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These notes introduce Baikov variables through a one-loop bubble and then derive the general
scalar representation directly on a real Minkowski integration domain. Appendix A explains
Gram determinants, area elements and wedge products; Appendix B derives the angular mea-
sure. The discussion follows the framework of Weinzierl [?], with real-volume Jacobians and the
Minkowski normalization kept explicit.

Notation
We use
N = diag(1, =1,...,-1), u-v = nutv’, G(q1y- -y qr)ab = —qa - Q-
The loop number is [; the external momenta span P = span{pi,...,p.}, where the displayed

pq form an independent basis. The number of independent scalar-product coordinates involving
loop momenta is

l(l+1
NV: (;_ )+€l.

They are —k?, —k; - kj for i < j, and —k; - po. We use nexy and nipgto denote the numbers of
external and internal lines.

Convention. The direct spherical-measure proof assumes that P contains a timelike direc-
tion. Start at integer D > e 4 [ and generic full-rank configurations. The resulting formula
is subsequently continued in D and propagator powers. Purely spacelike or degenerate-null
external spans, and vacuum integrals, are not covered by this real-spherical proof without
further analysis.

All d™z below are ordinary real volume measures; their changes of variables use absolute Jaco-
bian determinants. The denominator prescription is (zs —i0)~%; the z; themselves are unshifted
real inverse propagators. Angular reductions are understood inside integrals of scalar-product-
dependent functions, with a suitable regulator or analytic continuation where needed.
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1 A one-loop bubble

1.1 Integral, variables and orthogonal decomposition

Assume that p is future-directed and timelike. Consider

I (s)—/de ! s=p2>0.  (LI)
2= DR (k2 md 0y (—(k—p)? tmd 0y TP T |
k,ml
p p
p_kamQ

Figure 1: One-loop bubble.

Define
s= k2 hmd, = —(k—p)?+mi (1.2)

Expanding the second square and solving gives
zz—zl+s+m%—m%
5 .

k> =m? — 2, k-p= (1.3)

Thus the integrand depends on k only through these two scalar products. The remaining freedom

is the transverse direction, which will be integrated out.

Let p = p/+/s and write

k-
k=axp+ky, Tr=—, Pk =0, p?=1. (1.4)
S

In the rest frame of p,

p=(50), k=(xy), ki =(0y), r=|yl=-k. (1.5)
Consequently
e (k—p)? = (z —/5)* =% (1.6)

The condition p - k; = 0 forces the transverse time component to vanish. On this transverse
subspace, —v - w = )_,v*w® is a positive-definite Euclidean inner product. This is the precise
reason spatial spherical coordinates can be used.
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1.2 Transverse spherical measure and the squared radius

In the chosen frame the real coordinate volume factorizes as

D D—1 D—2 2r(D-D)/2
d”k =dz d” 'y =dzr” " dr dQp_o, /dQD 9 = (D= 1)/3) (1.7)

Here the angular subscript counts the dimension of the sphere: y/r € SP~2. The metric sign
affects k2, not the real-coordinate volume dx [], dy®. No Wick rotation has been performed.

P (time)

k|, ki =—r’2=—p
K

kH = 113]3

one spatial direction
Figure 2: Component decomposition, drawn on a page with Euclidean plotting coordinates.

Minkowski lengths are computed with n; the drawing does not assign a Euclidean angle or
length to the time direction.

Introduce the squared transverse radius
1
p=r=—k >0,  rP72dr=p P2 dp. (1.8)

The transformation r +— p is increasing on r > 0. Substituting k?> = 22 — p into the inverse
propagators gives

a=—2"+p+mi, z=—(x—s) +p+ms. (1.9)

In particular, the plus sign of p in z; comes from —k%? = p. Since the denominators are
independent of transverse angles, their angular integral can now be completed:

) X o e D)2
laya5(s) = iVrI((D—1)/2) /_oo dx/o dp (z1 —i0)21 (2zp — 0)22”

(1.10)

Changing to spherical coordinates is a coordinate transformation. Replacing the angular integral
by its total solid angle additionally uses rotational invariance.
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1.3 Jacobian and the Baikov polynomial

The Jacobian matrix following from (1.9) is

(21, 22) —2z 1 0(21, 29)
—— = = ) det ———= = —2+/s. 1.11
A(x, p) —2(x—s) 1 A(x, p) ve (L11)
For real volume measures this gives
dzl dZQ
= . 1.12
dx dp N ( )

The negative determinant records an orientation reversal; the volume measure uses its absolute
value. The inverse map is unique:

T = ) p=z1—m]+zx".

