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Genesis 1:3 + 20th century physics

+ gluons, W, Z, higgs, 
quarks, leptons  
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+ gluons, W, Z, higgs, 
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Jets for new physics

Standard Model has 26 free parameters

… whose origin is yet unexplained

Jets are ubiquitous in collider physics and 
play a huge role in both new physics 
searches as well as precision measurements

So let's try to understand jets!



• Why jets? 

• Theory overview 

• New results



What are jets?
Jets are collimated sprays of radiation emanating from an energetic particle and are 
a manifestation of how charges in quantum field theory are transported through a 
collision process  
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sensitive to pileup; for example, the jet mass scales as O(A2) [94] for the jet catchment area A [95]
(whereas the jet pT scales linearly with A). The jet-area subtraction that works well for pT has been
extended to event shapes [96], but must be re-calibrated per observable. Constituent-based pileup sub-
traction schemes [97, 98, 99, 100, 101] show great promise and are actively being studied and adapted
to the actual experimental settings [102, 103, 104, 105, 106]. Even without constituent-based subtrac-
tion techniques, though, there is a large reduction in pileup sensitivity to jet substructure from groom-
ing [102, 107, 106, 3]. Grooming systematically removes soft and wide-angle radiation, which is exactly
the profile characteristic of pileup. Even with extreme levels of pileup (up to 300 collisions), grooming
can preserve the distribution of the jet mass distribution [108].

Despite the power of grooming for pileup suppression, there is still a residual degradation of reso-
lution with increased levels of pileup which makes precision jet substructure measurements challenging
at high instantaneous luminosity. Track-based observables are robust to pileup because their vertex of
origin can be well-distinguished from pileup vertices. Precision track-based substructure observables
have been calculated [109, 110, 111, 112], but typically require universal NP input. It may be interesting
to do a track- and jet-substructure-based extraction of ↵s, but this is left as a possibility for future work.

1.4 Observable Sensitivity to ↵s

In this subsection, we study the sensitivity of the groomed jet mass to variations in the value of ↵s. We
begin with a discussion based on the analytic formulae at LL accuracy. We then perform a PS study,
highlighting the interplay between the sensitivity of different parts of the distribution to variations in the
value of ↵s and NP effects. Finally, we discuss the issue of Casimir scaling and the related issue of using
normalized versus unnormalized distributions.

1.41 Analytic Understanding

To get an understanding of the sensitivity of the groomed mass distribution both to the value of ↵s as
well as to the quark and gluon composition, it is enlightening to study the LL distribution. Here, for
simplicity, we consider only the leading logs in the observable, in the resummation region; complete
expressions can be found in Refs. [52, 55, 54, 53]. For � = 0, the LL result at fixed coupling for the
cumulative distribution in the resummation region takes the schematic form

⌃(e(2)
2 ) = exp


�
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⇡
[log(zcut) � Bi] log(e(2)

2 )

�
, (9)

where Bi = �3/4 for quarks and Bg = �
11
12 +

nf

6CA
for gluons (nf is the number of active quark flavors).

This highlights that for � = 0, the groomed jet mass is a single-logarithmic observable, contrasting with
the standard double-logarithmic behavior of plain jet mass. Differentiating the cumulative distribution,
we obtain the spectrum
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Here, we immediately see several interesting consequences. In the resummation region, the slope of
the distribution when plotted against log e

(2)
2 is set by the product ↵sCi, where Ci is the Casimir factor,

namely CF = 4/3 for quarks and CA = 3 for gluons. We therefore see that the groomed mass is indeed
sensitive to the value of ↵s. Due to the larger color charge of gluons, we expect that samples of pure
gluon jets would have a significantly higher sensitivity to the value of ↵s; this expectation will be born
out in our PS studies below. Because ↵s is always multiplied by a color factor, though, knowing the
precise quark/gluon composition of a sample is essential, as discussed in Sec. 1.43. In practice, the PS
studies and the analytic studies that follow (see Sec. 1.5) include higher-order effects, such as subleading
terms in the splitting functions, that violate Casimir scaling.
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Figure 12: Comparison between soft-drop groomed e(2)
2

distributions with zcut = 0.1 and

� = 0 (top) and � = 1 (bottom) for matched and normalized NNLL, parton-level, and hadron-

level Monte Carlo. All curves integrate to the same value over the range e(2)
2

2 [0.001, 0.1].

The uncertainty band for soft drop with � = 1 at NNLL includes the variation of the two-loop

non-cusp anomalous dimension.

Fig. 12 also illustrates that soft drop grooming eliminates sensitivity to both hadroniza-

tion and underlying event until deep in the infrared. The parton-level and hadron-level dis-

tributions for each Monte Carlo agree almost perfectly until below about e(2)
2

. 10�3. That

hadronization e↵ects are small is expected from our e+e� analysis, but this also demonstrates

that underlying event e↵ects are negligible. A similar observation was made in Ref. [8], though

at a much higher jet pT (pT > 3 TeV). As in e+e� collisions, we expect that the hadronization

e↵ects that are observed in the Monte Carlo can be explained by a shape function, though

we leave this to future work.
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Slope is ~proportional to αs!

(groomed mass /  jet pT)2

Why Jets?
Jets are relevant for a variety of collider physics studies 

• Higgs production via gluon fusion 

• Physics at the upcoming Electron Ion Collider 

• Decays of boosted electroweak bosons  

• Precision studies: αs and top mass 

• Jet substructure as a probe of QCD medium 

• Heavy flavor, fragmentation process in jets 

• Jets for TMD physics 

• New physics searches with signatures and backgrounds

7 11. Status of Higgs Boson Physics
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Figure 11.1: Main leading order Feynman diagrams contributing to the Higgs boson production
in (a) gluon fusion, (b) Vector-boson fusion, (c) Higgs-strahlung (or associated production with a
gauge boson at tree level from a quark-quark interaction), (d) associated production with a gauge
boson (at loop level from a gluon-gluon interaction), (e) associated production with a pair of top
quarks (there is a similar diagram for the associated production with a pair of bottom quarks),
(f-g) production in association with a single top quark

The state-of-the-art of the theoretical calculations in the main di�erent production channels is
summarized in Table 11.1.

Table 11.1: State-of-the-art of the theoretical calculations in the main Higgs boson production
channels in the SM, and the major MC tools used in the simulations

ggF VBF V H tt̄H

Fixed order: Fixed order: Fixed order: Fixed order:
N3LO QCD + NLO EW NNLO QCD NLO QCD+EW NLO QCD+EW

(HIGLU, iHixs, FeHiPro, HNNLO) (VBF@NNLO) (V2HV and HAWK) (Powheg)
Resummed: Fixed order: Fixed order: (MG5_aMC@NLO)

NNLO + NNLL QCD NLO QCD + NLO EW NNLO QCD
(HRes) (HAWK) (VH@NNLO)

Higgs pT :
NNLO+NNLL
(HqT, HRes)

Jet Veto:
N3LO+NNLL

The cross sections for the production of a SM Higgs boson as a function of
Ô

s, the center of mass
energy, for pp collisions, including bands indicating the theoretical uncertainties, are summarised
in Fig. 11.2 (left) [45]. A detailed discussion, including uncertainties in the theoretical calculations
due to missing higher-order e�ects and experimental uncertainties on the determination of SM
parameters involved in the calculations, can be found in Refs. [41–44]. These references also con-
tain state-of-the-art discussions on the impact of PDF uncertainties, QCD scale uncertainties and
uncertainties due to di�erent procedures for including higher-order corrections matched to parton
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Frame dependence and jet measurements
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• Laboratory frame

Can measure two variables
Q2 = (k � k0)2

e(k)
e0(k0)

pT , Q
2

• Jet transverse momentum pT , Q
2pT , Q

2• Photon virtuality

Leading electron

• Cluster jets in the laboratory frame
• Leading-order

⌘,�

eq ! eq

pT , Q
2

Advantages and Challenges

So what will be the advantages of EIC (versus LHC or RHIC)?

Little underlying event, scattering processes can be
isolated.
Control over initial states:

1 Polarization.
2 Initial momenta.
3 Heavy Ions.

SIDIS:
1 Total invariant mass of final states (e+e�).
2 Control of partonic initial states

Du↵ Neill, LANL Theory of Jet Substructure and EIC Potential
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of Ref. [21] where it was shown that MPI in Pythia for
the ungroomed jet mass spectrum can be well modeled
by simply changing parameters in the nonperturbative
shape function. This occurs because the dominant im-
pact of MPI is to populate the jet with uncorrelated soft
radiation of somewhat higher energy than that associ-
ated to the soft hadronization. We adopt this approach
to account for hadronization plus UE, replacing

⌦��
nq ! ⌦��MPI

nq . (66)

Estimating that this treatment of UE is uncertain at
the . 30% level, this induces a residual uncertainty of
�mt . 0.3GeV for our soft drop top mass extraction,
compared to �mt . 1.4GeV without soft drop. With
additional dedicated studies this uncertainty may be fur-
ther reduced. Lastly, we note that from the work in
Ref. [17] we only know about the universality properties
of the first moment ⌦��

1q of the shape function, whereas
the higher moments n � 2 may depend on the grooming
parameters and the kinematic variables in a manner that

is not determined solely by Cq(pp)
1 , although its inclusion

does capture the proper power counting for these terms.
Technically, the higher moment ⌦��

2q should involve an
additional Wilson coe�cient which we have not derived.
Since ⌦��

2q gives a sub-dominant power correction our ap-
proximation should be reasonable.

For the Pythia8 results we use the Monte-Carlo mass
mMC

t = 173.1GeV as input and employ the default
Monash 2013 tune [29] of the Lund string fragmenta-
tion model for its hadronization corrections. To achieve
a meaningful comparison of our factorization prediction
with the Pythia8 results we carry out a simultaneous
fit for mMSR

t (Rm,0 = 1GeV), ⌦��
1q and x2 entering the

formula in Eq. (64) to the Pythia8 results simultane-
ously including pT � 750GeV and pT � 1000GeV bins.
For the fit range we take MJ 2 [173, 180]GeV and utilize
10 MJ bins in this range, over which the central fac-
torization curve and the Pythia curve are also normal-
ized. The fits are carried out independently for Pythia8
with only hadronization (with the results shown in
Figs. 13a,b), and for Pythia8 with both hadronization
and MPI (with the results shown in Figs. 13c,d). The
resulting best fit values for mMSR

t (1GeV), ⌦��
1q (⌦��MPI

nq )
and x2 (xMPI

2 ) are displayed in the panels of Fig. 13. For
the fits to Pythia8 with both hadronization and MPI
turned on we expect from our treatment of MPI e↵ects
modified fit results for the non-perturbative parameters
⌦��MPI

1q and xMPI
2 in comparison to ⌦��

1q and x2 obtained
without MPI while the fit result for mMSR

t (1GeV) should
remain unchanged.

The jet mass spectra obtained from the factorization
theorem and Pythia8, shown in the panels of Fig. 13,
are in quite good agreement for both pT bins as well as
for the di↵erent treatments of MPI. As expected from the
general structure of the factorization theorem the peak is
essentially at the same location for each pT bin. However,
there is a noticeable di↵erence between the factorization

a)

b)

c)

d)

FIG. 13. Comparison of Pythia8 without and with MPI to

the factorization theorem at NLL with mt in the MSR mass

scheme.

theorem results and Pythia8 for the tail on the left of the
peak. This is related to the grooming of radiation that is
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Figure 2. Three possible transverse momentum de-correlation measurements in e+e� annihilation:
(a) Identify two hadrons h1 and h2 with momenta ph1 , ph2 and energy fractions zh1 , zh2 respectively,
(b) Identify a jet and a hadron with momenta pjet, ph with energy fractions zjet, zh, (c) Identify two
jets with momenta pjet1 , pjet2 and energy fractions zjet1 , zjet2 .

We consider three possible scenarios as illustrated in fig. 2 and we refer to them as

di-hadron, hadron-jet, and di-jet momentum de-correlation. To simplify the discussion we

focus on the case of di-jets (fig. 2c) and we briefly comment how our results are generalized

for the case of hadron-jet de-correlation. For the case of groomed jets the observable qT
is defined with the groomed quantities, i.e., pµ

jet
is the groomed jet four-momentum and

zjet = 2p0
jet

/Q. The transverse component pT jet is measured with respect to an axis close to

the full or groomed jet axes. The exact choice of the axis only di↵ers by power corrections.

For concreteness in the results that follow we make the choice of the axis to lie along one of

the groomed jets.

Since we want to probe the non-perturbative physics, we wish to work in the small

transverse momentum regime (qT ⌧
p

s where qT ⌘ |qT |). There are various ways one can

define the jet axis and the choice of definition will impact the form of factorization. It was

discussed in ref. [7] that the standard jet axis choice su↵ers from factorization breakdown for

large jet radius. This breakdown is due to energetic emissions at relatively wide angles. Such

configurations will contribute to the small transverse momentum region when the energetic

subjets are clustered in a single large radius jet. To avoid this problem in refs. [7, 8] the

winner-take-all (WTA) axis was used instead. This way ensures that wide angle energetic

emissions induce large transverse momentum (qT ⇠
p

s) pushing the qT measurement away

from the observable region.

In this paper we propose, alternatively, the use of groomed jet-substructure to isolate
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Figure 2: The di↵erent scales relevant for the description of a mass measurement on a jet.
Sudakov double logarithms, log2(pTJ/mJ ), are resummed by renormalization group evolution
between the di↵erent scales.

factorization can be demonstrated, higher logarithms can be systematically re-

summed by computing anomalous dimensions of field-theoretic objects to higher

perturbative orders. This has allowed the highest-order resummation for e+e�

event shapes to NNNLL [65, 72, 73, 74], as well as for the highest precision jet

substructure calculations to NNLL [75, 76], to be discussed in Sec. 2.3.

Taking dijets in e+e� collisions as a simple example (to avoid complications

deriving from the colored initial state), for the di↵erential cross section of the

left and right hemisphere jet masses in the limit where mL, mR ⌧ Q we have

the schematic factorized expression

d�

dmL dmR

=�0H(Q2; µ) · J(mL; µ) ⌦ J(mR; µ) ⌦ S(mL, mR; µ) . (7)

Here, �0 is the electroweak production cross section, and H(Q2) is the hard

function that incorporates virtual corrections to e+e�
! qq̄ at center of mass

energy Q. These two components are independent of the measurement made on
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Jet physics is rich!

