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Deep-inelastic scattering
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Once upon a time . ..

® HERA: deep structure of proton at highest Q* and smallest «
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Bright tuture for precision hadron physics

Electron-lon Collider
A machine that will unlock the secrets of the strongest force in Nature
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Deep-inelastic scattering

electron

Kinematic variables
momentum transfer Q% = —¢

Bjorken variable = = Q*/(2p - q)

2
quark

Structure functions (up to order O(1/Q%))
Fo(2,Q%) = Y [Cayi (as(u?),p*/Q%) ® PDF (u°)] (x)

Coefficient functions up to N*LO (work in progress)
Coi =0 (C(O)- + ozsc(l)- +a2c® 1+ 3B a4 )

Evolution equations up to N*LO (work in progress)
non-singlet (2n s — 1 scalar) and singlet (2 x 2 matrix) equations

dljm PDF(z,p") = [Plas(y’)) ® PDF(u?)] (z)

splitting functions P;; = a. P + o2P\Y + a2 PP +alpP) + ...
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Operator matrix elements

Quark operator of spin-N and twist two
W _
O{ul et wfy{'ulD'u2 uN}w

.....

N covariant derivatives 2 P
Dyij = Oubis +igs (1t ) Al

sandwiched between quark fields v, v

Evaluation of operators in matrix elements A%¥ with external quark states

ATy = WO, L (0s)|d(p2))

.....

Anomalous dimensions ~(«as, N) govern scale dependence of
renormalized operators
1

derlZMQ Oren = —~ Oren "Y(N) — /dﬂ? CIZ'N_1P<CU)

0

Zero-momentum transfer through operator reduces problem to
computation of propagator-type diagrams
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One-loop computation

P1 D2 D1 D2 D1 D2

¢ Computation of loop integral in D = 4 — 2¢ dimensions and expansion in ¢
¢ anomalous dimension ~(/N) from ultraviolet divergence

A" AN ((p)|OF, L 1 (0)[(=p)) =

%1 (0) 0 2
= =1 O (N) + O(ase®) + O(a?)

_ %1 2 - 2 - 0 2
= 1+ 47re{CF(451(N>+N—|—1 3)}+O(ase)+(’)(as)

= 1+

N
N
. 1
One-loop result with harmonic sum S, (IV Z -
— ()

¢ Details in The Theory of Quark and Gluon Interactions
F.J. Yndurain
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Four-loop computation

Feynman diagrams for operator matrix elements generated up to four
loops with Qgraf Nogueira ‘91

Parametric reduction of four-loop massless propagator diagrams with
integration-by-parts identities encoded in Forcer Ruijl, Ueda, Vermaseren 17

Symbolic manipulations with Form Vermaseren ‘00; Kuipers, Ueda, Vermaseren,
Vollinga ‘12 and multi-threaded version TForm Tentyukov, Vermaseren ‘07

Diagrams of same topology and color factor combined to meta diagrams

Non-singlet anomalous dimension
-

1 one-, 7 two-, 53 three- and 650 four-loop meta diagrams for ~,;;
1 three- and 29 four-loop meta diagrams for ~,.,

Fixed Mellin moments

Computation of anomalous dimensions (V) X
for Mellin moments mostly up to NV = 18

sometimes higher for complicated
topologies (N = 19, N = 20, ...)

much higher for “easy” topologies,

e.g., ns-dependent (IV ~ 80, ...) p1 1
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Analytic reconstruction

Sufficiently many Mellin moments allow for reconstruction of analytic
all- N expressions through solution of Diophantine equations

Anomalous dimensions ~(N) given by harmonic sums up to weight 7
N

S:i:ml ..... mp (N) — Z (il)z SmQ ----- my (7’)

1
i=1

2. 3"~ sums at weight w
Reciprocity relation (RR) v(N) = v, (N + v(N) — B(as)) reduces
number of 2! sums at weight w for ~,

additional denominators with powers 1/(N + 1) give 2“ "' — 1 objects
(255 at weight 7))

Large-n. limit only needs harmonic sums with positive index
weight w RR sums given by Fibonacci number F'(w)

total number of unknowns (including powers 1/(N + 1)) amount to
Flw+4)—2(@®7atw=17)

Additional 46 constraints from large-z/small-z (N — oo/ N — 0) limit

Solution becomes feasible with 18 Mellin moments for %jg
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Large-x behavior

