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Introduction

• Holographic Principle is an important approach to formulate 
the Quantum Gravity.

• Quantum Entanglement plays an important role to understand 
the non-perturbative features of holography.

• However, for de Sitter holography there has not been a consensus 
about holographic relation for quantum entanglement.

• In this talk, we propose a formulation of holographic relation for 
quantum entanglement in dS/CFT.
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Ryu-Takayanagi formula
<latexit sha1_base64="/TIsF5olqWsXxN0l7UyI1Jd7p5M="></latexit>

SA = min ext
�

⇢
Area(�)

4GN

����� : bulk surfaces anchoring on @A

�

• : Entanglement Entropy (EE) for a subsystem SA A
<latexit sha1_base64="LQTvR9iI13gdWaT2K4tPo+uu9Fs="></latexit>

⇢A := TrĀ[| ih |]
<latexit sha1_base64="oicb3SE9DmD8JQVWLx6UbaAQOks="></latexit>

SA = �Tr[⇢A log ⇢A] ,

Holographic Entanglement Entropy

[Ryu, Takayanagi 2006]

0

AdS

C
FT <latexit sha1_base64="iihsmLCjoOny41HV4xwCN0FwAcQ="></latexit>

✓0

<latexit sha1_base64="HgIiksISeF48wghsl2xs/7fES08="></latexit>

A

<latexit sha1_base64="Jr9YDSkZHldamqaqmwIWFfLOLfE="></latexit>

�

<latexit sha1_base64="LwG+1AUI+u1UilrvrARxYrTJai4="></latexit>⌧

e.g.) EE of the vacuum in CFT on .ℝ × 𝕊1

<latexit sha1_base64="DOYgaW3+AQZ6VOaJUmVbGV8mZA0="></latexit>

ds2 = R2
AdS(� cosh2 ⇢ d⌧2 + d⇢2 + sinh2 ⇢ d✓2)

<latexit sha1_base64="SjWcanRdqXnli/ReUvqDjmO78yM="></latexit>
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cosh�1 ⇥cosh2 ⇢1 � sinh2 ⇢1 cos2 ✓0
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✏
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• Ryu-Takayanagi formula leads to
<latexit sha1_base64="DgF28oO22ZOKyr4pVU9WWNnMl94="></latexit>

D(X,Y ) = cosh�1 (XµYµ)

<latexit sha1_base64="J4UFWDLV0hvnbrP5kKKfNgQAzEA="></latexit>✓
✏ = 2e�⇢1 , c =

3RAdS

2GN

◆
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Pseudo Entropy

• Pseudo Entropy (PE) is a generalization of EE as follows:

Transition matrix: 

Pseudo entropy:

<latexit sha1_base64="9GZ8kW7ciD5Psg2Xok330Mzsj64="></latexit>

⌧ |' :=
| ih'|
h'| i

<latexit sha1_base64="1YvAGW+6zOO2o7mziFd9p3584co="></latexit>

⌧ |'A := TrĀ

h
⌧ |'

i<latexit sha1_base64="V4ZLAQhy4EfgQWuNMKTfXVOKn3g="></latexit>

SA = �Tr
h
⌧ |'A log ⌧ |'A

i
,

<latexit sha1_base64="mKwct+Q/WiuH5kDOppBd3zBmyak="></latexit>

( for h'| i 6= 0 )

• In general, PE takes complex-valued because 
transition matrix is non-Hermitian. 

<latexit sha1_base64="JcC1HBC79f3PwwnzIf8wEdirbk8="></latexit>

�

<latexit sha1_base64="kummBAXWtm4pZZRvRoIYpN3JpKY="></latexit>

A

<latexit sha1_base64="TUL+hlwvwFD1wrHqzOJJaHFopi8="></latexit>

| i

<latexit sha1_base64="eXc4eUzBtF4IVg59Q101SRNivwM="></latexit>

h'|

• The original motivation to introduce PE is to formulate 
the holographic relation for Euclidean geometry 
without time reversal symmetry. 

[Nakata, Takayanagi, 
Tamaoka, YT, Wei 2020]
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dS/CFT

Quantum Gravity 
on dSd+1

Conformal Field Theory 
on -dim boundaryd

• de Sitter spacetime has the space-like boundary 
at the temporal infinity.