The radiation inside a jet is predominantly soft and collinear

This is tied to the fundamental 
behavior of QCD in IR

Studying jets involves 
disentangling physics at 
different scales.



Monte Carlo Simulations
Parton shower Monte Carlos can  be improved through jet substructure studies



But there are challenges

F. Krauss. (Sherpa Collaboration), “Sketch of a 𝑡𝑡h event”. Available at https: //
www.opensciencegrid.org/wp-content/uploads/2014/05/event.jpg 

top and anti-top

protons
This junk is 

predominantly 
soft and wide 

angle relative to 
the jet axis

top decay products

Contamination from other 
processes in the event.

M2
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i2jet
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Jet Grooming
Some notable examples:

• Mass Drop Tagger: Butterworth, Davison, Rubin, Salam, 2008 

• Ellis, Vermillion, Walsh, 2009, 2010 

• Pruning: Trimming: Krohn, Thaler, Wang, 2010 

• Modified Mass Drop: Dasgupta, Fregoso, Marzani, Salam 2013 

• Soft Drop: Larkoski, Marzani, Soyez, Thaler 2014

Jet grooming selectively removes radiation that 
includes contamination from the UE and pile up.
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Figure 5: Step by step illustration of the jet trimming procedure. Proceeding from left to right,
top to bottom, we show a jet as initially clustered (using anti-kT with R0 = 1.5), the constituent
kT subjets with Rsub = 0.2, the subjets surviving the pTi < fcut · pT cut (where fcut = 0.03), and
the final trimmed jet. To make the figure easier to read, the area of each cell is proportional to the
log of the cell’s pT .

This procedure is illustrated in Figs. 5 and 6. The dimensionless parameter fcut quanti-

fies the expected pT scale hierarchy between FSR and ISR/MI/pileup. In principle, this

procedure could be iterated such that subjets that fail the softness criteria in one seed jet

could be tested for inclusion in a di↵erent seed jet. However, this is only relevant if the

original jets were e↵ectively overlapping, or if the removal of subjets substantially changes

the position of the trimmed jets relative to the original seed jets.

The precise jet definition used in step 1 is largely irrelevant for the jet trimming

procedure. In Sec. 4, we will trim two di↵erent jet algorithms, anti-kT [16] and VR [3],

finding improvements in reconstruction with both.

The jet definition used in step 2, however, is more important as it determines how the

subjets are found. We use the kT algorithm [26, 27] rather than a Cambridge-Aachen [24,

25] or anti-kT algorithm [16], because subjets formed by the kT algorithm tend to better

share the energy between subjets. That is, imagine that the dominant FSR depositions in
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Figure 5: Step by step illustration of the jet trimming procedure. Proceeding from left to right,
top to bottom, we show a jet as initially clustered (using anti-kT with R0 = 1.5), the constituent
kT subjets with Rsub = 0.2, the subjets surviving the pTi < fcut · pT cut (where fcut = 0.03), and
the final trimmed jet. To make the figure easier to read, the area of each cell is proportional to the
log of the cell’s pT .

This procedure is illustrated in Figs. 5 and 6. The dimensionless parameter fcut quanti-

fies the expected pT scale hierarchy between FSR and ISR/MI/pileup. In principle, this

procedure could be iterated such that subjets that fail the softness criteria in one seed jet

could be tested for inclusion in a di↵erent seed jet. However, this is only relevant if the

original jets were e↵ectively overlapping, or if the removal of subjets substantially changes

the position of the trimmed jets relative to the original seed jets.

The precise jet definition used in step 1 is largely irrelevant for the jet trimming

procedure. In Sec. 4, we will trim two di↵erent jet algorithms, anti-kT [16] and VR [3],

finding improvements in reconstruction with both.

The jet definition used in step 2, however, is more important as it determines how the

subjets are found. We use the kT algorithm [26, 27] rather than a Cambridge-Aachen [24,

25] or anti-kT algorithm [16], because subjets formed by the kT algorithm tend to better

share the energy between subjets. That is, imagine that the dominant FSR depositions in
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Trimming (2010):
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• Theory overview 

• New results



Jet Mass

Chapter 2

Equations for the talk

2.1 Total cross section
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Consider jet mass of a qg pair:

Plain light quark/gluon jet mass

EFT modes for the Plain jet mass

Consider a gluon emission off an energetic quark.

m
2
J
= (kq + kg )

2 = 2EqEg (1 � cos ✓qg ) = Qp
+
g

p
± = E ⌥ ~p · ~njet , zi = Ei/EJ = p

�
i

/Q

kµ
q
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For a given jet mass m
2
J

the gluon will lie on the blue line
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal
data (blue) at 91.2 GeV are included for reference. All plots have �s(mZ) = 0.1168.

4 �s extraction and error analysis

In this section we now use our result for the thrust distribution to determine �s, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value �s(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the e�ective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small � , where the distribution peaks. The peak region is a�ected by non-
perturbative e�ects, as will be discussed in the next section, but it will not be used in the
extraction of �s. The region relevant for the �s extraction is shown in the lower two plots.
The value of �s(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < � < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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m2
J = Q2�/2
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal
data (blue) at 91.2 GeV are included for reference. All plots have �s(mZ) = 0.1168.

4 �s extraction and error analysis

In this section we now use our result for the thrust distribution to determine �s, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value �s(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the e�ective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small � , where the distribution peaks. The peak region is a�ected by non-
perturbative e�ects, as will be discussed in the next section, but it will not be used in the
extraction of �s. The region relevant for the �s extraction is shown in the lower two plots.
The value of �s(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < � < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal
data (blue) at 91.2 GeV are included for reference. All plots have �s(mZ) = 0.1168.

4 �s extraction and error analysis

In this section we now use our result for the thrust distribution to determine �s, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value �s(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the e�ective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small � , where the distribution peaks. The peak region is a�ected by non-
perturbative e�ects, as will be discussed in the next section, but it will not be used in the
extraction of �s. The region relevant for the �s extraction is shown in the lower two plots.
The value of �s(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < � < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal
data (blue) at 91.2 GeV are included for reference. All plots have �s(mZ) = 0.1168.

4 �s extraction and error analysis

In this section we now use our result for the thrust distribution to determine �s, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value �s(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the e�ective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small � , where the distribution peaks. The peak region is a�ected by non-
perturbative e�ects, as will be discussed in the next section, but it will not be used in the
extraction of �s. The region relevant for the �s extraction is shown in the lower two plots.
The value of �s(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < � < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Jet Mass Distribution

Plain light quark/gluon jet mass

EFT modes for the Plain jet mass

Consider a gluon emission off an energetic quark.
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal
data (blue) at 91.2 GeV are included for reference. All plots have �s(mZ) = 0.1168.

4 �s extraction and error analysis

In this section we now use our result for the thrust distribution to determine �s, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value �s(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the e�ective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small � , where the distribution peaks. The peak region is a�ected by non-
perturbative e�ects, as will be discussed in the next section, but it will not be used in the
extraction of �s. The region relevant for the �s extraction is shown in the lower two plots.
The value of �s(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < � < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal

data (blue) at 91.2 GeV are included for reference. All plots have αs(mZ) = 0.1168.

4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Cluster the pair of particles with the smallest dij, that is, sum their four-vectors and replace
them in the list of particles by their sum:

p(ij) = pi + pj . (31)

Continue this process until all particles in the jet are clustered into the total jet four-vector.
This defines an angular ordered branching history, starting with the widest angle particles:

�1 �2 �3 �4 where ✓1 > ✓2 > ✓3 > · · · .
We can then systematically march through the clustering history and ask if the emis-
sion/particle is su�ciently high energy. For a branching with particles i, j we test

min[p?i, p?j]

p?i + p?j
> zcut(dij)

�/2 . (32)

Here, zcut and � are parameters. zcut defines the relative energy cut, typically taken to be
about 10%. � defines the aggressiveness of the test. If � ! 1, then (dij)�/2 ! 0, which
means the test is always satisfied. If � ! 0, then the test is just a relative energy/p?
cut. If the clustering fails the requirement, the softer branch is eliminated from the jet, and
the procedure steps to the next smaller branch. When a branching passes, the procedure
terminates, and the remaining particles constitute the groomed jet.

This procedure is called “soft drop grooming” [19] and when � = 0, it is also the modifed
mass drop tagger groomer (mMDT) [20]. Because of the angular ordering and elimination
of soft radiation, it indeed removes the radiation from underlying event, pile-up, or NGLs
that contaminate the jet. Only the hard, collinear core remains, which is just what we want.

To end this lecture, let’s calculate the jet mass distribution in the presence of grooming.
We’ll go back to our familiar Lund plane and identify the regions of that phase space that
are no longer accessible when groomed. For simplicity, we’ll just restrict the discussion to
� = 0 soft drop or mMDT grooming.

The requirement on the particles in a branching is

min[p?i, p?j]

p?i + p?j
> zcut . (33)

In the Lund plane, we restrict to the soft and collinear limit, so one of these particles carries
the entire jet energy. That is, the picture is

p�

p�i
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Note that for small jet masses: α * L2 ~ 1

Leading logarithmic expansion can also be obtained by considering a 
chain of emissions strongly ordered in their contribution to the jet mass 



Cluster the pair of particles with the smallest dij, that is, sum their four-vectors and replace
them in the list of particles by their sum:

p(ij) = pi + pj . (31)

Continue this process until all particles in the jet are clustered into the total jet four-vector.
This defines an angular ordered branching history, starting with the widest angle particles:

�1 �2 �3 �4 where ✓1 > ✓2 > ✓3 > · · · .
We can then systematically march through the clustering history and ask if the emis-
sion/particle is su�ciently high energy. For a branching with particles i, j we test

min[p?i, p?j]

p?i + p?j
> zcut(dij)

�/2 . (32)

Here, zcut and � are parameters. zcut defines the relative energy cut, typically taken to be
about 10%. � defines the aggressiveness of the test. If � ! 1, then (dij)�/2 ! 0, which
means the test is always satisfied. If � ! 0, then the test is just a relative energy/p?
cut. If the clustering fails the requirement, the softer branch is eliminated from the jet, and
the procedure steps to the next smaller branch. When a branching passes, the procedure
terminates, and the remaining particles constitute the groomed jet.

This procedure is called “soft drop grooming” [19] and when � = 0, it is also the modifed
mass drop tagger groomer (mMDT) [20]. Because of the angular ordering and elimination
of soft radiation, it indeed removes the radiation from underlying event, pile-up, or NGLs
that contaminate the jet. Only the hard, collinear core remains, which is just what we want.

To end this lecture, let’s calculate the jet mass distribution in the presence of grooming.
We’ll go back to our familiar Lund plane and identify the regions of that phase space that
are no longer accessible when groomed. For simplicity, we’ll just restrict the discussion to
� = 0 soft drop or mMDT grooming.

The requirement on the particles in a branching is

min[p?i, p?j]

p?i + p?j
> zcut . (33)

In the Lund plane, we restrict to the soft and collinear limit, so one of these particles carries
the entire jet energy. That is, the picture is
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal

data (blue) at 91.2 GeV are included for reference. All plots have αs(mZ) = 0.1168.

4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Figure 6: Convergence of resummed and fixed-order distributions. aleph data (red) and opal

data (blue) at 91.2 GeV are included for reference. All plots have αs(mZ) = 0.1168.

4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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4 αs extraction and error analysis

In this section we now use our result for the thrust distribution to determine αs, using lep data
from aleph [42] and opal [43]. Before performing the fit, let us compare the perturbative
expansion with and without resummation. The result at Q = 91.2 GeV is shown in Figure 6
side-by-side with the fixed-order expression. We use the same value αs(mZ) = 0.1168 for both
plots and have set the scales µh, µj and µs to their canonical values (25). For reference, we
also show the aleph and opal data. The curves for the fixed-order calculation correspond to
the standard LO, NLO, NNLO series; for the effective field theory calculation, the orders are
defined in Table 1. It is quite striking how much faster the resummed distribution converges.
In fact, it is hard to even distinguish the higher order curves after resummation, except in
the region of very small τ , where the distribution peaks. The peak region is affected by non-
perturbative effects, as will be discussed in the next section, but it will not be used in the
extraction of αs. The region relevant for the αs extraction is shown in the lower two plots.
The value of αs(mZ) = 0.1168 we use in the plots corresponds to the best fit value in the range
0.1 < τ < 0.24 for the aleph data set. However, the plot makes it evident that the extracted
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Smaller jet masses 
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NP region of Groomed Jet mass
The large NP corrections are pushed to yet smaller jet masses6 Chapter 2 Equations for the talk
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NP region of Groomed Jet mass
The large NP corrections are pushed to yet smaller jet masses

In this talk we will focus on the groomed resummation region
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• The soft drop stopping emission sets the groomed jet radius Rg 

• The leading NP correction comes from emissions at Rg
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The shift in the jet mass is proportional to Rg



Boundary Correction
We have yet another correction in groomed jet mass due to Hadronization

A barely passing subjet looses 
energy and fails

A barely failing subjet gains 
energy and passes
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This correction is important at the soft drop threshold:

Changes in energy:

The boundary correction is inversely proportional to Rg



Both corrections matter
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Changes in energy:

Shift in the groomed jet mass:
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Contribution of the stopping subjet:

Relative corrections are of the same order:
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NP corrections in the resummation region

k± are defined as boost invariant along the jet axis, so are these hadronic parameters. We stress
that these parameters are only defined for groomed jet mass in the SDOE region, with geometry
determined by the ⇥ ��

NP and ⇥
�
NP functions, and have no connection to the nonperturbative matrix

element(s) that govern the case of plain jet mass.
In Eq. (4.53) the terms d��̂��

 /dm
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J and d��̂�
 /dm
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J are perturbative coefficients containing
terms scaling as
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where L denotes a generic large logarithm in the SDOE region (which will be determined in
Sec. 5). The displayed terms are at LL order, while the ellipses denote terms at higher orders in
the resumed perturbation theory.

