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What is a shock wave?

Shock waves are generated by moving sources creating an
abrupt, nearly discontinuous, change in a medium
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Shock waves in General Relativity

Do shock waves solutions exist in General Relativity?

ds2 = ηµνdx
µdxν + δ(x · p)Hµν(x , p)dxµdxν

Debate over the existence of shock waves solutions

Aichelburg and Sexl described for the first time a gravitational
shock wave as the field generated by a massless source (1970)
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The Aichelburg-Sexl metric

Consider the Schwarzschild solution

ds2 =
(2r −mGN)2

(2r + mGN)2 dt
2 −

(
1 +

mGN

2r

)4

(dr2 + r2dΩ)

We apply an ultrarelativistic boost with p = mvγ(v) for v → 1

ds2 = ηµνdx
µdxν − 4pGN

|z − t|
(dt − dz)2 , z 6= t

A singular coordinate transformation recovers the region z = t

ds2 = ηµνdx
µdxν + 4pGNδ(t − z) log

(
x2 + y2) (dt − dz)2
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Gravitational shock waves as the gravitational field of an
ultrarelativistic black hole/massless particle (m→ 0)

Issues
Hard to check if it solves Einstein equations for a given Tµν

Need for singular coordinate transformations
Hard to generalize to Kerr black holes

Question
Can we study these solutions using a different approach?
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Kosower, Maybee and O’Connell have developed a framework
to relate observables with on-shell scattering amplitudes

〈∆pµ1 〉 = 〈ψ| S†Pµ1S |ψ〉 − 〈ψ|P
µ
1 |ψ〉

Can we provide a similar relation between classical solutions to
Einstein field equations (gµν) and scattering amplitudes?

ĥµν(x) =
∑
λ

∫
dΦoff(q)ελµν â

λ
qe
−iq·x + h.c.

dΦon(q) = dD q̂ δ(+)(q2) → dΦoff(q) =
dD q̂

q2
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The system in absence of interactions is described by

ĥµν(x)

|ψ〉 =

∫
dΦon(p) φ(p)|p〉 ⊗ |0〉

In terms of the interacting evolution operator

ĥI
µν(x) = U†int(+∞, t)ĥµν(x)Uint(+∞, t)

|ψI (t)〉 = Uint(t,−∞) |ψ〉

We define a complete solution in General Relativity as

gµν(x) = ηµν + 〈ψI (t)| ĥI
µν(x) |ψI (t)〉
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We can express all non linearities in terms of the S-matrix

gµν = ηµν + 〈ψ|S†ĥµν(x)S |ψ〉

To leading order in the coupling,

hµν(x) =

∫
dΦoff (q) δ̂(+) (2q · p) Im[PµναβMαβe−iq·x ]

whereMαβ is a 3-point function with an off-shell graviton
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Shock waves from scattering amplitudes

At tree level, a massless source emitting a graviton is given by

Mµν = k pµpν , p2 = 0

For a source moving along the z direction

hµν =
k2pµpν

p

∫
d2q⊥
(2π)2

e i~q⊥·x

|~q⊥|2

∫
dqz

2π
e iqz (t−z)

=
4GNpµpν

p
δ(t − z) log(y2 + z2)

This reproduces the line element of a gravitational shock wave

ds2 = ηµνdx
µdxν + 4pGNδ(t − z) log

(
x2 + y2) (dt − dz)2
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Shock waves from scattering amplitudes

We can easily generalize previous results including spin effects

MS
µν =Mµνe

a·q

hS
µν =

k2pµpν
p

∫
d2q⊥
(2π)2

e i~q⊥·(x−ia)

|~q⊥|2

∫
dqz

2π
e iqz (t−z)

It agrees with the line element of a gyraton (Ferrari et al. 90’)

ds2 = ηµνdx
µdxν+4pGNδ(t−z) log

(
x2 + y2 − a2) (dt − dz)2

The amplitude derivation shows an hidden simplicity

hS
µν(x) = hµν(x − ia)
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Conclusion

Scattering amplitudes⇒ Solutions in General Relativity

Massless three point function⇒ Gravitational shock waves
Three point functions with spin ⇒ Gyratons
Simplicity and new relations ⇒ Complexity

Main message
Scattering amplitudes simplify the study of General Relativity
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