• GKPW relation holds on the (Hartle-Hawking) 
wave functional of universe:

<latexit sha1_base64="WcwXH+hfIOEuqHNGwcayt/Fmxos="></latexit>

 dS

h
�|bdy = �(0)

i
=

⌧
exp

Z
ddx �(0)(x)O(x)

�

CFT Euclidean  (=  )dSd+1 𝔹d+1

<latexit sha1_base64="7oYImNKLFzqej1dgiuJM4v5b0UA="></latexit>

t1

[Strominger 2001, Maldacena 2002]
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Properties of dual CFT (d=2)

• The central charge  of CFT dual to :c dS3

[Brown, Henneaux 1986]

[Maldacena 2002]

non-unitary!

 Euclidean AdS3 dS3
<latexit sha1_base64="qM/do+NJfJg5zun14AxcjpqloBE="></latexit>

z = �i⌘

<latexit sha1_base64="fiWB44lmiZUvH9U8dldAozBn0vI="></latexit>

RAdS = �iRdS
<latexit sha1_base64="JmzBEXcx4lxDk4A9wy4GBGn0OLA="></latexit>

ds2 = R2
AdS

dz2 + dt2E + dx2

z2

<latexit sha1_base64="G4uYVEepy6zSw8A6BqC4rwrhmvQ="></latexit>

ds2 = R2
dS

�d⌘2 + dt2E + dx2

⌘2

<latexit sha1_base64="wWY+iQK2NRMAsJmr3u1ziVuOzjE="></latexit>

c =
3RAdS

2GN
= �i

3RdS

2GN
⌘ �icdS

• Therefore the dual CFT is not “physical” theory. Nevertheless dS/CFT 
is useful in applications to
‣ computation of cosmological correlators.
‣ determination of complex saddles in wave function of universe.

[Maldacena 2002, …]

[Chen, Hikida, YT, Uetoko 2023]
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Can we formulate holographic relation for 
quantum entanglement in dS/CFT?

Question
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Holographic Entanglement Entropy in dS/CFT

• In analogy with RT formula in AdS/CFT, EE in CFT dual to dS is 
also expected to be identical to the area of the extremal surface. 

• However, this picture seems to have problems.
Geodesics emanating from an edge of  should be time-like.A

(1) A geodesic emanating from one side of  cannot 
go back to the other side of ?

∂A
∂A

(2) The area            takes imaginary-valued.
<latexit sha1_base64="kcSRDw1kKP4yUxp0mmHtUCbcNUM="></latexit>Z

�

p
g

(c.f. [Narayan 2016] [Sato 2016] )

<latexit sha1_base64="hd8UZBYdGZm42nxhaLcUnKvyeUo="></latexit>

ds2 = R2
dS(�d⌧2 + cosh2 ⌧d⌦2

S2)

global dS3

<latexit sha1_base64="HwIDv7CmMQZUB31WiNJyWSgOGbQ="></latexit>

d⌦2
S2 = d 2 + sin2  d�2

?

<latexit sha1_base64="ll++KIXfuv6k5+sD48gQarUCesw="></latexit>

A

imaginary time

<latexit sha1_base64="nF9mOPYPYixOLGKF4So2bZFDEZ0="></latexit>

 1

<latexit sha1_base64="DzJxjL/LcHQXDWiJZlcwLwWJ2j8="></latexit>

 2<latexit sha1_base64="ug9m150erwyIrffWo4u87DViTnQ="></latexit>

S2

<latexit sha1_base64="LwG+1AUI+u1UilrvrARxYrTJai4="></latexit>⌧
<latexit sha1_base64="7+wimkZHKtctlQ5B2WhxUkWoOuw="></latexit>⌧1



• Naively applying the formula to geodesic between              and

real part imaginary part

<latexit sha1_base64="ir7zLjRUlTqm0S7cvHcJM+QAcS4="></latexit>

(� =  1 �  2)

Holographic Entanglement Entropy in dS/CFT

<latexit sha1_base64="JlmaNqAQhfxE9iY+N08DXYrId60="></latexit>

SA =
RdS

4GN
cos�1

✓
1� 2 sin2

� 

2
cosh2 ⌧1

◆

' cdS
6


⇡ + cos�1

✓
2

✏2
sin2

� 

2

◆�

' ⇡cdS
6

+
�icdS
3

log

✓
2

✏
sin

� 

2

◆

<latexit sha1_base64="mTt6fb1CmD1r3WgpPFTbP6jAWIU="></latexit>

(✏ := 2e�⌧1 , ✏ ⌧ 1)

<latexit sha1_base64="ETI+rX1/NOSOO5VUI8Et3pz1s8Q="></latexit>

(⌧1, 1)
<latexit sha1_base64="EbAZ8HRYbpHjeLsYmVTsJm9wwd4="></latexit>

(⌧1, 2)

?