The large x-limit: x — 1

¢ Structure of diagonal splitting functions P; (fori = q, g) at large x

P,L-(,L-n_l)(a:) — ﬂéﬁ + Bnid(l—x) + CriIn(1—2z) + Dy

® Cusp anomalous dimension A,, ; (known from 1/e*-poles of QCD form
factor)
Large-n. (Henn, Lee, Smirnov, Smirnov, Steinhauser ‘16; S. M., Ruijl, Ueda, Vermaseren, Vogt ‘17);

n¢ terms (Grozin ‘18; Henn, Peraro, Stahlhofen, Wasser ‘19); n? terms (Davies, Ruijl, Ueda,

Vermaseren, Vogt ‘16; Lee, Smirnov, Smirnov, Steinhauser ‘17); nJ‘? terms (Gracey ‘94; Beneke,

Braun, ‘95);
quartic colour factors (Lee, Smirnov, Smirnov, Steinhauser ‘19; Henn, Korchemsky, Mistlberger
'19)

¢ virtual anomalous dimension B,, ; (parts related to 1/e-poles of QCD form
factor)

¢ subleading coefficients C', i, D, ; known from lower order cusp
anomalous dimension (S.M., Vermaseren, Vogt ‘04, Dokshitzer, Marchesini, Salam ‘05)
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Small-x behavior (I)

The small x-limit: x — 0
Structure of non-singlet splitting functions P: at small «
double-logarithmic contributions with very large coefficients

resummation for P to leading logarithmic (LL) accuracy in Mellin-N
Space Kirschner, Lipatov ‘83

N
PnJg,LL<NaOés) — 5{1_(1_

2aSCF)1/2}
T IN2

Large-n. limit with intriguing structure Velizhanin ‘14
Pn—:(Na aS) (Pn—:(Na aS) - N+ ﬁ(OéS)/OéS) — O<1>

Laurent expansion about N =0

Exploit structure of the (unfactorized) structure functions in dimensional
regularization

Resummation in terms of modified Bessel functions to N”LL accuracy
Davies, Kom, S.M., Vogt ‘22
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Small-x behavior (1)
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Splitting functions P2 (left) and P{Y"" (right) Davies, kom, S.M., Vogt ‘22

small-z approximations to the four-flavour splitting functions Pn(:)L(:c)
in the large-n. limit
predictions up to N “LL
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Four-loop non-singlet Mellin moments

¢ Top:
n part of anomalous
dimensions ~\2* (V)
in large-n. limit
and large-/N expansion

¢ Bottom: results for
even-N (742 (NV))
and odd-N ({27 (N))
in large-n. limit
forny =3,...6
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Four-loop non-singlet splitting functions

¢ Top:
three-loop P.&* (x)
and large-n. limit
with ny = 4

¢ Bottom:
four-loop P3* ()
and uncertainty bands
beyond large-n. limit
with ng = 4

Sven-Olaf Moch
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Scale stability of evolution

N

-0.22

- ding /dlnpg 4 o | ]

023 |- PO [ ]
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¢ Renormalization scale - x=08 | [ ]
. B R L L a1 014 = T

dependence of evolution | = —— : S .
kernel dln g, /dn p; [ : [ 1

) _ 4 005 —
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+ 2y _ 0.5 3 003 7 I |
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Singlet
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Operator matrix elements

b1 P2

Singlet operators of spin-N and twist two

O{q’ul aaaa /'LN} — wfy{/LlDlu’QD/iN}w )
O{glu'l """ ,U'N} - Fy{lu’lD/LQ ...D/'I'N—l F,U,N}V P1 P2

Quartic Casimir terms at four loops

are effectively ‘leading-order’ Ps Pn

diy) = dgbeddated for representations labels z, 3 with generators 7

1 . .
dobed — < T (TTP TS T + five bed permutations )

anomalous dimensions fulfil relation for ' = 1 supersymmetry
Q
Va0 (N) + 755 (N) = 76 (V) =7 (V) =0

Eigenvalues of singlet splitting functions (conjectured to be) composed of
reciprocity-respecting sums

quartic Casimir terms fulfil stronger condition Belitsky, Milller, Schafer ‘99
0 3 Q 0 3
'Yég)(N)’Yéq)(N) — ’Yéq)(N)'Yc(lg)(N)
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Analytic results

Reconstruction of analytic all-IV expressions for (5 terms from solution of
Diophantine equations