In Sec. 5 we will show that, in fact, the LL series for each of d��̂��
 /dm

2

J and d��̂�
 /dm

2

J can
be related to the LL series in the leading power cross section, d�̂/dm2

J . This simplification can
be expressed by rewriting the hadronic cross section with leading power corrections in the form:
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Where we have introduced two additional functions C
1
(m2

J , Q, z̃cut,�, R) and C
2
(m2

J , Q, z̃cut,�, R)

which we will refer to as the Wilson coefficients for the shift and the boundary corrections respec-
tively. Their arguments reflect the fact that they are not constants along the spectrum, and that
they depend the grooming parameters. When there is no cause for confusion we will suppress the
{Q, z̃cut,�, R} arguments for simplicity. Hence, the correction to the normalization and the shape
of the partonic spectrum is given by
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Equation (4.56), or equivalently Eq. (4.57), are our main results for the operator expansion with
leading power corrections in the SDOE region.

In the next section we will show that a leading double logarithmic series is absent from C
1

and C
2

when defined as in Eq. (4.56), so that their parametric forms include terms
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Here we work at LL order with a running coupling, and hence only single logarithms from the
running of ↵s(µ) are included. The determination of the full set of terms

P
k=1

(↵sL)k requires a
NLL calculation for d��̂��

 /dm
2

J and d��̂�
 /dm

2

J which we leave to future work. We remind the
reader that the factors in Eq. (4.58) are such that in the pp case the combination of factors of Q
and coefficients C

1,2 yield cosh ⌘J independent results for these power corrections, see Eq. (4.52).
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Shift correction Boundary correction
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The form of both results in Eq. (4.51) makes explicit that they are the same order in the power
counting, as argued above. We also note that for the pp case the combinations in Eq. (4.51) are
independent of cosh ⌘J since
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Note that the presence of an explicit ↵s factor in the first order SDOE power corrections is
explained by the need for a perturbative emission which stops soft drop. Furthermore we empha-
size that the coefficients for the shift and boundary power corrections contain large logarithms
from higher orders so one should not conclude that the O(↵s) terms shown in Eq. (4.51) suffice
to determine these coefficients at the leading log level. Due to the inherent separation of scales
that is present with the collinear-soft, jet, and global soft scales, these results will be dressed by
further perturbative emissions which produce a tower of leading logarithms.

4.5 Results for Power Corrections from the Operator Expansion

Based on the factorization for the power corrections derived in Secs. 3–4.4 it is natural to write
the hadronic cross section as
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where the leading power corrections are projections on a non-perturbative source distribution
F̃(kµ) given by
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Here we have used the fact that ⌥1(�) is linear in �. Thus the leading non-perturbative power
corrections in the SDOE region are expressed in terms of three hadronic parameters, ⌦��

1, ⌥
1,0,

and ⌥

1,1. These parameters are each O(⇤QCD), depend on whether the jet is initiated by a quark

or gluon via  = q, g, and are independent of all other variables.2 Since the momentum variables
2We ignore possible dependence on the renormalization scale µ because we do not attempt to sum large loga-

rithms occurring between the µcs and ⇤QCD scales. Single logarithms of this type are known to appear for e+e�

event shapes [25].
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5 Resummation for Matching Coefficients for Hadronic Corrections

The goal of this section is to calculate the perturbative Wilson coefficients C
1

and C
2

in Eq. (4.56),
and demonstrate that they do not contain LL double logarithms. We make use of a combination
of the coherent branching formalism [77] and input about the nature of the expansion from SCET.
Since C

1
and C

2
are properties of the groomed jet, it suffices to calculate them for quark dijets

from an e+e� collision, with the extension to gluon jets obtained by a simple replacement. We
will also quote the corresponding results for pp collisions.

In what follows, we first review the derivation of the partonic resummation formula for the
groomed jet mass using the coherent branching formalism presented in Refs. [48, 50]. We then
make use of the key results derived from the EFT analysis above to setup a coherent branching
calculation of the Wilson coefficients in Eq. (4.51). In coherent branching, the resummation is
implemented via a sum over real emissions, where one can, in analogy to a coherent branching
parton shower, track the kinematic information of the sequence of emissions, making the calcu-
lation quite intuitive. This novel coherent branching calculation corresponds to carrying out a
resummation for an observable (here m2

J) while simultaneously weighting its phase space by a
function of another observable (the stopping angle, ✓cs). Schematically, the calculation of C

1
and

C
2

corresponds to evaluating the following resummed averages of the powers of the soft drop
stopping angle:
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�
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zcs � z̃cut✓

�
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��
. (5.1)

We note that it is not obvious how to define this result from coherent branching alone, since
coherent branching does not provide the power expansion or the formulation of fields needed for
describing non-perturbative corrections. On the other hand, at LL order in resummed perturbation
theory, using the coherent branching formalism is simpler than setting up the necessary (novel)
SCET formalism for the resummation of large logarithms.

5.1 Review of Parton Level Resummation in Coherent Branching

We start with a series of angular-ordered emissions off an energetic parton. These are being
clustered in a jet of radius R, with the previous emissions off the parton being at wider angles,
✓1 > ✓2 > . . . > ✓n. Subsequently the radiation is groomed. We now assume that the CA
clustering proceeds such that, at each step, an emission is paired with the central collinear subjet,
and not with another emission. Thus at every stage of unclustering we will recover the emissions
in the order they were emitted [77–80]. It is useful to define

✓̃i =
✓i
R

, (5.2)

which satisfies ✓̃i  1. We also define zi as the energy fraction of the i’th emission with respect to
the jet’s energy. At this point we replace the angular ordering with ordering in the variable [50, 56]:

⇢i = zi ✓̃
2

i , ⇢1 > ⇢2 > . . . > ⇢n . (5.3)
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The coefficients C1 and C2 are perturbatively calculable 
and are related to moments of Rg
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NP corrections in the resummation region

k± are defined as boost invariant along the jet axis, so are these hadronic parameters. We stress
that these parameters are only defined for groomed jet mass in the SDOE region, with geometry
determined by the ⇥ ��

NP and ⇥
�
NP functions, and have no connection to the nonperturbative matrix

element(s) that govern the case of plain jet mass.
In Eq. (4.53) the terms d��̂��

 /dm
2

J and d��̂�
 /dm

2

J are perturbative coefficients containing
terms scaling as

d��̂��
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2
)
k
+ . . .

�
, (4.55)

where L denotes a generic large logarithm in the SDOE region (which will be determined in
Sec. 5). The displayed terms are at LL order, while the ellipses denote terms at higher orders in
the resumed perturbation theory.

In Sec. 5 we will show that, in fact, the LL series for each of d��̂��
 /dm

2

J and d��̂�
 /dm

2

J can
be related to the LL series in the leading power cross section, d�̂/dm2

J . This simplification can
be expressed by rewriting the hadronic cross section with leading power corrections in the form:
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(4.56)

Where we have introduced two additional functions C
1
(m2

J , Q, z̃cut,�, R) and C
2
(m2

J , Q, z̃cut,�, R)

which we will refer to as the Wilson coefficients for the shift and the boundary corrections respec-
tively. Their arguments reflect the fact that they are not constants along the spectrum, and that
they depend the grooming parameters. When there is no cause for confusion we will suppress the
{Q, z̃cut,�, R} arguments for simplicity. Hence, the correction to the normalization and the shape
of the partonic spectrum is given by

d�had
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. (4.57)

Equation (4.56), or equivalently Eq. (4.57), are our main results for the operator expansion with
leading power corrections in the SDOE region.

In the next section we will show that a leading double logarithmic series is absent from C
1

and C
2

when defined as in Eq. (4.56), so that their parametric forms include terms

C
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k
+ . . .

�
. (4.58)

Here we work at LL order with a running coupling, and hence only single logarithms from the
running of ↵s(µ) are included. The determination of the full set of terms

P
k=1

(↵sL)k requires a
NLL calculation for d��̂��

 /dm
2

J and d��̂�
 /dm

2

J which we leave to future work. We remind the
reader that the factors in Eq. (4.58) are such that in the pp case the combination of factors of Q
and coefficients C

1,2 yield cosh ⌘J independent results for these power corrections, see Eq. (4.52).
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Shift correction Boundary correction
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The form of both results in Eq. (4.51) makes explicit that they are the same order in the power
counting, as argued above. We also note that for the pp case the combinations in Eq. (4.51) are
independent of cosh ⌘J since

Q
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J

QQcut

◆ 1
2+�

= pT
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p2T zcutR
��
0

◆ 1
2+�

. (4.52)

Note that the presence of an explicit ↵s factor in the first order SDOE power corrections is
explained by the need for a perturbative emission which stops soft drop. Furthermore we empha-
size that the coefficients for the shift and boundary power corrections contain large logarithms
from higher orders so one should not conclude that the O(↵s) terms shown in Eq. (4.51) suffice
to determine these coefficients at the leading log level. Due to the inherent separation of scales
that is present with the collinear-soft, jet, and global soft scales, these results will be dressed by
further perturbative emissions which produce a tower of leading logarithms.

4.5 Results for Power Corrections from the Operator Expansion

Based on the factorization for the power corrections derived in Secs. 3–4.4 it is natural to write
the hadronic cross section as
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where the leading power corrections are projections on a non-perturbative source distribution
F̃(kµ) given by
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Here we have used the fact that ⌥1(�) is linear in �. Thus the leading non-perturbative power
corrections in the SDOE region are expressed in terms of three hadronic parameters, ⌦��

1, ⌥
1,0,

and ⌥

1,1. These parameters are each O(⇤QCD), depend on whether the jet is initiated by a quark

or gluon via  = q, g, and are independent of all other variables.2 Since the momentum variables
2We ignore possible dependence on the renormalization scale µ because we do not attempt to sum large loga-

rithms occurring between the µcs and ⇤QCD scales. Single logarithms of this type are known to appear for e+e�

event shapes [25].
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5 Resummation for Matching Coefficients for Hadronic Corrections

The goal of this section is to calculate the perturbative Wilson coefficients C
1

and C
2

in Eq. (4.56),
and demonstrate that they do not contain LL double logarithms. We make use of a combination
of the coherent branching formalism [77] and input about the nature of the expansion from SCET.
Since C

1
and C

2
are properties of the groomed jet, it suffices to calculate them for quark dijets

from an e+e� collision, with the extension to gluon jets obtained by a simple replacement. We
will also quote the corresponding results for pp collisions.

In what follows, we first review the derivation of the partonic resummation formula for the
groomed jet mass using the coherent branching formalism presented in Refs. [48, 50]. We then
make use of the key results derived from the EFT analysis above to setup a coherent branching
calculation of the Wilson coefficients in Eq. (4.51). In coherent branching, the resummation is
implemented via a sum over real emissions, where one can, in analogy to a coherent branching
parton shower, track the kinematic information of the sequence of emissions, making the calcu-
lation quite intuitive. This novel coherent branching calculation corresponds to carrying out a
resummation for an observable (here m2

J) while simultaneously weighting its phase space by a
function of another observable (the stopping angle, ✓cs). Schematically, the calculation of C

1
and

C
2

corresponds to evaluating the following resummed averages of the powers of the soft drop
stopping angle:

C
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2
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⌧
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J)

2

�
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2 (m
2

J) ⇠

⌧
2

✓cs(m2

J)
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J

Q2
�
�
zcs � z̃cut✓

�
cs

��
. (5.1)

We note that it is not obvious how to define this result from coherent branching alone, since
coherent branching does not provide the power expansion or the formulation of fields needed for
describing non-perturbative corrections. On the other hand, at LL order in resummed perturbation
theory, using the coherent branching formalism is simpler than setting up the necessary (novel)
SCET formalism for the resummation of large logarithms.

5.1 Review of Parton Level Resummation in Coherent Branching

We start with a series of angular-ordered emissions off an energetic parton. These are being
clustered in a jet of radius R, with the previous emissions off the parton being at wider angles,
✓1 > ✓2 > . . . > ✓n. Subsequently the radiation is groomed. We now assume that the CA
clustering proceeds such that, at each step, an emission is paired with the central collinear subjet,
and not with another emission. Thus at every stage of unclustering we will recover the emissions
in the order they were emitted [77–80]. It is useful to define

✓̃i =
✓i
R

, (5.2)

which satisfies ✓̃i  1. We also define zi as the energy fraction of the i’th emission with respect to
the jet’s energy. At this point we replace the angular ordering with ordering in the variable [50, 56]:

⇢i = zi ✓̃
2

i , ⇢1 > ⇢2 > . . . > ⇢n . (5.3)
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The coefficients C1 and  are perturbatively calculable and 
are related to moments of Rg

The 3 Nonperturbative parameters are universal and do not depend 
on anything but the NP scale (and whether we have a q or g jet):

⌦��
1 ⇠ ⌥

1,0 ⇠ ⌥
1,1 ⇠ ⇤QCD
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Universality of the NP corrections

Collinear soft

Collinear

By applying a boost related to the momentum of the stopping emission and an 
azimuthal rotation we show that a universal geometry emerges at LL accuracy:

Measurement Operator and the Matrix Element

Measurement in the Collinear-Soft Sector

Measurement in the collinear-soft sector now factorizes
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Measurement now performed with unit radius projections
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Shift correction Boundary correction

Boost and rotate

The k coordinates are momentum of the NP emissions in the boosted frame:

1

kx/k
�

ky/k
�

kx/k
�

ky/k
�

1

a) b)

Figure 8. The catchment area of nonperturbative modes kept relevant for a) shift and b) boundary terms
at LL, in the respective boosted frame, as pictured from above looking down the jet axis (taken along
the z-direction). These modes are clustered with either the collinear subjet located on the jet axis (blue
dot), or the stopping collinear-soft subjet (pink cross) as indicated by the shaded brown regions. The
overlapping circles both have radius 1 for the given choice of axes.

by:
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In terms of rescaled momentum kµi in Eq. (4.24) the projection operators defined in Eqs. (4.13)
and (4.19) read
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In Fig. 8 we show the catchment area of the nonperturbative particles in the kx-ky plane. In the
rescaled ⇥

��

NP and ⇥
�
NP the second argument 1 corresponds to the unit radius appearing in these

figures. Note that in contrast to Fig. 7 the axes are now kx,y/k�.
We can think of the rescaling in Eq. (4.25) as boosting the nonperturbative momenta along the

jet axis, and rotating by �cs in the plane perpendicular to the jet axis, which we can approximate
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Universality of the NP corrections

Collinear soft

Collinear

By applying a boost related to the momentum of the stopping emission and an 
azimuthal rotation we show that a universal geometry emerges at LL accuracy:

Measurement Operator and the Matrix Element

Measurement in the Collinear-Soft Sector

Measurement in the collinear-soft sector now factorizes
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Shift correction Boundary correction

Boost and rotate
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The form of both results in Eq. (4.51) makes explicit that they are the same order in the power
counting, as argued above. We also note that for the pp case the combinations in Eq. (4.51) are
independent of cosh ⌘J since

Q

✓
m2

J

QQcut

◆ 1
2+�

= pT
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J

p2T zcutR
��
0

◆ 1
2+�

. (4.52)

Note that the presence of an explicit ↵s factor in the first order SDOE power corrections is
explained by the need for a perturbative emission which stops soft drop. Furthermore we empha-
size that the coefficients for the shift and boundary power corrections contain large logarithms
from higher orders so one should not conclude that the O(↵s) terms shown in Eq. (4.51) suffice
to determine these coefficients at the leading log level. Due to the inherent separation of scales
that is present with the collinear-soft, jet, and global soft scales, these results will be dressed by
further perturbative emissions which produce a tower of leading logarithms.