<latexit sha1_base64="ll++KIXfuv6k5+sD48gQarUCesw="></latexit>

A
<latexit sha1_base64="nF9mOPYPYixOLGKF4So2bZFDEZ0="></latexit>

 1

<latexit sha1_base64="DzJxjL/LcHQXDWiJZlcwLwWJ2j8="></latexit>

 2<latexit sha1_base64="ug9m150erwyIrffWo4u87DViTnQ="></latexit>

S2

<latexit sha1_base64="LwG+1AUI+u1UilrvrARxYrTJai4="></latexit>⌧
<latexit sha1_base64="7+wimkZHKtctlQ5B2WhxUkWoOuw="></latexit>⌧1

→ there is no geodesic.

• However, this equals to analytic continuation of EE in CFT.
<latexit sha1_base64="1cRY6f4VPyL/Ik6OHXtLoPk5Rzs="></latexit>

SA =
cAdS

3
log

✓
L

✏AdS

◆ <latexit sha1_base64="DlUtSgjevsNXlE2Ffx47kZcKO9o="></latexit>

SA =
⇡cdS
6

+
�icdS
3

log

✓
L

✏dS

◆

<latexit sha1_base64="6TEofvmN9lZcy9WczXAeF4rIxjU="></latexit>

RAdS = �iRdS
<latexit sha1_base64="0BUU+6Dfq3dkcQEt7HJB1Ckl/DY="></latexit>

✏AdS = �i✏dS
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• How do we construct the geodesic configuration?

→ ansatz: The complex geodesic goes through the Euclidean part.

Bulk complex geodesic

• We have to impose “extremalization condition” 
for this ansatz. 

• Consider constant slice  ofψ = 0
<latexit sha1_base64="65uf+nkJiQHyeV9rGO+XptZMIBY="></latexit>

ds2 = R2
dS(�d⌧2 + cosh2 ⌧(d 2 + cos2  d�))

<latexit sha1_base64="FV9aYVAid7oq+0H+TKfhmj3faj4="></latexit>

ds2 = R2
dS(d⌧

2
E + cos2 ⌧E(d 

2 + cos2  d�))

<latexit sha1_base64="fMrTIg80cGym8wOgWc4WsOHi9nI="></latexit>

��

<latexit sha1_base64="BMV3ZhktuIfAMEA0+hkY05UeX60="></latexit>⇡
<latexit sha1_base64="tyNzO1ToCt2m0fi+tYAzK5f4sqc="></latexit>

�1

<latexit sha1_base64="qn7Qqrv3e0v2tq0qOdRefOr7ZnA="></latexit>

�2

• First we fix the joint points as  and .ϕ1 ϕ2
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1. Solve the variation problem for each part. 

Euclidean  →  Varying

Lorentzian →  Varying

<latexit sha1_base64="4Wv8PXX6IvHVCcpvdqF4Mhp9FRc="></latexit>

�2 � �1 = ⇡
<latexit sha1_base64="v7TKJ7cJga6Ww+SQNfdutLRCUHc="></latexit>

D = ⇡RdS,

<latexit sha1_base64="a8GjWrUxMORq9LQjw0Y7JoxeYoU="></latexit>

D ' iRdS log


�1

2
e2⌧1 (cos��+ cos 2�1)

�

2. Solve                then we have 
<latexit sha1_base64="/Zj2KwBAlQi9Xm6HmTaaJpNN5u4="></latexit>

dD

d�1
= 0,

<latexit sha1_base64="qxQTDLx1s3uDJTR/43+mZUpcLWU="></latexit>

SA =
⇡cdS
6

+
�icdS
3

log

✓
2

✏
sin

��

2

◆

A half of dS entropy

Bulk complex geodesic

<latexit sha1_base64="QM9T+eucko38qK+6Ja4R7C8FoJc="></latexit>

D = RdS

Z
d⌧E

p
1 + cos2 ⌧E �0(⌧E)2

→

→

<latexit sha1_base64="4F7WElRsunzs9tUNesJXwvfBcLk="></latexit>

D = RdS

Z
d⌧

q
�1 + cosh2 ⌧ �0(⌧)2

<latexit sha1_base64="fMrTIg80cGym8wOgWc4WsOHi9nI="></latexit>

��

<latexit sha1_base64="BMV3ZhktuIfAMEA0+hkY05UeX60="></latexit>⇡
<latexit sha1_base64="tyNzO1ToCt2m0fi+tYAzK5f4sqc="></latexit>

