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Motivation: Scaling Dimensions & Correlation Functions

- Two-point correlation function in a CFT
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Motivation: Scaling Dimensions & Correlation Functions
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Classical scaling dimension Anomalous dimension
obtained via dimensional analysis quantum correction due to
from the free Lagrangian interactions

- A lot is known about anomalous dimensions in the planar limit of NV =4 SYM

Here: non-planar corrections to one-loop anomalous dimensions
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SU(2) Sector and Dilatation Operator

- What operators to look at?
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N = 4 field content
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- su(2) sector is a good test case for full N = 4 SYM
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SU(2) Sector and Dilatation Operator

- What operators to look at?

r(Z9, (X2 X 7% ),
F,D,,0(¢) — X = (1 +i2), Z = Z5(5 + igke) (2, (X2 X2 ),

tr(XZ")tr(X 22X X)...
N = 4 field content scalar su(2) sector multi-trace operators
- su(2) sector is a good test case for full N = 4 SYM
« Obtain anomalous dimensions from dilatation operator \v
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SU(2) Sector and Dilatation Operator

- What operators to look at?

F,D,,¢(¢) —> X = %(@1 +ig2), Z = %(% +igg)  —>

N = 4 field content scalar su(2) sector

- su(2) sector is a good test case for full N = 4 SYM

« Obtain anomalous dimensions from dilatation operator

D-0; =A0;

» In perturbation theory: D =D, + Dy + O(N\?)

tr(Z9),tr(X 29 X 7%,
tr(XZ")tr(X 22X X)...

multi-trace operators

~

classical scaling dimension one-loop anomalous dimension
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SU(2) Sector and Dilatation Operator

- N =4 SYM dilatation operator in su(2) sector:

2 SN
DQ = —— . tI‘([X, Z] [X, Z]) . | [Beisert, Kristjansen, Plefka,

N Semenoff, Staudacher ‘03]
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SU(2) Sector and Dilatation Operator

- N =4 SYM dilatation operator in su(2) sector:

2 S
D2 = —— . tI‘([X, Z] [X, Z]) . | [Beisert, Kristjansen, Plefka,

N Semenoff, Staudacher ‘03]

- SU(N) fusion & splitting rules:
Tr(AZ)Tr(BZ) = Tr(AB) — N~ 'Tr(A)Tr(B)
Tr(AZBZ) = Tr(A)Tr(B) — N~ 'Tr(AB)

Example:
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SU(2) Sector and Dilatation Operator

- N =4 SYM dilatation operator in su(2) sector:

2 S
D2 = —— . tI‘([X, Z] [X, Z]) . | [Beisert, Kristjansen, Plefka,

N Semenoff, Staudacher ‘03]

- SU(N) fusion & splitting rules:
Tr(AZ)Tr(BZ) = Tr(AB) — N~ 'Tr(A)Tr(B)
Tr(AZBZ) = Tr(A)Tr(B) — N~ 'Tr(AB)

Example: planar contribution
DyTr(X?Z%) =4 (Te(X?Z2Y) — Ti(XZX Z7)) +
4
+|—= (Tr(X*Z*)Tx(27) — Tr(X ZX Z)Tr(Z7))
non-planar contribution N

A\ Operator mixing: need to diagonalize mixing matrix, su(2) sector closed
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Level Statistics

- For short operators: direct diagonalization to solve mixing & find dimensions

- e.g. L =15su(2): ~28000 states
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Level Statistics

- For short operators: direct diagonalization to solve mixing & find dimensions

- e.g. L =15su(2): ~28000 states (actually in 8-deformed N = 4SYM, 5 =0.9)

Level-spacing analysis for one-loop scaling dimensions

P(s) P(s) P(s)
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Wigner-Dyson statistics
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Level Statistics

- For short operators: direct diagonalization to solve mixing & find dimensions

- e.g. L =15su(2): ~28000 states (actually in 8-deformed N = 4SYM, 5 =0.9)

Level-spacing analysis for one-loop scaling dimensions

P(s) P(s) P(s) P(s)

0.9 0.9 0.9 0.9
o8

N = 200

Wigner-Dyson statistics for finite N for N — oo
characteristic for quantum chaos (GOE) characteristic for
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Planar Integrability

« The planar limit is integrable! (minahan, zarembo 02]

2 S
Dy = - tr([X. Z][X, Z]) A Hxxx =250 (Liie1 — Piiga)
tr(ZZZXZ7ZX) TT T T T
: : N — o0 :
one-loop anomalous dimensions energy eigenvalues
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one-loop anomalous dimensions energy eigenvalues