4.5 Results for Power Corrections from the Operator Expansion

Based on the factorization for the power corrections derived in Secs. 3–4.4 it is natural to write
the hadronic cross section as
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where the leading power corrections are projections on a non-perturbative source distribution
F̃(kµ) given by
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) .

Here we have used the fact that ⌥1(�) is linear in �. Thus the leading non-perturbative power
corrections in the SDOE region are expressed in terms of three hadronic parameters, ⌦��

1, ⌥
1,0,

and ⌥

1,1. These parameters are each O(⇤QCD), depend on whether the jet is initiated by a quark

or gluon via  = q, g, and are independent of all other variables.2 Since the momentum variables
2We ignore possible dependence on the renormalization scale µ because we do not attempt to sum large loga-

rithms occurring between the µcs and ⇤QCD scales. Single logarithms of this type are known to appear for e+e�

event shapes [25].
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In the boosted frame the catchment area of NP particles is independent of Rg



Nonperturbative corrections to groomed light quark/gluon jet mass

Visualizing the angular distribution of NP subjets

Tag an NP subjet with E . 1 GeV in the CA clustering tree of the groomed jet and apply the rescaling.

In the OPE region we find the expected geometry with R ⇠ 1
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Visualizing distribution of NP emissions
The expected geometry emerges in the resummation region



Shift and Boundary Wilson Coefficients 

Figure 16. Comparing our computation of C1(m2
J) with partonic Monte Carlo for zcut = 0.1, 0.2 (rows),

� = 0, 1, 2 (columns).

Figure 17. Comparing our computation of C2(m2
J) with partonic Monte Carlo for zcut = 0.1, 0.2 (rows),

� = 0, 1, 2 (columns).

can also be applied for angularities as long as one considers angularities that are sufficiently jet
mass like and away from the broadening limit, i.e. a < 1. We leave a detailed analysis of the
power corrections to groomed angularities to future work. In Ref. [63] the angularity a = 1.5 was
considered where the collinear mode becomes nonperturbative before the collinear-soft modes do.
In this case our conclusions from the jet mass analysis do not apply.
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Coefficient for shift correction:

Coefficient for boundary correction:



Nonperturbative corrections to groomed light quark/gluon jet mass

Fitting for the power corrections in Monte Carlo

Fit for the three hadronic parameters for the following grid in the SDOE region:

Q = 500, 1000 GeV, zcut = {0.05, 0.1, 0.15, 0.2}, � = {0, 0.5, 1.0, 1.5, 2.0}

3 universal parameters fit the whole grid well

Aditya Pathak (University of Vienna) Precision Top Mass Determination at the LHC Using Jet Grooming Workshop on Determination of Fundamental QCD Parameters 23 / 31

Testing with Monte Carlo Hadronization models
3 NP parameters fit well an entire grid of jet mass distributions for various Q, zcut, β



Recap

• We can get a lot of milage out of a simple Leading log analysis 

• Groomed jet mass receives NP corrections at much smaller jet masses 
(compared to plain jet mass) 

• Two main NP corrections in the resummation region: Shift and Boundary 

• Involves perturbatively calculable coefficients 

• 3 Universal NP parameters



So what’s next?



• Why jets? 

• Theory overview 

• New results



NP corrections in the resummation region

�J = {EJ}, while for the case of pp collisions involves pseudorapidity and transverse momentum,
�J = {pT , ⌘J}. The cross section d�

had
 /dm

2
J lower energy contributions that determine the shape

of the mJ spectrum, including both parton level resummed results for a jet initiated by a quark
or a gluon, and hadronization corrections. The leading hadronization corrections in d�

had
 /dm

2
J

take the following form:
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2
J

+ . . . ,

where �̂k is the partonic cross section. The three universal hadronic parameters ⌦��
1, ⌥

1,0, and ⌥
1,1

for  = q, g are O(⇤QCD) and encode the nonperturbative information in the power corrections,
while the coefficients C1,2(m2

J , Q, zcut, �, R) determine the perturbative prefactors in the SDOE
region, while also describing the dependence on the kinematic and grooming parameters. A key
point to note is that the factorization for power correction terms in Eq. (1.3) was derived so far only
at leading logarithmic (LL) accuracy.2 The LL nature of the calculation allows the use of strong
angular ordering to prove factorization of the nonperturbative matrix elements. Thus, while the
partonic cross section d�̂

 can be improved independently order-by-order in perturbation theory,
the leading power corrections in Eq. (1.3) entail only the leading-log portion of this cross section.
By definition we include in C1 and C2 all terms beyond LL that are still proportional to the
same hadronic parameters. The terms denoted by ‘. . .’ indicate that the higher order perturbative
corrections to d�̂

 can induce NP corrections with additional nonperturbative parameters beyond
those in Eq. (1.3).

At LL accuracy, the Wilson coefficients C

1,2(m

2
J) are related to moments of the ✓g distribution

for fixed mJ :

C

1 (m2

J) =
1

h1i(m2
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⌧
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2

�
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m

2
J/Q

2

h1i(m2
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⌧
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�
zg � zcut✓

�
g

��
, (1.4)

where the angle brackets represent averages that take into account the resummation of the large
logarithms in the SDOE region. We have, for simplicity, suppressed the dependence on arguments
other than m

2
J . In the second term the delta function ensures that the correction is only relevant for

kinematic configurations that lie on the boundary of soft drop failing or passing test. A calculation
at LL accuracy of the functions C


1 (m2

J) and C

2 (m2

J) in the coherent branching formalism was
presented in Ref. [19]. The LL results for these functions was shown to be in a reasonable
agreement with the parton shower Monte Carlo (MC) simulations.

In Ref. [11] results were presented for the cumulative soft drop Rg distribution at NLL accu-
racy in SCET, including resummation of non-global logarithms due to CA clustering effects. The
factorization for groomed jet mass was developed and studied at NNLL accuracy in Refs. [5–7]

2From the point of view of phenomenological relevance, the terms appearing in the LL treatment suffice to
capture the bulk of the NP corrections in the SDOE region, with the higher order NP effects being far below
the current level of perturbative uncertainty in even the most accurate parton-level predictions for groomed cross
sections.

– 4 –

We had derived the NP factorization in the strong ordering (LL) limit
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Higher order resummation of C1 and C2

Calculate these moments starting from the double differential cross section:

and N3LL accuracy for � = 0 in Ref. [26]. In this paper we build upon these results and describe
the joint resummation of the soft drop cross section differential in the jet mass and cumulative in
Rg at NLL + NLO accuracy in the SDOE region.

As a first application of this framework, we compute the following partonic moments that are
related to C


1,2(m

2
J):

M
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N(�J , R, zcut, �, ")
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2
Jd✓g

#����
"!0

.

The normalization factor N introduced in Eq. (1.2) remains unchanged for the doubly differential
distribution and hence drops out in the ratio defining M


1 (m2

J) moment for the channel . In the
distribution d�̂

(") the soft drop test has been shifted by a small " to implement the � function in
Eq. (1.4), which then also impacts the normalization N. For a single emission this modification
reads

⇥sd = ⇥(z � zcut✓
�
g ) ! ⇥sd(") = ⇥(z � zcut✓

�
g + ") , (1.6)

with the obvious generalization to the case of more emissions. This modification preserves the
IRC properties of the groomer for " ! 0. The superscript ‘�’ in M

�
�1 (m2

J) signifies that the
double differential distribution is evaluated at the “boundary” of the soft drop constraint, which is
implemented via this "-derivative. From Eq. (1.4) we have C1 = M


1 and C2 = M

�
�1 at LL order.

We have used the notation for the moments in Eq. (1.5) to stress that these functions can be defined
independently of their interpretation at LL accuracy as the Wilson coefficients C1,2. Furthermore,
higher order resummed results for the corresponding double-differential cross sections immediately
translate into perturbative predictions for M


1 and M

�
�1 at the same accuracy. At NLL order

and beyond we anticipate that a significant portion of the higher order results for C1,2 will still
be captured by the moments M


1 and M

�
�1 , such that C1 ' M


1 and C2 ' M

�
�1 . We will show

that carrying out calculations of these moments via the double differential cross section offers
us unique insights as to which contributions to the cross section lead to deviations from the LL
definitions of the Wilson coefficients in Eq. (1.4). By identifying the relevant effective theories,
we will see that these contributions come precisely from the regions of phase space that break the
strong-ordering assumption of the partonic radiation.

Following the strategy formulated in Ref. [11], we preferentially work with the cumulant of
the Rg distribution:

d⌃(Rg, �J)

dm
2
J

=

Z Rg

0
d✓g

d
2
�̂


d✓gdm
2
J

. (1.7)

We will carry out the analysis for the cumulative cross-section d⌃(Rg) at next-to-leading-log-
prime (NLL0) accuracy, where in accordance with the standard convention, the NLL resummation
is supplemented by including all O(↵s) terms in the factorization formula. We, however, note
that for the observable we considering the leading non-trivial dependence on Rg enters at O(↵s).
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The normalization factor N introduced in Eq. (1.2) remains unchanged for the doubly differential
distribution and hence drops out in the ratio defining M
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1 (m2

J) moment for the channel . In the
distribution d�̂

(") the soft drop test has been shifted by a small " to implement the � function in
Eq. (1.4), which then also impacts the normalization N. For a single emission this modification
reads
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with the obvious generalization to the case of more emissions. This modification preserves the
IRC properties of the groomer for " ! 0. The superscript ‘�’ in M

�
�1 (m2

J) signifies that the
double differential distribution is evaluated at the “boundary” of the soft drop constraint, which is
implemented via this "-derivative. From Eq. (1.4) we have C1 = M


1 and C2 = M

�
�1 at LL order.

We have used the notation for the moments in Eq. (1.5) to stress that these functions can be defined
independently of their interpretation at LL accuracy as the Wilson coefficients C1,2. Furthermore,
higher order resummed results for the corresponding double-differential cross sections immediately
translate into perturbative predictions for M


1 and M
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�1 at the same accuracy. At NLL order

and beyond we anticipate that a significant portion of the higher order results for C1,2 will still
be captured by the moments M
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1 and M
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�1 , such that C1 ' M
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1 and C2 ' M
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�1 . We will show

that carrying out calculations of these moments via the double differential cross section offers
us unique insights as to which contributions to the cross section lead to deviations from the LL
definitions of the Wilson coefficients in Eq. (1.4). By identifying the relevant effective theories,
we will see that these contributions come precisely from the regions of phase space that break the
strong-ordering assumption of the partonic radiation.

Following the strategy formulated in Ref. [11], we preferentially work with the cumulant of
the Rg distribution:
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We will carry out the analysis for the cumulative cross-section d⌃(Rg) at next-to-leading-log-
prime (NLL0) accuracy, where in accordance with the standard convention, the NLL resummation
is supplemented by including all O(↵s) terms in the factorization formula. We, however, note
that for the observable we considering the leading non-trivial dependence on Rg enters at O(↵s).
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more fundamental and precise description of these cross sections. In recent years there has been
significant progress on the analytic treatment of multi-differential1 distributions. Some of the most
significant recent advances have been made using SCET [20–22]. In particular, double differential
cross sections have allowed us to understand correlations between two different observables, such
as simultaneous measurement of two angularities on a single jet [20, 21]. Doubly differential
cross sections, such as 2 and 3-point energy correlation functions have been used to calculate
the distribution of the groomed D2 at NNLL accuracy [23, 24], and have been used to develop
novel formalism for non-global logarithm resummation [25]. In Ref. [22] a joint resummation for
0-jettiness and total color singlet transverse momentum qT was performed at NNLL accuracy,
where the novelty of this work lies in the fact that the two observables have different sensitivity
to the recoil effects, leading to different logarithmic structures that are simultaneously resummed.

In Ref. [19] two kinds of hadronization effects were identified that are specific to the groomed
jet mass in the SDOE region: “shift” and “boundary” corrections. The shift correction results from
contribution of the NP particles that survive the jet grooming, whereas the boundary correction
captures the effect of modification of the soft drop test due to hadronization. Both effects were
shown to be directly proportional to the parton level moments of the relative angle ✓g of the
stopping pair, which is equivalent to the groomed jet radius (often called Rg in the literature).
We reserve the notation ✓g to refer to this opening angle and will use Rg for the cumulative
version of this variable. This SDOE region is dominated by resummation, and the modes with
collinear-soft scaling responsible for setting ✓g play a crucial role in summing the logarithms, and
as well as determining the hadronization corrections.

