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It is not just another way to compute one-loop determinants.
We will be able to quantify quantum corrections to metric fluctuations.
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Outline

Testing the Wilson spool: one-loop determinants
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Chern-Simons Theory

Synergy with three-dimensional gravity




In 2+1 dimensions, we have the luxury of casting general relativity in terms of:
[Acucharro & Townsend; Witten]

__ Locadl variables.
Spacetime is explicit.

Einstein-Hilbert: Meftric, curvature

OR

: : : Gauge Theory.
Chern-Simons: Gauge connections Topological nature is explicit.




How to interpret Chern-Simons theory as a theory of gravitye
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It is not just a matter of actions and equations of mofion.
Other important INPUTS are:



How to interpret Chern-Simons theory as a theory of gravitye

41T 3
M

k 2
Scsl|Al =—f Tr(ANdA+—=-ANANA)

It is not just a matter of actions and equations of mofion.
Other important INPUTS are:

1. Gauge Group: 2. Boundary Conditions:
Organization of the massless modes. Setup the AdS/CFT dictionary.
Determine the surrounding. Regular spacetime metric.

A € SL(2,R)XSL(2,R): AdS; Lorentzian Gravity A—Augs = 0(1)

2
A € SU(2)xSU(2): dS, Euclidean Gravity Guv ~ Tr(AL — Ag)
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OR

This has been an open problem.

Chern-Simons: Gauge connections How to infroduce fields coupled to A,  while

keeping gravity topologicale
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dS; Quantum Gravity

1
log(Zscatar [guv]) 7 Z Wj |AL, Ag]

(w,

]>grav = J DAL/ReikLS[AL]'l'ikRS[AR]Wj[AL’AR]

Focus mainly on massive scalar fields coupled to dS; gravity. Why?
o We can use the full power of SU(2) Chern-Simons theory.
o Make predictions for Gy corrections without the aid of holography.

o Interesting non-standard representations of SU(2).



dS; Quantum Gravity

b

o Gauge group: SU(2)xSU(2) leads to dS; Euclidean Gravity

o Action: —ik;S¢s[AL] — ikgSeslAR] = Ien| 9] — i6 Iees[gu]

- g 5 o
4GN
kR=6—i$ -

. a e
o Dictionary: 4= l<w +—) Lq
AR — l(

a
£
ae“_
w—7La



dS; Quantum Gravity

Background S3 connections

Geometry: Static Patch

a, =1Lidp+i(sinpL, —cosp L3)(dp — dr)

1 2 / 7 . 2 7 2 2
ap = —ilLydp — i(sinp L, + cos p L3)(de + dt) . Cos” p dv” +sin p dy” + dp

Holonomies

Pexpf aL/R 7 eZTL’l LghL/R
14

©
Il
Nl

hL=1
hR=_1




Wilson Spool

Construction




Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

Wi (Ci;) = <i|P exp [, A ‘]>

Wilson line encodes the dynamics of a massive point particle.
Natural replacement of geodesic equation.

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]




Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

WR(CU) _ <i‘P exp fcijA ‘]> ~ exp(—\/Tcz L(x;, %))

Wilson line encodes the dynamics of a massive point particle.

Natural replacement of geodesic equation.

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]

Gz




Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

WR(CU) _ <i‘P exp fcijA |]> ~ exp(—\/Tcz L(x;, %))
%/_/

Geodesic length

Wilson line encodes the dynamics of a massive point particle.

Natural replacement of geodesic equation.

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]
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Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

WR(CU) _ <i‘P exp fcijA ‘]> ~ exp(—@ L(x;, %))

2

Z 7 m
Casimir ¢, = — .

Wilson line encodes the dynamics of a massive point particle.

Natural replacement of geodesic equation.

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]
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Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

Wgr(C) = Trg (P expf A) - JDU exp(—S(U,A)c)
C

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]



Wilson lines

The meftric encodes distances: geodesic distances.
What replaces geodesic length in a Chern-Simons theory?

