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Motivation

• CH-extension [Conrady and Hnybida, 2010] of the EPRL model
[Engle, Livine, Pereira and Rovelli] provides a spin foam model including timelike
tetrahedra and timelike triangles

• Asymptotic analysis of timelike tetrahedra featuring spacelike
[Kamiński, Kisielowski and Sahlmann, 2018] and timelike triangles
[Liu and Han, 2019, Simão and Steinhaus, 2021] revealed:
There are critical points corresponding to Lorentzian 4-simplices.

• Besides the expected spacelike vectors, there are also lightlike vectors associated to
timelike triangles!
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Asymptotic analysis

rewrite vertex amplitude of a single 4-simplex

Av =

∫
SL(2,C)

5∏
a=1

dgaδ(g5)
∏
b<a

⟨D(n,ρ)(ga)ψab,D
(n,ρ)(gb)ψba⟩ (1)

such that dominant contributions in the large spin limit are given by stationary points of
an action Sab for each triangle interface ab,

δzabSab(zab, ga, gb) = 0, ∀a, b (2)∑
a<b

δgaSab(zab, ga, gb) = 0, ∀a (3)
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Coherent state boundary data

τ = +

τ = −

n⃗τ ∈ Hτ m⃗ ∈ Hsp m̃ ∈ C+
null

Figure: hihihihi
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Closure condition

for timelike tetrahedra a [Liu and Han, 2019, Simão and Steinhaus, 2021]:∑
b: ab s.l.

jabn⃗
τ
ab +

∑
b: ab t.l.

sab(m⃗ab + Iβabm̃ab) = 0 (4)

∑
b: ab t.l.

sabRβabm̃ab = 0 (5)

• m⃗ab + Iβabm̃ab ∈ Hsp is a unit-norm spacelike vector

• (Iβab)b∈{1,2,3,4} not uniquely determined for tetrahedra with four timelike faces
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Closure: imaginary part

∑
b: ab t.l.

sabRβabm̃ab = 0 (6)

Different proposals [Liu and Han, 2019, Simão and Steinhaus, 2021] to restrict the model
such that the closure equation implies Rβab = 0 for all timelike ab.
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Bivector constraints

for timelike interfaces [Liu and Han, 2019, Simão and Steinhaus, 2021]:

π(ga)
∧2

(
Mab + IβabM̃ab

)
= π(gb)

∧2
(
Mba + IβbaM̃ba

)
(7)

π(ga)
∧2RβabM̃ab = π(gb)

∧2RβbaM̃ba (8)

bivector Mab + IβabM̃ab describes timelike triangle ab in 4d Minkowski space
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Action at critical points

For configurations satisfying Rβab = 0 = Rβba one obtains the result already found for
the case of βab = 0 = βba [Liu and Han, 2019, Simão and Steinhaus, 2021]:

Scrit
v

∣∣
timelike

= iγ
timelike∑

ab

sab 2 arg

(
αba

αab

)
+ i

timelike∑
ab

sab ln

∣∣∣∣αba

αab

∣∣∣∣2

= iγ
timelike∑

ab

sabθ
N

(⃗0,1)
a ,N

(⃗0,1)
b

+ i
timelike∑

ab

sab ln

∣∣∣∣αba

αab

∣∣∣∣2 (9)
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Summary and outlook

What we learned:

• m⃗ab + Iβabm̃ab ∈ Hsp is a unit-norm spacelike vector

• even for non-vanishing lightlike vectors, we can recover Lorentzian 4-simplices as well
as the Regge action

• we can obtain the same geometric solutions for non-vanishing lightlike vectors

Open questions:

• asymptotic expansion of the vertex amplitude

• closure does not uniquely determine Iβ for tetrahedra with four timelike faces

• how to relate αab and βab
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The End
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