The SDOE region, where the parton level geometry determines catchment area of the NP
particles, corresponds to jet mass values satisfying

Q⇤QCD

m
2
J

⇣
m

2
J

QQcut

⌘ 1
2+�

⌧ 1 , (1.1)

where Qcut = 2�Qzcut for hemisphere jets in e
+
e
� collisions and is defined below for generic jet

radius R, and also for pp collisions, in Eq. (2.2). Q stands for the large momentum such that
Q = 2EJ for the e

+
e
� case and Q = 2pT cosh(⌘J) for pp collisions. In this region the leading

power corrections to the groomed jet mass cross section for a jet initiated by a light quark or
gluon can be parameterized as follows:

d�
had

dm
2
J

=
X

=q,g

N(�J , R, zcut, �)
d�

had


dm
2
J

, (1.2)

where N includes virtual corrections important for the normalization, as well as contributions
from the rest of the event (such as parton distributions in the pp case), and determines the relative
contribution from quark and gluon jets. It depends on the jet radius, R, the phase space variables
of the jet denoted by �J , as well as the soft drop parameters, since it accounts for radiation
that has been groomed away. For e

+
e
� collisions the phase space variable is simply the energy,

1By multi-differential we refer to observables where the same set of particles in a given jet region is subjected
to multiple measurements, and exclude cases that are essentially the overall kinematic information/property of the
entire jet, such as jet rapidity or jet-pT .
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Consider inclusive jet measurement: 

By calculating Next-to-leading-log double differential cross 
section we can improve C1 and C2 predictions

[AP, Stewart, Vaidya, Zoppi]



Higher order resummation

6

messing up this cancellation. Here our Eq. (4) re-
duces to the pure fixed-order partonic thrust distribu-
tion supplemented with power corrections coming from
the convolution with the soft function. All three re-
gions are smoothly joined together in Eq. (4). The
proper summation (or non-summation) of logarithms
is achieved through τ -dependent renormalization scales,
µJ(τ), µS(τ), and R(τ) which we call profile functions.
They are discussed in detail in Sec. III.
In the following subsections various ingredients of the

factorization formula of Eq. (4) are presented in more de-
tail. Compact results for the corresponding analytic ex-
pressions for massless quarks in QCD are given in App. A.
In Secs. II G and IIH we describe how finite bottom mass
and QED corrections are included in our analysis. The
full formulae for these corrections will be presented in a
future publication.

B. Order Counting

In the classic order counting used for fits to event
shape distributions it is common to separately quote or-
ders for the summation of logarithms and the fixed-order
matching contributions. For fixed-order contributions
the O(αs) contributions are called LO, the O(α2

s) contri-
butions are called NLO, etc. This counting is motivated
from the fact that at tree level the fixed-order thrust
distribution vanishes for τ > 0. For the summation one
refers to LL (leading-log) summation if the one-loop cusp
anomalous dimension is used to sum the double Sudakov
logs, and NLL (next-to-leading-log) if the two-loop cusp
and the one-loop non-cusp anomalous dimension terms
are also included.
In our analysis the summation orders (LL, NLL, ...)

match the classical language. For the fixed-order contri-
butions we account for the tree level δ(τ) in LL and NLL,
and we include O(αs) corrections at NLL′ and NNLL,
etc, as shown in Tab. IIa. In SCET the summation can
be carried out at both NNLL and N3LL [20]. The corre-
sponding loop orders for the anomalous dimensions are
also shown in Tab. IIa. Within SCET the summation of
logarithms is achieved by renormalization group evolu-
tion and the fixed-order corrections enter as series eval-
uated at each of the transition scales µH , µJ , and µS

which we refer to as matching or matrix element correc-
tions. The logs in the singular thrust cross section expo-
nentiate to all orders if we use y, the Fourier-transformed
variable to τ . The orders we consider correspond to sum-
ming the terms

ln
[dσ̃s

dy

]
∼
[
L

∞∑

k=1

(αsL)
k

]

LL

+

[ ∞∑

k=1

(αsL)
k

]

NLL

(8)

+

[
αs

∞∑

k=0

(αsL)
k

]

NNLL

+

[
α2
s

∞∑

k=0

(αsL)
k

]

N3LL

,

where L = ln(iy), and the series in the exponent makes

clear the structure of the large logs that are summed at
each order.
The nonsingular counting in Tab. IIa for the fixed-

order series in dσ̂ns/dτ must be the same as for the
matching and matrix element corrections to ensure that
we exactly reproduce the fixed-order cross section when
the resummed result is expanded. Since the relative im-
portance of the log resummation and the nonsingular
terms varies depending on the τ -region, we also consider
an alternative “primed” counting scheme. In the primed
counting all series for fixed-order quantities are included
to one higher order in αs. In this counting scheme the
O(α3

s) fixed-order results occur in N3LL′, which is the
order we use for our final analysis.
Also shown in Tab. IIa are columns for the fixed-order

gap subtractions δ = δ(R, µ), and the gap anomalous
dimensions γµ,R

∆ . These terms are required to remove
the leading O(ΛQCD) renormalon from the perturbative
corrections, while still maintaining the same level of log
resummation for terms in the cross section. The resum-
mation of these large logarithms is missing in the recent
analysis of Ref. [23] and is discussed further in Sec. II F.
A crucial aspect of our analysis is the inclusion of power

corrections in a rigorous manner through field theoretic
techniques. In the effective theory there are several types
of power corrections which arise from the possible ratios
of the scales µH , µJ , µS , and ΛQCD:

1)
ΛQCD

µS
=

ΛQCD

Qτ
,

2)
µ2
S

µ2
J

= τ ,

3)
ΛQCD

µH
=

ΛQCD

Q
. (9)

Any ΛQCD/µJ power correction can be taken as a cross-
term between types 1) and 2) for the purpose of enumer-
ation. The type 1 power corrections are enhanced by the
presence of the soft scale and are encoded by the moments
Ωk ∼ Λk

QCD of the soft function. Type 2 are kinematic
power corrections that occur because of the expansion
about small τ , and can be computed with perturbation
theory. The importance of these first two types depends
on the region considered in Eq. (2), with all terms in type
2 becoming leading order for the far-tail region. Type 3
are non-enhanced power correction that are of the same
size in any region. There are also cross-terms between
the three types.
In our analysis we keep all power corrections of types 1

and 2, and the dominant terms of type 3. Our treatment
of the nonsingular cross section also includes cross-terms
between 1 and 2 in a manner that is discussed in Sec. II D.
For the different thrust regions we display the relevant
terms kept in our analysis in Tab. IIb. The nonsingu-
lar cross section corrections fully account for the power
corrections of type 2. The factor [ΛQCD/(Qτ)]k in the
peak region denotes the fact that we sum over all type 1
power corrections from the leading soft function. In the

We only looked at the LL cross section, but there are more terms suppressed by powers of αs

Log of dσ:

Improving logarithmic accuracy is a challenging task and various tools have been 
developed over the last 4 decades.

• Start from an ordered chain of emissions and start including corrections there (running 
coupling, relaxing strong ordering, correlated emissions, …) 

• Use effective field theory methods to resum towers of logarithms

Catani et al. Nucl.Phys. B407 (1993) 3-42], 
see also [Luisoni Marzani, 1505.0408]



Soft Collinear Effective Theory
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FIG. 3: Final state jets in SCET for stable top-quarks with invariant mass ∼ m2. The invariant
mass is restricted and the top-decay products become explicit by matching onto HQET.

where Pµ is a label operator picking out the large collinear momentum of order Q and Qλ of

a collinear field [27], while the partial derivative acts on the residual momentum components

∂µ ∼ λ2. The term Wn is the momentum space Wilson line built out of collinear gluon fields

Wn(x) =
∑

perms

exp
(

− g

P̄
n̄ · An(x)

)

. (15)

We also note that Eq. (13) is the bare Lagrangian. In particular, any mass definition can

be chosen for m through an appropriate renormalization condition without breaking the

power-counting. At O(αs) these mass-schemes are the same as those in QCD [51], because

the self-energy graphs are directly related.

An example of an external operator that connects different collinear sectors is the jet

production current, which couples to the γ∗ or Z∗. In QCD the production matrix element

is 〈X|J µ
a,v|0〉 where 〈X| is the final state. The required vector and axial currents are given

by

J µ
v (x) = ψ̄(x)γµψ(x) , J µ

a (x) = ψ̄(x)γµγ5ψ(x) , (16)

and for convenience we will adopt the short-hand notation J µ
i = ψ̄(x)Γµ

i ψ(x). The matching

relation of these QCD currents to SCET currents is given by the convolution formula [26]

J µ
i (0) =

∫

dω dω̄C(ω, ω̄, µ)J (0)µ
i (ω, ω̄, µ) , (17)

where C contains short-distance dynamics at the scale Q, while J (0)µ
i describes fluctuations at

all longer distance scales. In the presence of multiple collinear fields, as well as modes scaling

like our mass-modes and soft-modes, the construction of currents in SCET has been discussed

in great detail in Ref. [41]. Interactions between the mass-modes and the collinear-modes

produce offshell particles, which when integrated out leave residual interactions through

Wilson lines in the SCET current. The SCET production current at leading order in λ is

given by

J (0)µ
i (ω, ω̄, µ) = χ̄n,ω(0)S†

nΓ
µ
i Sn̄χn̄,ω̄(0) , (18)
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This formula is composed of matrix elements calculated with 
modes at one specific energy



Renormalization group evolution
Effective Field theory methods employ renormalization group methods to resum logs
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Connect physics at these 
scales by RG running
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Figure 4.1: Schematic diagram showing the three steps of Kadanoff’s renormalisation
procedure.

However, the known behaviour at t = h = 0 rules out a constant term in the expansion,
and to prevent a spontaneously broken symmetry we further require C(b) = B(b) = 0.
Finally, commutativity A(b1 × b2) = A(b1)×A(b2) implies A(b) = byt and D(b) = byh . So,
to lowest order {

t(b) = bytt,
h(b) = byhh.

(4.1)

where yt, yh > 0 (to ensure that ξ diminishes under the RG procedure). As a consequence:

1. The free energy: Since the statistical Boltzmann weight of the new configura-
tion, exp[βH ′[m′]] is obtained by summing the weights exp[βH [m]] of old ones, the
partition function is preserved

Z =

∫
Dm e−βH[m] =

∫
Dm′ e−βH′[m′] = Z ′.

From this it follows that the free energies density takes the form

f(t, h) = −
lnZ
V

= −
lnZ ′

V ′bd
= b−df(t(b), h(b)) = b−df(bytt, byhh), (4.2)

where we have assumed that the two free energies are obtained from the same Hamil-
tonian in which only the parameters t and h have changed according to Eq. (4.1).
Eq. (4.2) describes a homogeneous function of t and h. This is made apparent by

Phase Transitions and Collective Phenomena

Kadanoff's renormalization procedure
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Renormalize
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We have thus obtained an exponent ν1 = 1/y1 for the divergence of ξ, and a generalised
set of gap exponents ∆α = yα/y1 associated with gα.

Let us imagine that the fixed point S∗ describes the critical point of the magnet in
Eq. (4.5) at zero magnetic field. As the temperature, or some other control parameter, is
changed, the coefficients of the Hamiltonian are altered, and the point S follows a different
trajectory in parameter space under renormalisation (see Fig. 4.2). Except for a single
point (at the critical temperature) the magnet has a finite correlation length. This can
be achieved if the experimental trajectory of the unrenormalised parameters S intersects
the basin of attraction of S∗ only at one point. To achieve this the basin must have
co-dimension one, i.e. the fixed point S∗ must have one and only one relevant operator.

This provides an explanation of universality in that the very many microscopic de-
tails of the system make up a huge space of irrelevant operators comprising the basin of
attraction. In the presence of a magnetic field, two system parameters must be adjusted
to reach the critical point, (T = Tc and h = 0). Thus the magnetic field corresponds to
an additional relevant operator of S∗. In general, for fixed points describing second-order
critical points, there are two relevant parameters: the temperature and the field conjugate
to the order parameter (for the magnet it is the magnetic field).

Although the formal procedure outlined in this section is quite rigorous, it suffers from
some quite obvious shortcomings: how do we actually implement the RG transformations
analytically? There are an infinite number of interactions allowed by symmetry, and
hence the space of parameters of S is inconveniently large. How do we know a priori that
there are fixed points for the RG transformation; that Rb can be linearised; that relevant
operators are few; etc? The way forward was presented by Wilson2 who showed how these
steps can be implemented (at least perturbatively) in the Ginzburg-Landau model.

4.3 The Gaussian Model

In this section we will apply the RG approach to study the Gaussian theory obtained
by retaining only the terms to quadratic order in the Ginzburg-Landau Hamiltonian,

Z =

∫
Dm(x) exp

{
−
∫

ddx

[
t

2
m2 +

K

2
(∇m)2 − h · m

]}
, (4.7)

where, as usual, m represents an n-component vector field. The absence of a term at
order m4 makes the Hamiltonian meaningful only for t ≥ 0. The singularity at t = 0 can
be considered as representing the ordered side of the phase transition.

2

Kenneth G. Wilson, 1936-: Recipient of the 1982 Nobel Prize
in Physics, awarded for “discoveries he made in understanding
how bulk matter undergoes phase transition, i.e., sudden and
profound structural changes resulting from variations in envi-
ronmental conditions”. Wilson’s background ranges from el-
ementary particle theory and condensed matter physics (crit-
ical phenomena and the Kondo problem) to quantum chem-
istry and computer science.

Phase Transitions and Collective Phenomena
Kenneth G. Wilson

[Taken from Ben Simons lecture notes, University of Cambridge]

Different matrix elements describe physics at widely separated energy scales



Renormalization group evolution
Effective Field theory methods employ renormalization group methods to resum logs
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RGE for the hard function:

LL solution:

Compare this with our previous LL estimate with fixed coupling:

The mJ dependent logs are provided by the combination of the jet and the soft function.



EFT modes for groomed jet mass
Factorization formula for groomed jet mass

J(e(�)
2 )

e(�)
2 ⌧ zcut ⌧ 1

SC(zcute
(�)
2 )

SG(zcut)

Figure 1: Schematic of the modes in the factorization theorem for soft-drop groomed hemi-

spheres in e+e� ! dijets events. SG(zcut) denotes the soft wide-angle modes, SC(zcute
(↵)

2
)

denotes the collinear-soft modes, and J(e(↵)
2

) denotes the jet modes.

As we will explain in detail, there are several important consequences of this factorization

formula. Because the formula depends on the observables e(↵)
2,L

, e(↵)
2,R

only through collinear ob-

jects each of which has a single scale, there are no non-global logarithms. The elimination

of the purely soft contribution also makes the shape of soft-drop groomed jet shapes largely

independent of what else is going on in the event. For example, the shape of the left hemi-

sphere jet mass is independent of what is present in the right hemisphere. Additionally, the

scale associated with the collinear-soft mode is parametrically larger than the soft scale as-

sociated with ungroomed masses, so non-perturbative corrections such as hadronization are

correspondingly smaller.

This factorization theorem allows us to go beyond NLL accuracy to arbitrary accuracy.