Swih_ L1 1 1
example for v’ with 7 ~ N+1adv N—1 N+2
4
7&?(]\[)‘ " — 6_<30(12n2—4y2—51(451+8n—8u—11)—7y)
C5dAA/nA 3
1 1
+18877——7Z —EN(N+1)>

Recall large- N limit of anomalous dimensions
yi(i’“)(N)‘ — An; In(N) + O(consty)

N — o0

Terms S;1(N)? ~ In(N)? and N(N + 1) proportional to ¢s must be
compensated in large-N limit
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Universal anomalous dimension

Universal anomalous dimension ~u,; in N = 4 SYM to three loops
Kotikov, Lipatov, Onishchenko, Velizhanin ‘04

One-loop example: 7(0) (N) = 4n.S;1 emerges from

uni

1 1
V%OOE(N) = Cp (—3 + 2 — 2— +4Sl> or

N +1 N

11 4 4 4 4 2

O) (N = _ _ _ — 14 -
Ve (V) CA( 3 N1 N+1+N+2+N+ S1>—|—3nf

Starting at four loops wrapping corrections to complement asymptotic
Bethe ansatz

four-loop Bajnok, Janik, Lukowski ‘08, five-loop Lukowski, Rej, Velizhanin ‘09,
six-loop [...], ...

,Y(N)Wra,p,(él) ~ Sl (N)2 fwrap(N)
FYP(N) = 505 —2S_54+4S_2(3 —4S_2,_3+85_9 _91 + 4S5 _2 — 4541 + 255

Three-loop Wilson coefficient ¢\ (V) s.M., Vermaseren, Vogt ‘05

SD(N) = Cr (Cr = G) IN(N +1) f7P(N)

2

Non-planar part of yuni in N = 4 SYM at four loops Kniehl, Velizhanin ‘21
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Four-loop singlet Mellin moments

103 17 T rrrpTTT LI ] 1 T

1.025 — Paq/ PqﬁLO — -

C 1 098 |-

1.02 | S I

¢ Singlet moments at 5 SR RO

1.015 [

NNLO (lines) and ' :
N3LO (even-N points) LorE 1l
normalized to NLO results 1005 ¢ . :

® as(pr) =0.2 and ;

1:|||||||||||||||||||:0‘92_|

_ 2 4 6 8 10

n‘f o 4 i I I [T I I | L
1.06 |- NLO J 1oz k
- qu/qu . C
I . 11.015 |
o 1.04 - -
¢ Large-N limits i 1 Lote
In gg- and gg-channel oL 11005
_ 1
1= N .
- 40.995

| | | | [ Lo | | | |

2 4 6 8 10 2 4 6 8 10

N N

Sven-Olaf Moch From conformal symmetries and integrability to the Electron-lon Collider — p.21



Scale stability of singlet evolution
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Five-loop Mellin moments
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Five-loop Mellin moments

® Moments N = 2 and N = 3 for nonsinglet anomalous dimensions ~,;

¢ Implementation by Herzog, Ruijl ‘17 of local R ™ operation Chetyrkin, Tkachov ‘82;
Chetyrkin, Smirnov ‘84 for reduction of five-loop self-energy diagrams to
four-loop ones computed with Forcer Ruijl, Ueda, Vermaseren ‘17
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Scale stability of evolution
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N = 3 using NLO, NNLO, N*LO and N*LO predictions with as (1) = 0.2
andny =4
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Coefficient functions at four loops
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Four-loop non-singlet Mellin moments

Perturbative expansion of non-singlet coefficient functions
Mellin moments N = 2, 4, 6, 8, 10, 12, 14 of C2 s and C', s
(moments N = 12, 14 in limit of large n.)
Mellin moments N =1, 3,5, 7, 9, 11, 13, 15 0of C5 _
(moments N = 11, 13, 15 in limit of large n.)

Numerical results for C2 ns (N, ny)
S.M., Ruijl, Ueda, Vermaseren, Vogt to appear

Cons(2,4) = 140.0354 as —0.0231 a> — 0.0613 a2 —0.4746 o,
Coms(4,4) = 140.4828 as + 0.4711 o2 + 0.4727 a2 —0.2458 a: |
Cons(6,4) = 1+0.8894 o, +1.2054 a> + 1.7572 o2+1.7748 o,
Cons(8,4) = 14 1.2358 as + 2.0208 o + 3.5294 a2+5.3921 ot ,
Cons(10,4) = 1+ 1.5359 s + 2.8608 o> + 5.6244 a>+10.324 o .
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Four-loop non-singlet Mellin moments
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N N

Exact results for ¢!’ (N3LO) at n; = 4 (rescaled by 2000 ~ (47)?)