- Heisenberg spin chain solvable by Bethe ansatz techniques

— eigenstates and -energies parameterised by sets of “momenta” {p1,p2, ..., Dm }

obtained from Bethe equations
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« Full one-loop theory is integrable [seisert, Staudacher 03], integrability observed at higher

orders in coupling [Beisert, Kristjansen, Staudacher ‘03] and at strong coupling [Bena, Polchinski, Roiban ‘03]
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Planar Integrability

The planar limit is integrable! iminahan, zarembo 02]

Dy = —% tr([X, Z][X, Z))

tr(ZZ22ZXZ2ZX)

one-loop anomalous dimensions

N — oo

N —

L
Hxxx =2 ;01 (Liiv1 — Piita)

TT

energy eigenvalues

!

f
1

Heisenberg spin chain solvable by Bethe ansatz techniques

— eigenstates and -energies parameterised by sets of “momenta” {p1,p2, ..., Dm }

obtained from Bethe equations

Full one-loop theory is integrable [geisert, staudacher 03], integrability observed at higher

orders in coupling [Beisert, Kristjansen, Staudacher ‘03] and at strong coupling [Bena, Polchinski, Roiban ‘03]

At finite N: no traces of integrability,

level statistics characteristic for a quantum-chaotic model
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Non-Planar Corrections via Perturbation Theory

- But: can use planar integrability to find non-planar corrections
via perturbation theory
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- Decompose dilatation operator:

1 1
D, =HO L 4 —yyt
2 + \ + —=H
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& eigenvalues E©) ({p})
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- But: can use planar integrability to find non-planar corrections
via perturbation theory

- Decompose dilatation operator:

1 1
|y 0) | Ty o oyt
Do [H ]_'_[N% + NH ]

integrable XXX Hamiltonian j K reduce/increase number of traces
treated as perturbation of planar

— planar eigenstates [{P})
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Non-Planar Corrections via Perturbation Theory

- But: can use planar integrability to find non-planar corrections
via perturbation theory

- Decompose dilatation operator:

1 1
|y 0) | Ty o oyt
Do [H ]_'_[N% + N% ]

integrable XXX Hamiltonian j ‘\ reduce/increase number of traces
— planar eigenstates |{p}) gleated as perturbation of planar
eory

& eigenvalues E(¥) ({p})

- Non-degenerate quantum-mechanical perturbation
theory to obtain first non-planar correction

2 {p}HH™ 1) T H|{p})
E( )({p}) — % %(0)({2)}) — E(O)(I];
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Results

- Obtain compact analytic expressions for H*-matrix elements in terms of
- scalar products of off-shell Bethe states

{HASH ) = Npoar L) Y Y f0:0, Ly, Lo) ({adil{sh) o {rd{th),, +{a & 7}

i sUt={p};
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- Matrix elements and anomalous dimensions in S-deformed N =4 SYM
- lifts degeneracies in spectrum — non-degenerate perturbation theory
- regularises singular Bethe states
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Results

- Obtain compact analytic expressions for H*-matrix elements in terms of
- scalar products of off-shell Bethe states

A DY = N g L) S S a0 Lys Le) Hakil{sh)p (rHED . +{a & 7}

i sUt={p};

- hexagon-like functions

— leading non-planar anomalous dimensions

- Matrix elements and anomalous dimensions in S-deformed N =4 SYM
- lifts degeneracies in spectrum — non-degenerate perturbation theory
- regularises singular Bethe states

- Non-planar anomalous dimension of two-excitation states in BMN-limit
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6. Summary and Outlook

« Goal: compute non-planar anomalous dimensions at 1-loop in su(2) sector

— solve eigenvalue problem of one-loop dilatation operator

2 N
Dy = N tr([ X, Z]|X, Z]) :

9/9 34 SAGEX Workshop 27/07/20 Anne Spiering



6. Summary and Outlook
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Dy = _2 tr([X, Z][X, Z]) :

f N

planar limit
- level spacings Poisson distributed
~ quantum integrability
- solvable by Bethe ansatz techniques

— planar 1-loop anomalous dimensions
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6. Summary and Outlook

« Goal: compute non-planar anomalous dimensions at 1-loop in su(2) sector

— solve eigenvalue problem of one-loop dilatation operator

Dy = _2 tr([X, Z][X, Z]) :
e ™
planar limit non-planar corrections
- level spacings Poisson distributed - level spacings Wigner-Dyson distributed
~ quantum integrability ~ quantum chaos
- solvable by Bethe ansatz techniques - qm perturbation theory
— planar 1-loop anomalous dimensions — non-planar corrections to 1-loop dim.s

+ Perform intermediate sum?

- Higher loops? Other sectors?
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