�1

<latexit sha1_base64="qn7Qqrv3e0v2tq0qOdRefOr7ZnA="></latexit>

�2
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Higher dimensions

• We can straightforwardly extend the analysis to dSd+1
<latexit sha1_base64="7+9uiI0HY1pNVtcPBu8O/w7FO0k="></latexit>

ds2 = R2
dS(�d⌧2 + cosh2 ⌧d⌦2

Sd)

with spherical subsystem .A

<latexit sha1_base64="/9+pp0Agxtnb+7uyW4Bf6+CblGc=">AAADPHichVHLbtNAFL12eZTyaAobJDYRUVEiRDQOUUFISAUWZYXamKSV6taynUkyql+MJ4Eymh/gB1ggFiCxQPwDG1jwAyy6Z4MqVkWwYcH12IhHKYxl3zPn3nN9Zq6fhiwThOwY5tShw0eOTh+bOX7i5KnZytzpXpaMeUC7QRImfM33MhqymHYFEyFdSzn1Ij+kq/7WrTy/OqE8Y0l8V2ynd CPyhjEbsMATSLmVp1XblTfUdWfAvUB2XOkI+kDIvq3UpuxfspSS7SX3zqas9y9aDaWKdC8JVd2JPDHyfWnrypZqFD2c7B4X0kmZcpa8KPKckA5EvcjlDWVLOZwNR6KB8C8lvxa4lRppEr2q+4FVghqUazmpvAUH+pBAAGOIgEIMAnEIHmT4rIMFBFLkNkAixxExnaegYAa1Y6yiWOEhu4XfIe7WSzbGfd4z0+oA/xLiy1FZhXnynrwke+QdeUU+km8H9pK6R+5lG6NfaGnqzj46a3/9ryrCKGD0U/VPzwIGcFV7Zeg91Ux+iqDQTx4+3rOvdeblBfKc7KL/Z2SHvMETxJPPwYsV2nmiu3OtoXBfnzjSHmK8Y6lvWun4wxdHJDWbj876c1D7Qa/VtBaa7ZV2bfFmOcRpOAfnoY6TugKLcBuWoQuBMWU0jJZx2XxtfjB3zU9FqWmUmjPw2zK/fAdg5NRl</latexit>

SA =
Rd�1

dS

4G(d+1)
N

Vol(Sd�2)

p
⇡�

�
d�1
2

�

2�
�
d
2

�

<latexit sha1_base64="6g7x+129IehNnFhdQLTpTC61/us="></latexit>

+i
Rd�1

dS

4G(d+1)
N

Vol(Sd�2)

8
>>>>>><

>>>>>>:

d�3
2X

k=0

✓d�3
2

k

◆
1

d� 2k � 2

✓
T0

2✏

◆d�2k�2

d
2�2X

k=0

✓d�3
2

k

◆
1

d� 2k � 2

✓
T0

2✏

◆d�2k�2

+
�
�
d�1
2

�
p
⇡�

�
d
2

� log T0

2✏

<latexit sha1_base64="NMyMJF0pZQ9UY/Q4u6lpRMUt5LQ="></latexit>

(d : odd)

<latexit sha1_base64="GAPurVoUqmAI5oBQhKkV0TYdwPM="></latexit>

(d : even)

• The result is

A half of dS entropy

<latexit sha1_base64="GqpkOMjDjErTLPtepkWGI5NWJ94="></latexit>

1

2
·

Rd�1
dS

4G(d+1)
N

Vol(Sd�1)
<latexit sha1_base64="W5db5w2S6QXDBMJZUL/oV5rjej0="></latexit>=
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Holographic pseudo entropy in dS/CFT

• By definition, entanglement entropy should take real-valued. 

Is the holographic formula in dS/CFT wrong?

• We claim that the quantity should be called “pseudo entropy” 
and it corresponds to a union of complex geodesics.

• This is because the dual CFT is a non-unitary theory associated with 
a non-Hermitian Hamiltonian .H† ≠ H

The bra and ket vectors prepared by path integral are 
different states:

is non-Hermitian, so it is rather transition matrix. 
<latexit sha1_base64="xF7KT7eJT+UhiDsRCH7+aJuH2pw="></latexit>

SA = �Tr[⇢A log ⇢A] should be called pseudo entropy. 