2,ns

Moments for c.* (N*LO) at n; = 4 (rescaled by 25000 ~ (47)*)

2,ns

Comparison with contributions provided by large- N resummations
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Four-loop non-singlet Mellin moments
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Exact results for c\*)_ (N3LO) at n; = 4 (rescaled by 2000 ~ (47)?)

3,ns

Moments for c.* (N*LO) at n; = 4 (rescaled by 25000 ~ (47)*)

3,ns

Comparison with contributions provided by large- N resummations
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Four-loop non-singlet Mellin moments

1 T T T T | T T T T T T T T T T T T 3 i T T T T | T T T T
¢ (N) (x1/2000) | : c® (N (x1/25000) |
L,ns 1 25 L,ns -
0.8 - : 1
- exact . i n=4
i 1,2,3,4 large-N logs | 2 - o o exact —
0.6 [ — - ©
i 1 - (@]
15 - -
- e
04
- L B
I —
3 e
- - —5F - . e i
0 P - 2 0.5 - /./'/ ]
r a 2_ - ---
ettt 4 — - 1 e e s s e ot
O | P | 0 bl d e d o b o p oo oy e | R Tl [
0 5 10 15 20 0 5 10 15 20
N N

Exact results for ¢, (N*LO) and moments for ¢, (N*LO) at n; = 4

3,ns

Tower of logarithms In*(N)/N, ..., In(N)/N at N°LO
Tower of logarithms In®(N)/N, ..., In*(IN)/N at N*LO
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Four-loop non-singlet Mellin moments

1 S S
¢ (N) (x1/2000) | : ¢ (N) (x1/25000) f
L.ns 1 25+ L,ns B
0.8 | - _
exact i
1,2,3,4 large-N logs | 2
0.6 — |
15 -
e
04 —
. e
/
croemT 2 1 osh
/ -
T R R R p
) e 1.
0 5 10 15 20 0

Computing resuources for ¢.*) at N = 10

single core CPU time O(800.000)h (TForm speed-up is O(10)h)
(O(20) TByte of disk space at intermediate stages of computation
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Threshold resummation

Coefficient function in large z-limit have large logarithms at n**-order

n In?" N1 — )
as
(I —z)4

Threshold resummation in Mellin space
C" = (I4+asgon+algoz+-..)-exp(G") + O(N~'In" N)

— ol In”"(N)

Control over logarithms In(N) with A = Boas In(N) to N*LL accuracy
GY = In(N)gi(A) 4 g2(A) + asgs(A) + asga(A) + adgs(A) + . ..

LL Sterman ‘87; Appell, Mackenzie, Sterman ‘88
NLL catani Trenatdue ‘89
NNLL or N?LL Vogt ‘00: Catani, Grazzini, de Florian, Nason ‘03

g1 (A

(
(A
(
(

<

2
A
ga(A
g5(A): N*LL Das, S.M., Vogt ‘19

Q

3

):
):
):
): N3LL S.M., Vermaseren, Vogt ‘05

Resummed G* predicts fixed orders in perturbation theory
generating functional for towers of large logarithms
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DIS coeftficient functions at four loops

Result

7
4 known In"(1—x) 1
e R P (=

Four-loop coefficient function ¢

1
New result for —— term
(1 —2)+

best estimate (using partial large-n. information)

eyt —  (3.87440.010) - 10* 4 (—3.496490 + 0.000003) - 10" n

o)y
+2062.715n7 — 12.08488 n;* + 47.55183 ng fl11

Based on results for

Quark and gluon form factors at four loops in QCD
Lee, von Manteuffel, Schabinger, Smirnov, Smirnov, Steinhauser ‘22

eikonal anomalous dimensions Dixon, Magnea, Sterman ‘08
Mellin moments of DIS structure functions at four loops
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Numerical results for DIS