Wr(C) =Trp Pexpf A =JDUeXp(—S(U,A)C)
C

o
Infinite dimensional representation of G. o
Encodes quantum numbers of the particle. Path integral of a single particle state.

[Witten 1989; Carlip 1989; Ammon, AC, & Igbal 2013; AC, Sabello-Garnier, Zukowski, 2019]
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We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

a
do COS 5 a a
. Trj(PeZRSﬁAL)Trj(Pe ZRSﬁAR)

wla, 4] =i [ 22—
(64 Sll’li




Wilson Spool

bl

We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

a
_ da COS ~ a _
W;[A, Ag] =zf -~ 2 Tr;(Pezn ¥ AL)Tr,(Pe 2m % 4R)
(64 Sll’li

~ log det(—V? + m?¢?) Why?




Wilson Spool

bl

We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

a
do COS = a a
WAL, Ag] = i f — 2 Tr(Pezn® AL)Tr;(Pe Zn % 4R)

d cin=
64 Slrl2 { {

Connections: Capture the geometry




Wilson Spool

Ul

We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

do cos =
W;[A, Ag] =if — 2 Ty (pezr® A1) Tr;(Pe 2% A7)
(64 Slnz R{_/ R(_/

Representation: carries the mass, single particle info.




Wilson Spool

)

We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

a
_ da COS ~ a 2
Wj[AL»AR] =1 f 7 / sz TI‘j(PGZﬂéAL)Trj(Pe 27.[¢AR)
C SIn =
2
- _
o

Measure and confour serve two purposes:

o Regulate UV divergences

o Poles that ¢ will wrap make the Wilson loop wind
arbitrarily many times.




Wilson Spool

bl

We want to capture fields. How to get fields from single particles statese

Our proposal: to spool

a
_ da COS ~ a _
W;[A, Ag] =zf -~ 2 Tr;(Pezn ¥ AL)Tr,(Pe 2m % 4R)
(64 Sll’li

1 l »
b Z E Trj(Pezn-ﬁA)

n

Caution! Just for intuitive purposes.




Representations of SU(2)

da COS =
Wiy, dgl = i | 2 —2 Try(Peind AyTy;(Pe 540
- _

Representation: carries the mass, single particle info.
2 p2
Casimir of the representation.c, =j(j+1) = — {)
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Representations of SU(2)

da COS =
Wiy, dgl = i | 2 —2 Try(Peind AyTy;(Pe 540
- WJ

Representation: carries the mass, single particle info.
2 p2
Casimir of the representation:c, =j(j+1) = — f

4

But unitary (standard) representations of SU(2) have j = 0,1,2, ... and positive Casimirl!!l



Non-Standard Representations of SU(2)

Complementary-type

4

Lt =L,
L =-L¢

1
j==5+w),

v e (—11)
m?f? =1 — v?

eZTL’l zv

, — Tr: (e2mizLls) =
4 r](e ) 2isinmz

Principal-type

LY = SL3S
L =-5L:$
S:joj=—-1—j

1
j= —5(1 — iu),

u € R
m?¢2 =1+ u?

e—ZTL‘ Zu

. = Tr: 2mizLz) —
x(2) r](e ) 2isinmz



Non-Standard Representations of SU(2)

Complementary-type

Lt =L,
L =-L¢

1
j==5+w),

v e (—11)
m?f? =1 — v?

eZTL’l zv

, — Tr: (e2mizLls) =
4 r](e ) 2isinmz

7

Principal-type

Important:
o The norm of states is positive.
o They differ from so(3,1) reps.