In this paper, we show that next-to-next-to-leading logarithmic (NNLL) accuracy is readily

achievable. We focus on ↵ = 2 where the two-point energy correlation function is equal to the

squared jet mass (up to a trivial normalization). This lets us extract most of the necessary

two-loop anomalous dimensions from the existing literature. For � = 0, the global soft

function SG(zcut) is closely related to the soft function with an energy veto [28, 29] which is

known to two-loop order. There are additional clustering e↵ects from the soft drop algorithm,

but these are straightforward to calculate. Interestingly, we find that the clustering e↵ects in

the soft drop groomer are intimately related to similar e↵ects observed in jet veto calculations

[30–34]. For � = 1, we compute the two-loop anomalous dimension of SG(zcut) numerically
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Distinguish groomed vs. kept soft radiation:

SG(Q, zcut,�, µgs)
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Here ⇣cs ⌧ 1 follows because m2

J ⌧ QQcut holds true in the SDOE region as seen from Eq. (2.8),
for R . 1. The scaling in Eq. (2.18) is determined by demanding that p+cs ⇠ m2

J/Q so that this
mode contributes to the jet mass measurement, and that it saturates the soft drop condition,
hence satisfying p�cs ⇠ Qz̃cut✓

�
cs = Qcut(✓cs/2)� . From Eq. (2.14) we have
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so that the collinear-soft modes probe the edge of the groomed jet, while the collinear modes are
well inside. At one-loop the result for the collinear-soft function in the MS scheme is
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where L1(x) =
⇥
⇥(x) lnx

x

⇤
+

is the standard plus function which integrates to zero on x 2 [0, 1],
Cq = CF , and Cg = CA. Here we see explicitly that the collinear-soft function is only a function
of the three variables shown in the arguments in the left hand side of Eq. (2.20). The momentum
space result in Eq. (2.20) agrees with the Laplace space result in Eq.(E.4) of Ref. [55].

The form of the convolution shown in Eq. (2.11) follows from the fact that the jet mass, when
decomposed into contributions from the collinear and collinear-soft modes, is

m2

J = (pn + pcs)
2
= p2n +Qp+cs + . . . , (2.21)

where the ellipses are higher order in the power counting. Here p2n is the argument of the jet
function J, and p+cs = `+ is the variable that appears in S

c . The fact that the sum of collinear
and collinear-soft momenta gives the total jet mass leads to the convolution. Including the re-
summation of large logarithms, the factorization theorem in Eq. (2.11) becomes

d�̂
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where USG and UJ are RG evolution kernels. Note that the hard scale µh indicates an upper
limit for an evolution that takes place inside N, and since this factor also includes the boundary
condition at µh it is formally µh independent. In the third line of Eq. (2.22) we have defined
a notation for the partonic cross sections d�̂/dm2

J for the individual  = q, g channnels which
we will use later on. This formula does not account for final state hadronization effects. The
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is the standard plus function which integrates to zero on x 2 [0, 1],
Cq = CF , and Cg = CA. Here we see explicitly that the collinear-soft function is only a function
of the three variables shown in the arguments in the left hand side of Eq. (2.20). The momentum
space result in Eq. (2.20) agrees with the Laplace space result in Eq.(E.4) of Ref. [55].

The form of the convolution shown in Eq. (2.11) follows from the fact that the jet mass, when
decomposed into contributions from the collinear and collinear-soft modes, is
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where the ellipses are higher order in the power counting. Here p2n is the argument of the jet
function J, and p+cs = `+ is the variable that appears in S

c . The fact that the sum of collinear
and collinear-soft momenta gives the total jet mass leads to the convolution. Including the re-
summation of large logarithms, the factorization theorem in Eq. (2.11) becomes
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where USG and UJ are RG evolution kernels. Note that the hard scale µh indicates an upper
limit for an evolution that takes place inside N, and since this factor also includes the boundary
condition at µh it is formally µh independent. In the third line of Eq. (2.22) we have defined
a notation for the partonic cross sections d�̂/dm2

J for the individual  = q, g channnels which
we will use later on. This formula does not account for final state hadronization effects. The
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Factorization formula for groomed jet mass
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LO+NLL0 plain

LO+NLL0 SD

Figure 6. The results for the fixed order and resummed differential cross section of the plain and soft-
dropped thrust for e+e� collisions at a centre of mass energy Q = mZ and the soft drop parameters � = 0 and
zcut = 0.1 (left) and zcut = 0.05 (right). The figure shows LO for plain thrust (black dashed) and soft-dropped
thrust (magenta dashed-dotted) and the matched LO+NLL0 cross section for plain thrust (blue dotted) and
soft-dropped thrust (red solid) with the bands from resummation and scale uncertainties included.

5.1 Hemisphere jet invariant mass

We start by considering the hemisphere mass. In this case, we cluster an event into exactly two jets
and we look at the largest value of:

e(2)
2

=
m2

J

E2

J

, (5.1)

with mJ the jet mass and EJ its energy. This is the same observable that was considered in Ref. [42].
Therefore, the results can be largely reused, with a slight modification due to the different definition
of soft drop, which corresponds to zcut ! zcut2��/2. Factorisation of the distribution in terms of hard,
soft and jet functions leads to the identification of the following scales

µH = Q, µ2

J
=

Q2

4N̄
,

µSG = 2�/2Qzcut, µSC =
h zcut
2�/2N̄�+1

i 1

�+2 Q

2
. (5.2)

Note that these scales only differ in factors of two compared to the computation for thrust, since
these observables share soft and collinear behaviours. Furthermore, this leads to the same anomalous
dimensions. Just as for the scales, the transition point contribution is also the same as for thrust after
the change N̄ ! 4N̄ or in ⌧ -space ⌧ ! e(2)

2
/4. This leads to a transition contribution:

T (⌧, zcut) =
↵s

⇡
CF (� + 2)Li2

2

41
2

 
e(2)
2

2 zcut

! 2

�+2

3

5. (5.3)

Because the resummation of the hemisphere mass was discussed in great detail in Ref. [42], in
this section we limit ourselves to an analysis of its behaviour in the transition region in order to
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Figure 9: Direct comparison of hadron-level output from Herwig++, Pythia, and Vincia

already shown in Figs. 7 and 8. Soft drop is performed with zcut = 0.1 and both � = 0 (left)

and � = 1 (right). Curves are displayed as relative di↵erences between Monte Carlo output

and our matched NNLL predictions, with theoretical uncertainties shown as a shaded band.
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Figure 10: Perturbative NNLL results for soft-drop groomed e(2)
2

with zcut = 0.1 and � =

0 (left) and � = 1 (right), compared to analytic results that include the shape function

of Eq. (6.2) for modeling hadronization, and compared to hadron-level Monte Carlo. The

parameter ⌦ = 1 GeV. Note that, qualitatively, the shape function produces a hadronization-

bump similar to those seen in the Monte Carlos.

by Ref. [96]:

Fshape(✏) =
4✏

⌦2
e�2✏/⌦ . (6.2)
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N(N)LL resummation for soft drop observables:

See also Larkoski, Moult, Neill 2017; Lee, Shrivastava, Vaidya 2019; Kang, Lee, Liu, Ringer 2018, 2019;  Anderle et. al. 2007.10355



Including an additional Rg measurement

The groomed jet radius is constrained by the 
jet mass measurement

z < zcut✓
�
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Figure 1: Kinematic constraints on the range of Rg for � = 0, 1, 2 with Q = 1000GeV and zcut =

0.1. The Rg is constrained between ✓c(m2
J) and ✓

?
g(m

2
J , Qcut, �). The dot-dashed vertical green

line corresponds to the groomed to ungroomed transition. The shaded brown region demarcates
the phase space where hadronization corrections are critical. In the bottom-right panel we show
the distribution of the double differential distribution from Pythia for representative values of
zcut = 0.1, � = 1 and log10 m

2
J/E

2
J = �1.5. We also display locations of the NLL kinematic

boundaries and a rough estimate of the angle R
NP
g below which hadronization corrections become

significant.

also important in the ungroomed region. We will find that the effective theory that accounts
for resummation of logs of Rg automatically provides the essential resummation of logarithms of
m

2
J/Q

2 in the ungroomed region. Thus our EFT automatically provides a smooth transition into
the ungroomed region up to the power corrections of O(m2

J/(QQcut)). We postpone a detailed
analysis of the ungroomed region that accounts for these power corrections to future work.

In the following we will focus on the SDOE region defined by Eq. (1.1) where the following
small angle approximation can be assumed:

✓
?
g(m

2
J , Qcut, �) ⌧ R . (2.6)

For the pp case the angles are cut off by Rg  R/ cosh(⌘J) and hence condition in Eq. (2.6) is
replaced by ✓

?
g ⌧ R/ cosh(⌘J). For the purpose of setting up the effective theory description, we
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where in the pp case Rij = ((⌘i � ⌘j)2 + (�i � �j)2)
1
2 . So long as the tests keep failing, branches

with lower energies or pT s are dropped, and the algorithm proceeds to the next node. As soon
as one node passes the test, the algorithm stops and the remaining branches are kept in their
entirety. To keep expressions compact, it is convenient to introduce the quantity

Qcut ⌘ Q zcut


1
p

2
sin

⇣
R

ee
0

2

⌘���

, (e+e
� case) , (2.2)

Qcut ⌘ Qzcut

✓
2 cosh ⌘J

R0

◆�

, (pp case) .

In the following we take R
ee
0 = ⇡/2, so Eq. (2.2) reduces to Qcut = 2�Q zcut . This quantity should

not be confused with the (ungroomed) jet radius, that we assume is large, R ⇠ 1 with R  ⇡/2.
We now discuss the expected bounds on the angular distribution, and define the different

regimes of the analysis. Measuring the groomed jet mass mJ limits the possible range of Rg to
the following values:

✓c(m
2
J)  Rg  min

�
✓
?
g(m

2
J , Qcut, �), R} . (2.3)

These bounds result from the jet mass measurement mJ while demanding soft drop passing
condition, which constraints the values of Rg to the range shown. Up to the NLL accuracy these
angles are given by

✓c(m
2
J) =

mJ

EJ
, ✓

?
g(m

2
J , Qcut, �) = 2

⇣
m

2
J

QQcut

⌘ 1
2+�

, (2.4)

where the expression for ✓
?
g holds for both pp and e

+
e
� cases with the corresponding definitions

of Qcut in Eq. (2.2). If we had Rg < ✓c(m2
J) then the jet mass would be constrained to be smaller

than the desired value mJ , and hence kinematically forbidden. While, on the other hand, having
Rg > ✓

?
g implies that the large-angle radiation passing the jet grooming constraint would yield a

value of the jet mass larger than desired. The kinematic bounds on Rg are displayed for � = 0, 1, 2,
Q = 1000 GeV, zcut = 0.1 and R = 1 in Fig. 1. We discuss the brown shaded regions below.
In Fig. 1 we also show the parton level ✓g distribution of the cross section with fixed mJ from
a Pythia 8.2 simulation. We see that the kinematic end points ✓c(m2

J) and ✓
?
g(m

2
J , Qcut, �) in

Eq. (2.4) are consistent with the results from Pythia 8.2 parton shower.
For larger jet masses where ✓

?
g(m

2
J , Qcut, �) > R, the jet radius constraint applies. This

happens for jet masses given by

m
2
J � (mee

0 )2 ⌘ QQcut sin2+� R

2
, (2.5)

with an analogous result for m0 in the pp case (see Eq.(3.33) of [? ]). This region is referred to
as the ungroomed region in the context of single differential jet mass cross section. Technically,
in this region the grooming is still active but here the effects of single differential soft drop
m

2
J cross section are described via a fixed order treatment and the power corrections to the jet

mass spectrum of O(m2
J/(QQcut)) cannot be neglected. Having an additional measurement of

groomed jet radius, however, further necessitates resummation for logarithms of Rg, which are
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m

2
J/Q

2 in the ungroomed region. Thus our EFT automatically provides a smooth transition into
the ungroomed region up to the power corrections of O(m2

J/(QQcut)). We postpone a detailed
analysis of the ungroomed region that accounts for these power corrections to future work.

In the following we will focus on the SDOE region defined by Eq. (1.1) where the following
small angle approximation can be assumed:

✓
?
g(m

2
J , Qcut, �) ⌧ R . (2.6)

For the pp case the angles are cut off by Rg  R/ cosh(⌘J) and hence condition in Eq. (2.6) is
replaced by ✓

?
g ⌧ R/ cosh(⌘J). For the purpose of setting up the effective theory description, we
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle ✓ relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

renormalization scales, which must be frozen at a scale µ & 1 GeV to ensure they remain valid. If
we studied hadronic versions of the moments M


1 and M

�
�1 , then in some cases (like � = 2) they

would differ substantially from their partonic counterparts due to significant contributions from
the brown region of Fig. 1. In the next section, we take detailed look at each of these regimes and
write down the corresponding factorization formulae resulting from a mode analysis in SCET.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables ✓, the
angle of a soft/collinear emission relative to the jet axis and z, the energy fraction relative to the
total jet energy EJ (or pT in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of ln✓

�1-lnz
�1

helps us to focus on the soft-collinear emissions that are far away from the origin [5]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope �2, the equation of the soft drop constraint is
a line with slope �, and the equation ✓ = Rg is a vertical line. The three regimes are shown in the
three panels of Fig. 2, and differ due to the location of the vertical Rg-line. At LL accuracy, in the
soft-collinear limit, the probability of an emission in a certain region of the Lund plane is uniform
in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to the area
hatched in magenta, while the area shaded in yellow identifies soft dropped emissions. The various
modes that enter the factorization analysis are located on the boundary of the vetoed region, at
the intersections of the various constraint lines, and are indicated by colored circles. Points that
are above and to the right of these modes have an exponentially suppressed contribution. Since
these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
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will interpret the inequality Eq. (2.6) in a hierarchical sense. With the inclusion of grooming,
we therefore have 4 expansion parameters in our EFT namely ✓c, ✓

⇤
g , Rg, and zcut. In the SDOE

region we also have ✓c ⌧ ✓
?
g , which then leads us to consider three possible hierarchies between

our expansion parameters.

1. Large groomed jet radius: ✓c ⌧ Rg . ✓
?
g ⌧ R ,

2. Intermediate groomed jet radius: ✓c ⌧ Rg ⌧ ✓
?
g ⌧ R ,

3. Small groomed jet radius: ✓c . Rg ⌧ ✓
?
g ⌧ R .

The main analysis in this work will focus on these scenarios, and we will extrapolate the results to
the cases where ✓

?
g . R or mJ � m0. Since the perturbative moments in Eq. (1.5) are naturally

computed through an integral over the groomed jet radius, their determination for a specific value
mJ requires combining contributions from all three regimes.