: 1.35(
1.09 L
B 1.3F
1'08; N*LL/NLL T xf = x%° (1-x)°
1.07F ——- 7 1.25  @.-0.2, n-3
UL N°LL/NLL .25 0g=0.2, n-=
1 06: —'~" N°LL/NLL o : !
.06 e - |
- e "1k \ ,—
. e ® - N*LL/NLL i
T>1.05F ‘ ~ - I
2 - - |
= - ;%l 15~ T 77 N°LL/NLL I
Z N -
O1.04f O - ;
i o - T 77 N°LL/NLL -
- M 1.1F
1.03F = -
1.02F 1.05F
1.011 I
7 1r
L/ i
1 -
oo b b 0.9l L I I | L1 L1
5 10 15 20 25 30 35 40 0.7 0.8 0.9 1
N X

Left: Resummed exponent G normalized to NLL for DIS plotted
successively up to N*LL for o, = 0.2 and n; = 3

Right: Resummed series convoluted with typical shape for a quark
distribution = f = z°°(1 — z)® up to N*LL
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Off-forward kinematics
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Operator matrix elements

QCD applications to hard processes use nonlocal operators of partons at
light-like separation )
Opu(®; 21, 22) = Y(x + 21) 21, 22]00 (@ + 22)

quark and anti-quark fields joined by Wilson line along ‘+’-direction
Z1
(21, z2] = Pexp [zg/ th+(t)]

z2 /\/Qf'(x - 22)

Y(z + 21)
Expansion of O, (x; z1, z2) at short distances leads to local operators
(anti-)quark fields with covariant derivatives D,, = 04 —igA+

(@) (D)7 (D+) ()
Applications

(Generalized) parton distributions: PDFs and GPDs

Hard exclusive reactions with identified hadrons N (p) and N (p’) in initial
and final state: v*N(p) — vN(p") (DVCS)

Meson-photon transition form factors v* — ~=
Braun, Manashov, S.M., Schénleber 21, Gao, Huber, Ji, Wang ‘21
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Light-ray operators

Short-distance expansion yields light-ray operators O, (x; z1, z2) with
light-like direction n
Zl ZQ

Ol@iziz2) = Y 202 [9(@)(Dn)"sh(n- D) ()]

m,k

multiplicative renormalization [O] = ZO
Light-ray operators satisfy renormalization group equation Balitsky, Braun ‘87

(10,2 + B(a:)a, + H(a2) ) [O)(a: 21, 22) = 0

Integral operator H(as) acts on light-cone coordinates of fields
215 = z1(1 — a) + 220

H(as)[O](z1, z2) / da/ dB h(e, B)[O)(27%, 25,)
Evolution kernel h(a, 5)

1 1
Mellin moments ~yn v = / da/ d3 (1 —a— )" ""h(a,B) are
0 0

anomalous dimensions of leading-twist local operators with N =m + k
derivatives
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Evolution equations

Leading-order result for evolution kernel

7‘[(1) f(Zl, 22) — 4CF{f01 dOég [Qf(zl, 22) - f(z?% 22) - f(zla Z2al)]

_ fol do fod dp f(zf‘Q, zgl) + %f(zh zz)}
Expression comprises all classical leading-order QCD evolution
equations

PDFs Altarelli, Parisi ‘77; 7](\?)N

meson light-cone distribution amplitudes
Efremov, Radyushkin, Brodsky, Lepage

general evolution equation for GPDs Belitsky, Miiller '99; A" (v, )

Task

Push accuracy of evolution equations to NNLO and beyond

Computation of anomalous dimensions in forward and off-forward
kinematics to three and four loops
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Operator matrix elements

Off-forward kinematics considers matrix elements with general
momentum assignments (1(p1)|O5.7 .+ (p3)|¥(p2))

standard local non-singlet quark operator | ps
ON° . = SNV, Dyy ... Dyp ¥

Short-distance expansion of
light-ray operators uses

basis of local operators

in terms of Gegenbauer polynomials

0., — 0
0% . = (05, +0,,)Cc3/? (2= 2 )10(z1, 2
Vo = (O +0:) O (G52 ) O, 22)

z1=22=0

Evolution equation for renormalized operators [C’)Jg\,,k]

N
(/128“2 -+ ﬁ(as)aas)[(’)]%,k] = > ;1055 withA% ;=010 j> N
7=0
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Conformal symmetry

Full conformal algebra in 4 dimensions includes fifteen generators
Mack, Salam ‘69; Treiman, Jackiw, Gross ‘72

P, (4 translations) M, (6 Lorentz rotations)
D (dilatation) K ,, (4 special conformal transformations)

Collinear subgroup SL(2,R)