LY = SL3S
L =-5L:$
S:joj=—-1—j

1
j= —5(1 — iu),

u € R
m?¢2 =1+ u?

e—ZTL‘ Zu

. = Tr: 2mizLz) —
x(2) r](e ) 2isinmz



Testing the Wilson Spool

One-loop determinants



One-loop determinants

Does the Wilson spool reproduce the one-loop determinant on S32

1
log(Zscalar [53]) = log det(—V* + "lzfz)—7
e 1

~ ij la;, ag]



Collect appropriate data according to definition

a
a COS =
WAL, Agl = i f 0 2 Tr;(Pezn$ A1yTry (Pe 2% )
C sin =
2
Characters
Tl z(2j+1) Contour:. € =C,UC_

2 e
/ = Tr: 2mizLz ) —
L (e ) 2i sinmz

Holonomies

P expf aL/R % eZTL'l LShL/R
)4

hL=1 7
hR=_




Collect appropriate data according to definition

cos
2

W;[AL, Ag] = i J d_ Tr](pemSﬁAL)Tr (Pe 27T45AR)

a
Sln
- 2

- a
Y I L g
4)e « sin3%

Contour




Collect appropriate data according to definition

a
d COS 5
W;[A, Ag] =if — 2 Ty (pezid A1yTr; (Pe 2w 9 A7)
C Slnz

a
COS %
_ da 2 ,i2j+Da
"

(64 Sin 7

a1

1
_ l—(2] +1)% — — Liz(e?™ (&1} 4 .

A1t
(21 -
2 . Ll1(82m(2]+1))

Li, (eZni(2j+1))




Collect appropriate data according to definition

1 L da COS a 7
2 W[4y, 4] ZZJC — 2 Tr,(Peza® A)Tr;(Pe Zr P A7)

a Slni
a
_ _lf da €057 oi2j+1)a
1) «a sin3%
o 1 _ 2j+1) _
Z lg (2] 7 1)3 7 4—7_[2Ll3(82m(21+1)) 7 ITle(eZm(Z]+1))
7

. Li1(8271'i(2j+1))

17
j=—§+§\/1—m2€2

Exact agreement with finite contributions to the scalar one-loop determinant!

1
log(Zscatar [53]) = log det(—V? + m?*¢%)"2
1

7 ZWj lay, ag]



Comments

for massive scalars we have a derivation of W;[A4,, Ag].

det(—V2 + m292)~1 = 1_[ (b o B

nez
AR,AL

Wilson Spool is an adaptation of QNM method for 1-loop determinants [Denef-Hartnoll-Sachdev]
to the Chern-Simons formulation.

due to the construction of the spool we expect it to work
(but needs 1o be checked).
It works for massive scalars! (and higher spins fields too...)

connections are off-shelll We are integrating out matter fields.



Quantum Wilson spool

Gy corrections

7YY



The quantum proposal is

Zscalar [gm,] ~ f D¢ e iSmatter|®.9uv]

Einstein-Hilbert: Metric, curvature

OR

(Zscalar [M] )grav 7 j (Dguv)M e ~lEH [QMV]Zscalar [guv]

1
l0g(Zscatar [guv]) 7 Z Wj [AL, AR]

Y

Chern-Simons: Gauge connections

(W] = fDAL/ReikLS[AL]'I'ikRS[AR]Wj[AL’AR]

>grav




The next challenge is to quantify gravitational path integrals.

(wj[53]> 7 fDAL/R8ikLS[AL]+ikRS[AR]Wj[AL,AR]

grav

Zgrav[sg] 7 fDAL/ReikLS[AL]HkRS[AR]

o Consider fixed topology, still all order in perturbation theory in Gy.
o We need to adapt exact results in Chern-Simons theory:
o Levelis complex
o Background connection is not trivial
o Assure that exact results are compatible with the non-standard representations



Partition function

There are two things to keep in mind:

o Leveliscomplex: k=6 —is ,
o Background connection is not trivial: P expf ap/r ~ g2l Lahy /R
Y

We adapted exact methods 1o incorporate these tweaks:
o Abelianisation [Blau-Thompson]

o Supersymmetric Localization [Kapustin-Willet-Yaakov]

7 . it 2 Im_ 5
Zyrav[S3] = e'rrScslaLltiTrScslar] j do,doge2 L%k e 2 R sin? (1 (0, +h,)) sin?( (ox+hg))

WlTh rL/R =2+ kL/R



Partition function

Z Z i 2 E 2
Zyrav[S3] = e'"LSeslail+iTrScslarl j do,doge2 %L 2 ROR sin? (1 (0, +h;)) sin? (1 (0g+hg))