We now return to discuss the brown shaded region in Fig. 1. With the addition of the Rg

measurement, the mJ dependent condition in Eq. (1.1) for the single-differential spectrum should
be further qualified to provide a restriction in the two-dimensional mJ–Rg plane. For low jet
masses, nonperturbative effects become O(1) and the SDOE approximation in Eq. (1.1) no longer
holds. This happens for jet masses in the soft drop nonperturbative region (SDNP) defined by

m
2
J . (m2

J)SDNP ⌘ Q⇤QCD

⇣⇤QCD

Qcut

⌘ 1
1+�

. (2.7)

For such low jet masses, any emission that stops soft drop is nonperturbative with a virtuality
p
2
⇠ ⇤2

QCD. When we include an additional measurement of Rg within the bounds in Eq. (2.3),
the emission that stops soft drop can become non-perturbative for small Rg, irrespective of the
value of mJ . The corresponding angle is obtained by solving the constraints p

2
⇠ ⇤2

QCD and
z = zcutR

�
g which implies that the emission will be nonperturbative when

Rg

2
. (Rg)NP

2
⇠

⇣⇤QCD

Qcut

⌘ 1
1+�

. (2.8)

The angle (Rg)NP is the same as the ✓⇤CS defined in Ref. [19] in the context of the SDNP region.
In Fig. 1 we shade the region Rg . R

NP
g to highlight that in this region hadronization corrections

are O(1) and cannot be ignored. The impact of the nonperturbative region grows with increasing
�, so while the perturbative constraints defined in Eq. (2.3) are applicable for the entire range for
� = 0, the NP region already covers a large part of the allowed phase space for � = 2. Thus for the
combined Rg and mJ measurements, the SDNP region is defined by Eq. (2.8) which automatically
implies Eq. (2.7), and the SDOE region is defined by

✓
Rg

2

◆1+�

�

✓
(Rg)NP

2

◆1+�

(2.9)

which automatically implies Eq. (1.1). [We derive this condition below in Sec. 3.2.] Since the
partonic moments M


1 and M

�
�1 defined in Eq. (1.5) involve integration over the entire allowed

range of Rg for a given jet mass, terms in the perturbative expression can become sensitive to small
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle ✓ relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

renormalization scales, which must be frozen at a scale µ & 1 GeV to ensure they remain valid. If
we studied hadronic versions of the moments M


1 and M

�
�1 , then in some cases (like � = 2) they

would differ substantially from their partonic counterparts due to significant contributions from
the brown region of Fig. 1. In the next section, we take detailed look at each of these regimes and
write down the corresponding factorization formulae resulting from a mode analysis in SCET.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables ✓, the
angle of a soft/collinear emission relative to the jet axis and z, the energy fraction relative to the
total jet energy EJ (or pT in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of ln✓

�1-lnz
�1

helps us to focus on the soft-collinear emissions that are far away from the origin [5]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope �2, the equation of the soft drop constraint is
a line with slope �, and the equation ✓ = Rg is a vertical line. The three regimes are shown in the
three panels of Fig. 2, and differ due to the location of the vertical Rg-line. At LL accuracy, in the
soft-collinear limit, the probability of an emission in a certain region of the Lund plane is uniform
in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to the area
hatched in magenta, while the area shaded in yellow identifies soft dropped emissions. The various
modes that enter the factorization analysis are located on the boundary of the vetoed region, at
the intersections of the various constraint lines, and are indicated by colored circles. Points that
are above and to the right of these modes have an exponentially suppressed contribution. Since
these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle ✓ relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

renormalization scales, which must be frozen at a scale µ & 1 GeV to ensure they remain valid. If
we studied hadronic versions of the moments M


1 and M

�
�1 , then in some cases (like � = 2) they

would differ substantially from their partonic counterparts due to significant contributions from
the brown region of Fig. 1. In the next section, we take detailed look at each of these regimes and
write down the corresponding factorization formulae resulting from a mode analysis in SCET.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables ✓, the
angle of a soft/collinear emission relative to the jet axis and z, the energy fraction relative to the
total jet energy EJ (or pT in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of ln✓

�1-lnz
�1

helps us to focus on the soft-collinear emissions that are far away from the origin [5]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope �2, the equation of the soft drop constraint is
a line with slope �, and the equation ✓ = Rg is a vertical line. The three regimes are shown in the
three panels of Fig. 2, and differ due to the location of the vertical Rg-line. At LL accuracy, in the
soft-collinear limit, the probability of an emission in a certain region of the Lund plane is uniform
in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to the area
hatched in magenta, while the area shaded in yellow identifies soft dropped emissions. The various
modes that enter the factorization analysis are located on the boundary of the vetoed region, at
the intersections of the various constraint lines, and are indicated by colored circles. Points that
are above and to the right of these modes have an exponentially suppressed contribution. Since
these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle ✓ relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

renormalization scales, which must be frozen at a scale µ & 1 GeV to ensure they remain valid. If
we studied hadronic versions of the moments M


1 and M

�
�1 , then in some cases (like � = 2) they

would differ substantially from their partonic counterparts due to significant contributions from
the brown region of Fig. 1. In the next section, we take detailed look at each of these regimes and
write down the corresponding factorization formulae resulting from a mode analysis in SCET.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables ✓, the
angle of a soft/collinear emission relative to the jet axis and z, the energy fraction relative to the
total jet energy EJ (or pT in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of ln✓

�1-lnz
�1

helps us to focus on the soft-collinear emissions that are far away from the origin [5]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope �2, the equation of the soft drop constraint is
a line with slope �, and the equation ✓ = Rg is a vertical line. The three regimes are shown in the
three panels of Fig. 2, and differ due to the location of the vertical Rg-line. At LL accuracy, in the
soft-collinear limit, the probability of an emission in a certain region of the Lund plane is uniform
in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to the area
hatched in magenta, while the area shaded in yellow identifies soft dropped emissions. The various
modes that enter the factorization analysis are located on the boundary of the vetoed region, at
the intersections of the various constraint lines, and are indicated by colored circles. Points that
are above and to the right of these modes have an exponentially suppressed contribution. Since
these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
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3.1 Large groomed jet radius

We start for the case represented on the left of Fig. 2, where the groomed jet radius is comparable
with the maximum angle ✓g . ✓

?
g(m

2
J , Qcut, �). Soft drop is stopped by a wide-angle emission

with relatively large virtuality, described by a collinear-soft mode (orange).

p
µ
CS ⇠

m
2
J

Q(✓?g/2)

⇣✓
?
g

2
,

2

✓?g
, 1
⌘

(3.7)

If other such emissions pass soft drop, their virtuality is large enough to contribute to the groomed
the jet mass. In this case there is a unique collinear-soft mode, and the factorization formula is
given by

d⌃̂(Rg)

dm
2
J

= Nq(�J , Q, R, µ) S
q(Qcut, R, �, µ) (3.8)

⇥ Q

1
1+�
cut

Z
d`

+
Jq(m

2
J � Q`

+
, µ) S

q
c

h
`
+
Q

1
1+�
cut , RgQ

1
1+�
cut , �, µ

i
.

Finally, the effect of collinear and collinear-soft emissions is carried by respectively the jet
function J(m2

J , µ) computed up to two loops in Refs. [? ] and the collinear-soft function

S

c

⇥
`
+
Q

1
1+�
cut , RgQ

1
1+�
cut , �, µ

⇤
that we introduce here. Since both kind of emissions contribute to

the groomed jet mass measurement, they enter a convolution in such variable. Rather than mJ ,
we preferentially use `

+ = m
2
J/Q, the small momentum component of collinear(-soft) radiation.

Extracting the factor Q

1
1+�
cut allows for rewriting Sc as a combination of only the arguments in

brackets. The one-loop results for these functions are given in Appendix B.

The collinear-soft function S

c

⇥
`
+
Q

1
1+�
cut , RgQ

1
1+�
cut , �, µ

⇤
is closely related to the collinear-soft

function that appears for the single differential jet mass distribution S

c

⇥
`
+
Q

1
1+�
cut , �, µ

⇤
, but with

an additional constraint from the groomed jet radius. We computed it at one loop for e
+
e
�,

finding the following result:

S

c

h
`
+
Q

1
1+�
cut , �, µ

i
�

2

2 + �

↵sC

⇡
⇥

✓⇣
`
+

Qcut

⌘ 1
2+�

� tan
Rg

2

◆
1

`+Q

1
1+�
cut

log

✓
`
+

Qcut tan2+� Rg

2

◆
, (3.9)

where Cq = CF , Cg = CA are the standard group theory factors. In general, we note that
results for e

+
e
� collisions can be expressed in terms of variable tan Rg

2 , which allows for a smooth
transition to Rg . R region for large jet masses. For the kinematic range we explore, tan Rg

2 ⇠
Rg

2

and we recover the functions of combinations `
+
Q

1
1+�
cut and RgQ

1
1+�
cut , which applies for both e

+
e
�

and pp collisions,

S

c

h
`
+
Q

1
1+�
cut , RgQ

1
1+�
cut , �, µ

i
= S


c

h
`
+
Q

1
1+�
cut , �, µ

i
(3.10)

+
↵sC

⇡

"
�

2

2 + �
⇥

✓
`
+
Q

1
1+�
cut �

⇣
Rg

2
Q

1
1+�
cut

⌘2+�
◆

1

`+Q

1
1+�
cut

log

✓
`
+
Q

1
1+�
cut

�
Q

1
1+�
cut

Rg

2

�2+�

◆#
.
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For the single differential jet mass cross section in the SDOE region, Ref. [5] showed that the

Q and zcut dependence enters the collinear-soft function S

c through the combination `

+
Q

1
1+�
cut ,

as we have displayed in Eqs. (3.8) and (3.10). For the double differential cross section we now
show that the additional measurement Rg appears in the combination 2`

+
/Rg, or equivalently

Rg Q

1
1+�
cut . For a given set of momenta {p

µ
i } that enter the calculation of the collinear-soft function

we perform the rescaling

p
+
i = (`+) k

a
i pi? =

⇣
Q

1
2+�
cut

�
`
+
� 1+�

2+�

⌘
ki? , p

�
i =

⇣
Q

2
2+�
cut

�
`
+
� �

2+�

⌘
k
b
i . (3.11)

Hence, the angle of these particles in the new (dimensionless) coordinates k
µ
i = (ka

i , k
b
i , k

?
i ) is

given by

✓i

2
=

pi?

p
�
i

=

✓
`
+

Qcut

◆ 1
2+� ki?

k
b
i

. (3.12)

In addition to the soft drop test, and the jet mass measurement, that already appear for the single
differential distribution, we now have an additional comparison of angles ✓i with Rg, such that
the measurement function now additionally involves

Y

i2J
⇥(Rg � ✓i) =

Y

i2J
⇥

✓
Rg

2
�

✓
`
+

Qcut

◆ 1
2+� ki?

k
b
i

◆
(3.13)

=
Y

i2J
⇥

✓
Rg

2`+
�
�
`
+
Q

1
1+�
cut

�� 1+�
2+�

ki?
k
b
i

◆
=

Y

i2J
⇥

✓
Rg Q

1
1+�
cut

2
�
�
`
+
Q

1
1+�
cut

� 1
2+�

ki?
k
b
i

◆
.

We discuss resummation in this regime in the context of calculation of the C2(m2
J) coefficient in

Sec. 4.3.

3.2 Intermediate groomed jet radius

We turn to the case of Rg in the intermediate regime, whose modes are depicted in the central
panel of Fig. 2. Because of ✓g ⌧ ✓

?
g , soft drop is stopped by an emission with smaller angle (CSg,

yellow). The virtuality of these emissions is too low to contribute to the jet mass measurement;
however, the groomed jet mass is affected by emissions with larger virtuality that see the groomed
jet boundary (CSm, shown in red). We can think of these two modes as a refactorization of the
collinear-soft, CS, mode from the large groomed jet radius regime into CSm and CSg modes at
the same angle Rg with following momentum scaling:

pcsm ⇠
m

2
J

Q(Rg/2)

⇣
Rg

2
,

2

Rg
, 1
⌘

, pcsg ⇠ Qcut

⇣
Rg

2

⌘1+�⇣Rg

2
,

2

Rg
, 1
⌘

. (3.14)

The double differential cross section is given by

d⌃(Rg)

dm
2
Jd�J

=
X

=q,g

N(�J , Q, R, µ) S

G(Qcut, R, �, µ) S


cg

�
RgQ

1
1+�
cut , �, µ

�
(3.15)

⇥

Z
d`

+

Rg/2
J

�
m

2
J � Q`

+
, µ

�
S

cm

⇣
`
+

Rg/2
, µ

⌘
.
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The hard, soft, and jet functions are the same as in Eq. (3.8). Consistent with the mode picture,
we now find two collinear-soft functions, where the subscripts g and m specify the modes that
are responsible for stopping the groomer and contributing to the mass measurement, respectively.
Expanding away terms that are needed for a large Rg but become power corrections for this
intermediate Rg region, we have

S

c

h
`
+
Q

1
1+�
cut , RgQ

1
1+�
cut , �, µ

i
= S


cg

�
RgQ

1
1+�
cut , �, µ

�
S

cm

⇣2`
+

Rg
, µ

⌘
1 + O

⇣
R

2+�
g Qcut

`+

⌘�
. (3.16)

At one loop the results for these two functions are

S

cg(RgQ

1
1+�
cut , µ) = 1 �

↵sC

2⇡

1

1 + �


1

2
log2

✓
µ
2

Q
2
cut(Rg/2)2(1+�)

◆
�

⇡
2

12

�
, (3.17)

S

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+

Rg
, µ

⌘
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⇣2`
+

Rg

⌘
+

↵sC
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�2

µ
L1

✓
1

µ
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+

Rg

◆
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⇡
2

24
�

⇣2`
+

Rg

⌘�
.

These results can be used to check the refactorization in Eq. (3.16) by comparison with Eq. (3.10).
Here we define

Ln(x) ⌘
h⇥(x)lnn

x

x

i

+
, (3.18)

where these plus functions are defined to integrate to zero over the interval x 2 [0, 1].

