g2)

Example: Timelike and Spacelike normal vectors X+ = (1, 0, 0, 0),

Y− = (sinh(η), 0, 0,± cosh(η))

Kρ
+−(η,±1) ==

δν,0

2

∫
dΩ (Xµ

+ξµ)iρ−1
∣∣∣Y µ−ξµ∣∣∣−iρ−1

= ... =
i cos(ρη)

ρ cosh(η)
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CDT-like GFT

Main steps:

I Restrict to spacelike and timelike tetrahedra

I Restrict to two simplices (1, 0, 4) and (0, 0, 5)

I Fix signature of faces ⇔ choose irreps. (ρ, 0) or (ν, 0)
I Fix irreps ρab = ρ∗, νab = ν∗ and relate via α

ρ∗2 = 3
1− ν∗2

1 + 4α
− 1,

Causal tensor model

Upon introducing a cutoff in the SL(2,C)-magnetic indices, the resulting

model is a causal tensor model

GFT partition function

Z =
∑
Γ

1

sym(Γ)

(
4ρ∗2Nρ∗

)Fs (4ν∗2Nν∗)Ft (λ(4,1)A(4,1)
)V(4,1)

(
λ(3,2)A(3,2)

)V(3,2)
,

Z =
∑
Γ

1

sym(Γ)
e−Seff (Γ),
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