Leading order evolution operator %) commutes with (canonical)
generators of collinear conformal transformations

Evolution kernel RV («, 8) = h(7) effectively function of one variable

of

7 = —= (conformal ratio) Braun, Derkachov, Korchemsky, Manashov ‘99
Q

K (a,8) = —4CF |64 (1) +0(1 — ) — %5(04)5(@ :

Conformal symmetry is broken in any realistic four-dimensional QFT

Blas) # 0
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QCD in conformal window

Instead of considering consequences of broken conformal symmetry in
QCD make use of exact conformal symmetry of modified theory

B(CLS) — ZCLS(—E — Boas — ﬁlag B ) with as = Z_;.

large-n s QCD in 4 — 2¢ dimensions at critical coupling a.. with
B(ax) = 0 Banks, Zaks ‘82

Maintain exact conformal symmetry, but the generators of SL(2,R) are
modified by quantum corrections

Results
49 in Gegenbauer basis Miller ‘93, Belitsky, Miller ‘99

#°(a) = @ {11 ] ( 53%(@) + A(a) ) + 5%(a). o)

matrix commutators denoted as [+, ] and G{ M}y, = — ;\(4]@7 ’,f)
a(N,k) = (N—k)(N+k+3),
bvgr = —2kOng —2(2k+3)9n 4

Conformal anomaly w(as) up to two-loops Braun, Manashov ‘13,
Braun, Manashov, S.M., Strohmaier ‘16, Braun, Manashov, S.M., Strohmaier ‘17
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Total derivative basis (1)

Total derivative basis
O, = S0 ... 0" (D" ...D""%) A%y, (D' ... D))

expansion in terms of powers of derivatives (left, right and total)

Total derivative basis used in computations of operator correlation
functions for DIS Gracey ‘09, Kniehl, Veretin 20

renormalization schemes MS and RI (for comparison to lattice QCD)

Action of partial derivatives

D D D
Opaqnﬂ — Op_17q+177n —l_ Op_]-aQalr'_'_]-

left and right derivative operators renormalize with the same
renormalization constants

POT E:ZTTJ p+907“ J]

Anomalous dimensions VN,k govern scale dependence

d _ : o
Vﬁ,k = — ( d1n 112 ZN,j) Zj,kl with ’yﬁ,j =0if j >N
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Total derivative basis (11)

Operator bases related using light-ray operators as generating functions

21"z
O(z1,22) = Z L2 O(l)?m,k

m,k

expansion of Gegenbauer polynomials yields

N
- E : 1
ON.k 2N l:O( ) l (I+1)! Ok-1,0.

Evolution equations relate anomalous dimension matrices 7%, . and v ;

N J

G +2)! 1 o, [N\ (N+j+2) D
(AR = g o) ()( G 2

Task

Exploit relation of %, . and v ; for known results

Analyze constraints on ~y . in total derivative basis
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Constraints on the anomalous dimensions (I)

p
: D D
Recursion for bare operators O, = > (¥) Ogprq_irr: l€ads to

1=0

relation between sums of elements of the mixing matrix 4%

P A T

k = N — 1 relates next-to-diagonal elements to forward anomalous
dimensions yn, N

’D N
TN.N—1 = 7 (’YN—1,N—1 — ’YN,N)
mixing matrix
(’YN,N ’YJE,N_1 ’Yﬁ,N-k ’YJE,O \
0 YN—1,N—1 .- ’Yﬁ—l,N—k 75—1,0
~D _
0 0 'YJE—k:,N—k ’Vle—k,O
\ 0 0 0 0 )
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Constraints on the anomalous dimensions (1)

k = 0 relates sum of elements in N-th row to the conjugate nyﬁ,g

Z {’Yzl\)r,j - <_1)j <]]V> 732,)0} = 0

mixing matrix

(NN AWNN-1 e WNN—k e INO
0 TN—-1,N—-1 ... 7]%—1,N—k %2—1,0
~D _
0 0 ’Yzl\)f—k,N—k 7]1\)7—k:,0
\ 0 0 0 0 )
arbitrary k

VN = (27) Z_ (1) (Nj k) Vitkitk + Y _(=1)F (i) > (1) (7) T,
=0 =k I=j+1

bootstrapping 7%

solution of sums with ansatz for vﬁ, . by means of Sigma Schneider ‘07
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Calculation (1)