3.3 Small groomed jet radius

Last, we consider the regime ✓g & ✓c, where the groomed jet radius is set by the smallest opening
angle compatible with the jet mass measurement. Here the collinear-soft radiation responsible
for stopping grooming CSg has an angle comparable to the more energetic collinear emissions but
does not contribute to the jet mass measurement. The modes CSm and C thus collapse into a
single mode that has the same momentum scaling as the collinear mode. In this case the cross
section reads
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Here power corrections in the ratio ✓c/Rg = 2mJ/(QRg) cannot be neglected, and are captured by
the new dimensionless collinear function C
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g), QRg, µ], describing energetic emissions

that set the groomed jet mass. The collinear-soft radiation with similar opening angle, but much
lower energy, responsible for stopping grooming, is still described by the same S
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Power corrections

The hard, soft, and jet functions are the same as in Eq. (3.8). Consistent with the mode picture,
we now find two collinear-soft functions, where the subscripts g and m specify the modes that
are responsible for stopping the groomer and contributing to the mass measurement, respectively.
Expanding away terms that are needed for a large Rg but become power corrections for this
intermediate Rg region, we have
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At one loop the results for these two functions are
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These results can be used to check the refactorization in Eq. (3.16) by comparison with Eq. (3.10).
Here we define
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where these plus functions are defined to integrate to zero over the interval x 2 [0, 1].
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Here power corrections in the ratio ✓c/Rg = 2mJ/(QRg) cannot be neglected, and are captured by
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Factorization entails expanding in a region where a power counting 
parameter becomes small.

The three regimes are related unto power corrections:

The hard, soft, and jet functions are the same as in Eq. (3.8). Consistent with the mode picture,
we now find two collinear-soft functions, where the subscripts g and m specify the modes that
are responsible for stopping the groomer and contributing to the mass measurement, respectively.
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Here power corrections in the ratio ✓c/Rg = 2mJ/(QRg) cannot be neglected, and are captured by
the new dimensionless collinear function C
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Connection between the large and intermediate Regime:

Connection between small and intermediate regime:



Matched Cross Section

We match the three regimes consistently turning on/off resummation in the three regions:

In practice the intermediate regime is really valid only for β > 1



NLL + NLO results for C1

By integrating over the matched cumulant we can evaluate a more precise prediction for C1

We have computed the jet functions at NLO, finding for quarks
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and explicitly checked the refactorization in Eq. (3.20) when expanding away power corrections
in the ratio mJ/(QRg). We note that C

q depends on the renormalization scale only through
the Dirac delta term in the first line of Eq. (3.21). Therefore, as expected by RG consistency,
the anomalous dimensions for this function are independent of the groomed jet mass, and the
resummation they induce impacts the double differential distribution only at mJ = 0. TODO: previous

statement seems
wrong. Do we
agree?

(TODO)
We also note that the finite terms in Eq. (3.21) vanish at Rg = 2✓c (rather than ✓c, as expected
from Eq. (2.3)). This is a one-loop accident due to the single-splitting geometry of the event, while
the phase-space region ✓c < Rg < 2✓c will be filled by higher-order corrections and RG evolution.

Having discussed the factorization formulae and the matrix elements in the three regimes we
now turn to the implementation of the resummation at NLL0 accuracy.

3.4 Implementation of moments M

1 and M

�
�1

According to the definition in Eq. (1.5), the shift coefficient C1 simply requires taking the (nor-
malized) first angular moment of the double differential distribution. We focus on the quark case
for definiteness, and work in the region of intermediate groomed jet radius, where all the modes
of the effective description are hierarchically separated (Fig. 2, center). Explicitly,
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where the distribution, cumulative on the jet radius, is computed according to Eq. (4.9), and
the superscript q specifies that we select only the quark channel. We observe that the prefactor
H

q
evol in Eq. (4.3) cancels out in the ratio, as the hard and soft functions are independent of the

groomed jet radius. Using the canonical scales in Eq. (4.4), this cancellation holds also in the
presence of RG evolution. We can remove the need explicitly taking the derivative in Eq. (3.22)
by integrating by parts,
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The coefficient C2(m2
J) accounts for the boundary corrections and hence is evaluated when

the soft drop condition is just satisfied. Thus we define C2(m2
J) via
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We expect M1 ~ C1

MC data agrees better with the improved prediction



Soft drop boundary cross section

We have computed the jet functions at NLO, finding for quarks
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and explicitly checked the refactorization in Eq. (3.20) when expanding away power corrections
in the ratio mJ/(QRg). We note that C

q depends on the renormalization scale only through
the Dirac delta term in the first line of Eq. (3.21). Therefore, as expected by RG consistency,
the anomalous dimensions for this function are independent of the groomed jet mass, and the
resummation they induce impacts the double differential distribution only at mJ = 0. TODO: previous

statement seems
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agree?
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We also note that the finite terms in Eq. (3.21) vanish at Rg = 2✓c (rather than ✓c, as expected
from Eq. (2.3)). This is a one-loop accident due to the single-splitting geometry of the event, while
the phase-space region ✓c < Rg < 2✓c will be filled by higher-order corrections and RG evolution.

Having discussed the factorization formulae and the matrix elements in the three regimes we
now turn to the implementation of the resummation at NLL0 accuracy.
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
1 and M

�
�1

According to the definition in Eq. (1.5), the shift coefficient C1 simply requires taking the (nor-
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where the distribution, cumulative on the jet radius, is computed according to Eq. (4.9), and
the superscript q specifies that we select only the quark channel. We observe that the prefactor
H
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evol in Eq. (4.3) cancels out in the ratio, as the hard and soft functions are independent of the
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The coefficient C2(m2
J) accounts for the boundary corrections and hence is evaluated when

the soft drop condition is just satisfied. Thus we define C2(m2
J) via
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We are interested in the “boundary" moment:

The connection between this moment and C2 is more subtle

Figure 1: Kinematic constraints on the range of Rg for � = 0, 1, 2 with Q = 1000GeV and zcut =

0.1. The Rg is constrained between ✓c(m2
J) and ✓

?
g(m

2
J , Qcut, �). The dot-dashed vertical green

line corresponds to the groomed to ungroomed transition. The shaded brown region demarcates
the phase space where hadronization corrections are critical. In the bottom-right panel we show
the distribution of the double differential distribution from Pythia for representative values of
zcut = 0.1, � = 1 and log10 m

2
J/E

2
J = �1.5. We also display locations of the NLL kinematic

boundaries and a rough estimate of the angle R
NP
g below which hadronization corrections become

significant.

also important in the ungroomed region. We will find that the effective theory that accounts
for resummation of logs of Rg automatically provides the essential resummation of logarithms of
m

2
J/Q

2 in the ungroomed region. Thus our EFT automatically provides a smooth transition into
the ungroomed region up to the power corrections of O(m2

J/(QQcut)). We postpone a detailed
analysis of the ungroomed region that accounts for these power corrections to future work.

In the following we will focus on the SDOE region defined by Eq. (1.1) where the following
small angle approximation can be assumed:

✓
?
g(m

2
J , Qcut, �) ⌧ R . (2.6)

For the pp case the angles are cut off by Rg  R/ cosh(⌘J) and hence condition in Eq. (2.6) is
replaced by ✓

?
g ⌧ R/ cosh(⌘J). For the purpose of setting up the effective theory description, we
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We expected NP effects to enter 
only below these jet masses

Intermediate regime becomes 
nonperturbative for larger jet masses

Here due to inverse power of Rg 
intermediate contribution is enhanced
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Figure 2: The mode picture for three regimes of large (left), intermediate (center) and small
(right) groomed jet radius, labeling emissions with their energy fraction z and angle ✓ relative to
the emitting particle. The area shaded in yellow corresponds to soft dropped radiation, while the
area hatched in magenta is vetoed by the measurement (black lines), where dashed segments do
not enforce vetoes. Emissions in the area shaded in grey lie out of the initial (ungroomed) jet.

renormalization scales, which must be frozen at a scale µ & 1 GeV to ensure they remain valid. If
we studied hadronic versions of the moments M


1 and M

�
�1 , then in some cases (like � = 2) they

would differ substantially from their partonic counterparts due to significant contributions from
the brown region of Fig. 1. In the next section, we take detailed look at each of these regimes and
write down the corresponding factorization formulae resulting from a mode analysis in SCET.

3 Factorization

In this section we discuss the modes that arise in the three regimes discussed above. These modes
are best depicted in the Lund plane shown in Fig. 2, where we have chosen the variables ✓, the
angle of a soft/collinear emission relative to the jet axis and z, the energy fraction relative to the
total jet energy EJ (or pT in case of pp collisions). Every point on the phase space corresponds to
an emission off the jet at a given angle and with given energy fraction. The choice of ln✓

�1-lnz
�1

helps us to focus on the soft-collinear emissions that are far away from the origin [5]. In these
coordinates distinct points correspond to emissions that are exponentially far apart. Here the jet
mass measurement corresponds to a line with slope �2, the equation of the soft drop constraint is
a line with slope �, and the equation ✓ = Rg is a vertical line. The three regimes are shown in the
three panels of Fig. 2, and differ due to the location of the vertical Rg-line. At LL accuracy, in the
soft-collinear limit, the probability of an emission in a certain region of the Lund plane is uniform
in the logarithmic coordinates. Emissions that are vetoed at LL accuracy correspond to the area
hatched in magenta, while the area shaded in yellow identifies soft dropped emissions. The various
modes that enter the factorization analysis are located on the boundary of the vetoed region, at
the intersections of the various constraint lines, and are indicated by colored circles. Points that
are above and to the right of these modes have an exponentially suppressed contribution. Since
these modes are far from the origin they are either soft, collinear, or both soft and collinear.

It is useful to determine the momentum scaling of the modes represented by colored dots
in Fig. 2. We start with the modes that are common to all the scenarios, and in subsequent
subsections describe the additional collinear-soft modes that are specific for each of the three
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where S

G appears above in Eq. (4.18) and is defined in Eq. (B.2). The result for µ-independent

�S

G," piece is given in Eq. (B.36).

4.4.3 Cumulative cross section

With all the ingredients for shifted soft drop condition at hand we are now in the position to
write the result for the cumulative cross section. Given the difference in the treatment of � = 0

and � > 0 cases, we write the cumulative cross section as follows TODO: We
should make sure
that the little �
has  as a
superscript
everywhere.

(TODO):
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(4.41)

The first term represents the single differential jet mass cross section where, for � = 0, an addi-
tional O(") one-loop non-cusp anomalous dimensions displayed in Eq. (4.34) and the corresponding
one-loop logarithms (providing boundary condition for NLL0 resummation) are included in the
collinear-soft and global-soft functions. The same modifications also apply to the Rg dependent
piece of the cumulative Rg cross section. This results in an O(") correction to the d�

(@⌦) and
d⌃(@⌦) terms in Eqs. (4.21) and (4.22) for � = 0. The first two terms in Eq. (4.41) are then
given by
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.

The functions of the derivative operator in Eq. (4.42) act on the same evolution kernels as be-
fore and result from the following O(") modifications to the corresponding � = 0 operators in
Eqs. (4.21) and (4.22):

1. The collinear-soft function in Eq. (4.19) includes the additional O(") logarithm in Eq. (4.39).

2. The global-soft function includes the additional O(") logarithm in Eq. (4.40).

3. Additional non-cusp running for collinear-soft function:
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where the single logarithmic evolution kernel ⌘(�, µ, µ0) is given in Eq. (A.11) keeping only
the LL term using the one-loop non-cusp anomalous dimension.

4. Additional non-cusp running for the global-soft function in the normalization N:
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As before, the operator in Eq. (4.22) remains independent of Rg after these modifications, and
hence the Rg dependence in the part of the cross section in Eq. (4.42) results from the contribution
in the second line.

– 28 –

Soft drop boundary cross section
Expand the shifted soft drop constraint and consistently resum 

Additional O(ε) single logs for β = 0

below. Simplifying we find for � = 0 and � > 0 cases:
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We see that for � = 0, the ✏ > 0 regulator results in a UV pole. For � > 0 the result is a power
correction and the ✏ regulator can be dropped. Here, we have defined7
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We can carry out a similar calculation for the O(") boundary corrections to the global-soft
function. We express the O(") corrections to the bare global-soft functions as follows
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where the ⇥sd(") term corresponds to soft drop failing condition. The result for the O(") correction
to the bare global-soft function with shifted soft drop for � = 0 reads:
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where the additional terms not shown for � > 0 are O(1) and not relevant to the discussion here.
The details of this derivation and complete results for � > 0 are provided in App. B.3. We see
that additional single logarithmic UV divergence for � = 0 case has exactly the opposite sign to
that in Eq. (4.28), as required by RG consistency. Our convention for RGE of the collinear-soft

7We note that L
a
0(x) is equivalent to a regular function 1/x1�a that has an integrable singularity at x ! 0 for

a > �1.
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below. Simplifying we find for � = 0 and � > 0 cases:
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We can carry out a similar calculation for the O(") boundary corrections to the global-soft
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where the ⇥sd(") term corresponds to soft drop failing condition. The result for the O(") correction
to the bare global-soft function with shifted soft drop for � = 0 reads:

S
[1],bare
G,"

⇥
Qcut, R, �, µ

⇤
= (4.31)

�
� = 0

�
=

↵sC

⇡


1

✏UV
+ 2 log

⇣
µ

Qcut tan R
2

⌘�

�
� > 0

�
=

↵sC

⇡

"
2

�

1

sin�
�
R
2

� + . . .

#
,

where the additional terms not shown for � > 0 are O(1) and not relevant to the discussion here.
The details of this derivation and complete results for � > 0 are provided in App. B.3. We see
that additional single logarithmic UV divergence for � = 0 case has exactly the opposite sign to
that in Eq. (4.28), as required by RG consistency. Our convention for RGE of the collinear-soft
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Similar expansion for other soft functions



NLL + NLO results for C2

• Overall good agreement with MC predictions 

• Deviation in large jet masses (we didn't include power 
corrections there) 

• Additional single log resummation in β = 0 result improves 
agreement with MC



Summary

• Jet physics plays an important role in the search for new physics 

• Interesting nonperturbative effects in groomed jet mass 

• Higher order resummation of Wilson coefficients C1 and C2 via double 
differential distribution 

• Future goals to study further the double differential cross section as a tool 
for some exciting precision physics!



Merci