WlTh TL/R = 7 + kL/R
= j(Dng) 3 e ~1EH[9 ] +i8 Ics[gpy]
S



Partition function

7 Z i 2 I 2
Zyrav[S3] = e'"LSeslail+iTrScslarl j do,doge2 %L 2 ROR sin? (1 (0, +h;)) sin? (1 (0g+hg))

WlTh TL/R == 2 + kL/R

im_im . 2 T T
= je "L TRe PTLTIMTR ___gjp (—) sin (—)

VTLTR , TR

8G 124 G
= —Yexp (—) sinh? (47 — ¢



Wilson loop

Care is also needed for exact methods used to evaluate a Wilson loop, since

o Leveliscomplex:k=6—is .
o Background connection is not frivial: P expf a ~ e?milsh
o Non-standard representations of SU(2)! 12

Adapted exact methods to incorporate these tweaks:

; LT
(W;[S31) — ¢V Scslal j doez"® sin? (n(o+h))x; (o + k)

SU(2)

eni z(2j+1)

Where the character of the non-standard repis  x(2) = ——
21 sinmz



Wilson loop

Care is also needed for exact methods used to evaluate a Wilson loop, since

o Leveliscomplex:k=6—is .
o Background connection is not frivial: P expf a ~ e?milsh
o Non-standard representations of SU(2)! 12

Adapted exact methods to incorporate these tweaks:

. I
(W;[S3]) = o7 5csldl J doez"® sin? (n(o + h))x; (o + h)

SU(2)

7 21l :
1/ 4 ; Y it AN Z 2 1
Z EelrSCS[a]eth] elCP - Cj Sln(n( Jjt ))
r



Wilson spool

Combining these results, the quantum Wilson spool is

(WiIS°) g = f DA, jpettSIALIIkRSIARIW [A, Ap]

LT 2 i 2
. [ [ —=T1j0 —TRO . .
= | e!"L ScslaLl+iTrScs[ag] f do;dogre2 L e2' R°R sin? (1 0;) sin?(m op)

a
da COS5 a a
XL Fsin% Xj(%(“L"‘hL))Xj <ZT(UR+hR))




Wilson spool

Massive scalar fields coupled to dS; quantum gravity

1 i / i1
(logzscalar[SB])gmv = Z<WJ [53]> — _ eirLScslaLl+irgrScslag] J dO'LdO'RBTTLOf

T 2
e 2 RR sin?(m 0;) sin?(m og)
grav 4

a
da COS >

a a
3 - <% (0, + hL))x,- (= e+ )

(log Zscalar [53]>grav - GN -
=logZ [S3] + z (—) log Z
Zgrav [53] 8 Zscalar ? ( 8 )Zm

m=1

What do we do with thise



Wilson spool

Massive scalar fields coupled to dS; quantum gravity

108 Zs cqrar [S? z“ .
( - Scalar[ 3]>grav 7 lOngcalar[SS] + ( N) (logZ)om
Zgrav[S ] ” t
m=1
Mass renormalization
2 p2 2p2 4 20 44—27T|m€|GN2 imi ' iCi
mje2 = m2e% + Zmtete ({)) +... | Large mass limit (for simplicity)

Concrete predictive statement about how dynamical gravity renormalizes QFT






We have intfroduced a new object: the Wilson spool.

o Allows us to incorporate matter fields in the Chern-Simons formulation
of 3D gravity.

o Tested at G — 0, where the Wilson spool reproduces the one-loop
determinant of massive scalar fields.

1
log(Zscatar [53]) = log det(—VZ 7 m2€2)—7
1
= ij la;, ag]
o We can also make predictions for guantum corrections, without the

aid of holography.




Massive higher spin fields

Sum over topologies

Wilson lines, open spools

Quanftum corrections in AdS;

Edge Modes

(log Zscaiar) VErsus 1og{Zscaiar)




Massive higher spin fields
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Thank youl!



