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Motivation to study classical wave scattering from the
quantum perspective

Fresh look to an old subject: how does photon quantum scattering amplitude
contains information about the classical light ray scattering?

What are
the observables?

Phenomenologically relevant for gravitational physics: Light deflection around
a classical object, superradiance, ...
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Classical limit for massive particles

It is understood how to take the classical limit for external massive particles:
use appropriate minimum-uncertainty wavefunctions which are localized on
the classical trajectory [Kosower,Maybee,O’Connell; Krivitski,Tsytovich]

φ (p) = Nm−1 exp

[
− p · u
~`c/`2

w

]
rest frame→ N ′ exp

(
− p2

2m2`2
c/`

2
w

)

Other possibilities: EFT matching to extract the classical potential for
external massive scalars (both for spinless [Cheung,Rothstein,Solon] and for
spin particles [Bern,Luna,Roiban,Shen,Zeng])
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Classical limit for external massless particles?

Main problem: there is no rest frame for massless particles!

Theorem(Newton,Wigner): there is no well-defined (Lorentz-covariant) position
operator for massless particles

Solution:
Work in a specific limit (eikonal limit) where there is an approximate notion
of localized wavefunction

Realize that a single massless particle is never classical: only an infinite
superposition of them can be! (→ Coherent state)
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Why coherent states?(I)

Toy Model: L(S) = 1
2∂µφ̂(x)∂µφ̂(x)− g ĵ(x)φ̂(x)

Equation of motion �φ̂(x) = g ĵ(x)φ̂(x):

φ̂(x) = φ̂in(x) + g

∫
d4x ′∆R(x− x′, t − t ′)ĵ(x′, t ′)

= φ̂out(x) + g

∫
d4x ′∆A(x− x′, t − t ′)ĵ(x′, t ′)

where ∆R (resp. ∆A) are the retarded and the advanced propagators respectively
and φ̂in(x) (resp. φ̂out(x)) is the field configuration at t → −∞ (resp.t → +∞).
We have then

φ̂out(x) = φ̂in(x) + g

∫
d4x ′∆F (x − x ′)ĵ(x ′)

where ∆F is the Feynman propagator.
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Why coherent states?(II)

There must exist a unitary transformation which connects in and out states

φ̂out(x) = S†φ̂in(x)S |out〉 = S |in〉

Solution: S = exp

(
−ig

∫
d4x φ̂in(x)ĵ(x)

)
This means that if we start at t → −∞ with a vacuum state (i.e. no incoming
wavepacket) we will create a coherent state

|out〉 = exp

(
−ig

∫
d4x φ̂in(x)ĵ(x)

)
|0〉 =

= exp

(
−1

2

∫
d̃k g2|j(k)|2

)
exp

(
−ig

∫
d̃k j(k)a†(k)

)
︸ ︷︷ ︸

Infinite superposition of massless modes

|0〉
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Wave scattering and observables

Emergent classicality for massless particles⇒
{ soft regime (Low Frequency)

eikonal regime (High Frequency)

Class of observables available for the scattering of the wave off a massive particle
in the classical limit

Field strength expectation value 〈in|Fµν |in〉 (LF,HF)

Classical differential cross section dσ
dΩ (LF,HF)

Classical impulse for the massive scalar field 〈in|∆Pµφ |in〉 (LF,HF)

Classical impulse for the eikonal wave 〈in|∆Pµγ |in〉 (HF)

Wave deflection angle ∆Θγ (HF)
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Classical impulse for eikonal wave

A single massless particle at large enough energies admits a wavefunction

φp(x) = e ip·x φ̃p(x)

where φ̃p(x) is slowly varying compared to e ip·x .

The quantum impulse
expectation value is

〈in|∆Pµγ |in〉 =

∫
d4x φ?p(x)(−i∇µ)φp(x) = pµ

∫
d4x |φ̃p(x)|2 = pµ

because |∇µφ̃p(x)| � |∇µe ip·x |.

General feature of the eikonal limit: a notion of ”classical” momentum is always
well defined!
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Classical field strength in Thomson scattering

Theory: Scalar QED
Classically, we solve perturbatively the equations of motion:

dpµ

dτ
= e Fµν(x(τ))uν(τ) x(0) = u(0)τ

∂µFµν =

∫
dτ e uνδ

4(x − x(τ))

where Fµν = ∂[µAν] and Aµ(x) =
∫
dΦ(k1)α(k1)(εµ(k1)e−ik1·x + h.c .) where

α(p) is the wave structure in momentum space. The solution at order e2 is

Aν(x) = −e2

m

∫
d̃k1 α(k1)

δ(k1 · u − p1 · u)

k2
1 + iε

[
− εν (k1) +

+
(u · ε (k1)) pν1 + (p1 · ε (k1)) uν

p1 · u + iε
− uν [(p1 · k1) (ε (k1) · u )]

(p1 · u + iε)2

]
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Classical field strength in Compton scattering (I)

|ψ〉in =

∫
d̃p1φ1(p1) |p1; {α, σ}〉

where α stands for the coherent state of photons of momentum k

|{α, σ}〉 = Nα exp

(∫
d̃k α(k)a†σ(k))

)
|0〉 Nα = exp

(
−1

2

∫
d̃k |α(k)|2

)
and p1 is the external momentum for a massive scalar particle. Using the free field
mode expansion

Fµν(q) =
∑
σ

(
c̄µνσ (q)aσ(−q) + cµνσ (q)a†σ(q)

)
c̄µνσ (q) := iq[µε

ν]
−σ(−q) cµνσ (q) := iq[µεν]

σ (q)
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Classical field strength in Compton scattering (II)

Let’s consider the field strength expectation value at order e2

〈〈∆Fµν〉〉
O(e2)
'

∫
d̃p1d̃p′1φ1(p1)φ?1(p′1)×

×
[
〈{α, σ}p′1|Fµν(q)iT |{α, σ}p1〉 − 〈{α, σ}p′1| iT †Fµν(q) |{α, σ}p1〉

]
Type A terms Type B terms:

We cannot observe a forward scattered photon [Frantz;Moncrief]: therefore we
should restrict the domain of Fµν to the scattered region!
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Classical field strength in Compton scattering (III)

The final result for type B terms in the scattered region is

〈〈∆Fµν〉〉
O(e2)
' 2iq[µ

∫
d̃p1d̃p′1φ1 (p1)φ?1 (p′1)

∫
d̃k1α (k1)

〈
p′1{q, σ}ν]|iT |p1 {k1σ}

〉
where the Compton amplitude is given by〈

p′1{q, σ}ν]
∣∣∣ iT |p1{k1σ}〉 = −4e2 (p1 · ε(k1))(p1 + k1)ν]

2p1 · k1 + iε

− 4e2 p
ν]
1 [(p1 − q) · ε(k1)]

2p1 · q + iε
+ 2e2εν](k1)

Agreement in the
classical limit with the
Thomson scattering!
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Summary

Since massless particles have no rest frame and due to Newton-Wigner
theorem, the classical limit requires to work with ”approximate” localized
wavefunctions in the eikonal limit or with coherent states

A notion of classical wave momentum and also of wave deflection angle is
available for suitable localized wavefunctions in the eikonal regime

Observables defined in the scattering of coherent states with massive particles
(like the field strength) naturally agree with the classical wave scattering
counterpart when restricted to their proper scattering domain
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