A
Sd

=࣋

A

A

࣒|ۧ

|࣐ۦ
Different 
States

<latexit sha1_base64="hqRjornmCewTeg2fNUPrfmVU21g="></latexit>

| i† 6= h |

<latexit sha1_base64="amr0lVL7E25Ee4pCOnErtgDsXMk="></latexit>

⇢ = | ih |
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Timelike entanglement entropy

• We call the entanglement entropy for a timelike 
subsystem as timelike entanglement entropy

• In 2d CFT, EE is given by
<latexit sha1_base64="pFbYGnSsSFYzrAtCV43HAXpHEns="></latexit>x

<latexit sha1_base64="HgIiksISeF48wghsl2xs/7fES08="></latexit>

A

<latexit sha1_base64="48sOpUPdTG5qwpAqs8PE3KOGY70="></latexit>

t

<latexit sha1_base64="eWzYSfxicTpi2S/ST88psFrB4mM="></latexit>

SA =
c

3
log

L

✏

Performing the Wick rotation  , L → iT0
<latexit sha1_base64="lbSelGQXJoD/9XTic8rZrtAttoU="></latexit>

SA =
c

3
log

iT0

✏
=

c

3
log

T0

✏
+

i⇡c

6

• Similarly, we can also consider the finite temperature system.
<latexit sha1_base64="pjhPTqNYNt4S3uZDjNrp3sA0pJ0="></latexit>

SA =
c

3
log


�

⇡✏
sinh

⇡T0

�

�
+

i⇡c

6

• We define it by using an analytic continuation.



18

Time-like entanglement entropy in AdS3/CFT2

• We would like to give the bulk interpretation to 
<latexit sha1_base64="7sENnPjPuMTOiBJ7mmNkdkAaLGo="></latexit>
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space-like geodesic: 
<latexit sha1_base64="2fr0GlVMQHrN3TBqcm7CLNtBF2I="></latexit>

t2 � z2 =

✓
T0

2

◆2

time-like geodesic: 
<latexit sha1_base64="5cqo3loes3FI5ox01BjR8c0GNF8="></latexit>

z2 � t2 =

✓
T0

2

◆2

real part imaginary part

• We cannot connect two time-like separated 
points by single geodesic.

embedded 

in global AdS

<latexit sha1_base64="N9l/O5ys0E+aRqzQ/25st8VzRGk="></latexit>
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2RAdS

4GN

Z 1

✏
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p
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<latexit sha1_base64="VnEm+HpqdiWa2HeZ/3+5g5z9+XY="></latexit>
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=

2RAdS

4GN

Z 1

T0/2
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p
1 + t0(z)2

z
=
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6

<latexit sha1_base64="tGDibPV1KgqSw1b0fUtYa7hqbnU="></latexit>✓
cAdS =

3RAdS

2GN

◆
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Relation to pseudo entropy in dS/CFT

<latexit sha1_base64="ZSpVebQzMBOJBJnn+xz6UHmaLOs="></latexit>

tE = it

dS

Euclidean AdS

AdS

• We can relate the time-like entanglement entropy to pseudo entropy 
in dS/CFT by double analytic continuations.

<latexit sha1_base64="OqB4oWG9LoHbt2cxQm4Lk/+EHlQ="></latexit>

SA =
�icdS
3

log
T0

✏
+

⇡cdS
6

<latexit sha1_base64="VviWBxFAPPYrktkLl0GnF6ecOAk="></latexit>

z = �i⌘
<latexit sha1_base64="oTT5Oprl1v7acMytdojayIBC41s="></latexit>

LAdS = �iLdS

<latexit sha1_base64="ZicuCw2IbqB4+K1CU/VrqcjE/p4="></latexit>

SA =
cAdS

3
log

T0

✏

<latexit sha1_base64="oTT5Oprl1v7acMytdojayIBC41s="></latexit>

LAdS = �iLdS

<latexit sha1_base64="hetTzliPuRHeS5wJrWL061Mu+nA="></latexit>
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4. Summary and future problems

• We attempted to extend holographic EE formula to dS/CFT.


• We claim that the counterpart of Ryu-Takayanagi formula in dS/

CFT is given for pseudo entropy, which takes complex-valued.


• The corresponding quantity of dS pseudo entropy in AdS/CFT is 

time-like entanglement entropy.

• In BTZ black hole


• Numerical study


• Higher dimensions

Summary

What we did for timelike EE