OMEs in off-forward kinematics
momentum-flow through the operator vertex
choice p2 = 0 maps OMEs to two-point functions

ARLARN (h(p1) [0y (—p1) [1(0))

OMEs lp?’
On = AP APN ONS

B M- N
O1 = AF YA,

Work flow i P

Anomalous dimensions yﬁ,k from ultraviolet divergence of loop
corrections to operator in (anti-)quark two-point function

Feynman diagrams for operator matrix elements generated up to four
loops with Qgraf Nogueira ‘91

Parametric reduction of four-loop massless propagator diagrams with
Forcer Ruijl, Ueda, Vermaseren ‘17
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Calculation (1)

Renormalized OMEs in off-forward kinematics

Ont1 = Zy (Znn[Ons1] + Znn-1[00N] + -+ + Zn,0[0" O1])

[ O

00N

O"Ont1—k

\ oo,

(ZN,N
0

w

ZN,N—k

ZN—-1,N—k

ZN—k,N—k

ZN.0

ZN-1,0

ZN—k,0

)

[ON 1]
[0ON]

[0*On+1-k]

\ Yo )

Disentangle elements of anomalous dimensions matrix *yﬁ,k from

Use additional constraints on 7}3, .. in total derivative basis

Sven-Olaf Moch
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Results (1)

Gegenbauer basis

One-loop results for 7%, , Makeenko ‘81

Tk =0
Matrix for N =5
(T 0 0 0 0)
0 e 0 0 0
vy =Cr |0 0 0 0
0 0 0 = 0
\o 0 0o 0 0
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Results (1)

Total derivative basis

One-loop results for vy

D, (0 2 2
= CF(N—|—2_N—k>

Matrix for N = 5

A B SRt S A
T
inis = Cr | 0 0 % —5 —3
0 0 0 5 —
\ 0 0 0 0 0 )
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Results (111)

General structure of matrix for N =5

(’74,4 Y4,3 V4,2 V4,1 ’74,0\

0O 73,3 732 73,1 73,0

0 0 722 721 720
0 0 0 m1 Moo

\ 0 0 0 0 0 )

Three-loop results for 7%

Y22 = 5.55556 as + (70.8848 — 5.12346 ns) a;

+(1244.91 — 199.637 ny — 1.762 n}) a2 + O(ay)
Yo1 = —2as+ (—22.5556 + 1.96296 ;) a2

+(—385.466 + 66.1992 ny + 0.532922 n}) a2 + O(ay)
7Py = —0.666667 as + (—9.50617 + 0.481481 ns) o

+(—170.654 + 24.8232 ns + 0.3107 n7) a2 + O(a?)

comparision with Kniehl, Veretin ‘20

Yoo = —170.641(12) + 24.822(2) ns + 0.3107(1) n?

Kniehl, Veretin ‘20
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Results (I1V)

Four- and five-loop results for 7%, , and ’yﬁ,k in large n ¢ limit
forward anomalous dimension known ~x n Gracey ‘94

Wk = ;”?CF{i(S“N) 50) (v v )

2/5 1 2 11 1 1
+(51<N>_Sl<k>> (§N—k+N+1_ 3 N—|—2+(N—|—2)2)

(5100 - 50) (500 59) (3 - )

1 1 13 1 2 4 11 1
+2(51<N>_Sl(k))(§zv—k_3N+1+(N+1)2+N+2_3(N+2)2
1 5 1 2 11 1 1
+(N—|—2)3)+(SQ(N)_S2(k))(§N—k+N+1_ 3 N+2+(N+2)2>

2 1 1 2 1 2 26 1
+§(SS<N)_SB<k)><N+2_N—k)+§N—k+N+1_ 3 (N +1)2

4
(N+1)3

1 8 22 1 2

+ TN+ 2)

i N+2 (N+2)2 3 (N+2)3

}—l—n?cCFC:g
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Summary

Experimental precision of < 1% motivates computations at higher order
in perturbative QCD

hard scattering in forward and off-forward kinematics
theoretical predictions at NNLO in QCD nowadays standard

Push for theory results at N°LO and N*LO

evolutions equations and inclusive cross sections
massive use of computer algebra
Novel structural insights into QCD from integrabilty and conformal
symmetry
Key parts of QCD inherited from N = 4 Super Yang-Mills theory
Conformal symmetry in QCD evolution equations for light-ray
operators
Precision studies of hadron structure
great prospects for DIS at future colliders
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