25

Keep the same polynomial definition as in the general case:

k2 k.
B(z1,z2) = det G(k,p) = det (—k D —3p>

(1.13)
=s(m? —2) — 1(22 — 2 +s+m?— m§)2
The orthogonal decomposition immediately gives
2 2 B
B = sk — (k-p)* = —sp, p=— (1.14)
Thus the real integration domain is
Cyn = {(21,22) € R? : B(21, 22) < 0}. (1.15)
Combining (1.10)—(1.14),
(2—-D)/2 _ (D-3)/2
Loy as(8) = 5—— dzy dzy BRI (1.16)
’ 2i/T (D —1)/2) Jey (21 — 10)91 (29 — i0)22
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2 The general scalar Baikov representation

2.1 Complete variables and assumptions

Let 0 € RY list the independent scalar products involving the ! loop momenta. Choose a
complete affine set of variables

2s = Cgyoy + fs,  detC#0, o=C"Yz-f). (2.1)

For physical propagators z; = —q? + m2. If there are fewer independent denominators than

Ny, add auxiliary variables and assign their powers zero. If there are more denominators,
choose independent coordinates and express the remaining denominators as affine functions of
z. Equality of the physical line count with Ny is not a general requirement.

The real-volume Jacobian is

0z N dMvz
= , d"Veo = . 2.2
o, |det O (22)
For a complete family with denominator powers a = (a1, ...,any, ),

dPk; ¥ N
I, = /H z7rD/2 —40) 7%, (2.3)

Define
E=G(p1,.--,pe), A=—detE >0, B(z):detG(k:l,...,kl,pl,...,pe)|g(2). (2.4)

Because P contains a timelike direction, the restricted Minkowski metric on P has signature
(1,e — 1), while £ has one negative eigenvalue. Hence det £ < 0.

Proof roadmap. First establish a Gram-ratio identity. Next derive the measure transformation
for one loop momentum, keeping the others fixed. Repeat it for each loop; intermediate Gram
determinants cancel. Finally apply (2.2) and describe the domain.

Why the external-space assumption matters. The orthogonal complement of a subspace
containing a timelike vector is spacelike. Every nested parallel space below contains P, so every
transverse angular integration takes place in a positive-definite spatial space after reversing the
metric sign. This is not true for a purely spacelike or a degenerate-null P. Individual external
momenta may be null; the assumption concerns their entire span. For example, two noncollinear
future-directed null momenta have a timelike sum.
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2.2 Nested parallel spaces and Gram ratios

Process ki, ko, ..., k; in that order. At stage 4, hold the remaining loop momenta fixed and set
Vi =span{kii1,..., ki, D1y De}, oy =e+1—1, n; =D — q;. (2.5)

Thus
P=ViCV_,C---CW. (2.6)

These are the parallel spaces for the successive decompositions, not mutually parallel affine
planes. All contain the same timelike direction from P. For example, at two loops, Vi =
span{ka, p1,...,pe} and Vo = P.

Define the matrices and positive determinants

Gi:G(ki,...,kl,pl,...,pe), hl':—detGi, 1§7J§l,

(2.7)
Gl+1 == _E7 hl+1 = A
On the generic interior h; > 0. Decompose
k; = ki7|| + ki1, kl}” eVi, ki LV, pi = _ki%l > 0. (2.8)
The determinant identity proved in Appendix A.4 gives
det G; h;
pi= —r B (2.9)
detGiy1  hina

Both determinants in the first ratio are negative. Their ratio is the nonnegative transverse
squared radius; the individual determinants need not be positive.

Start the coordinate proof in generic integer dimension D > e + [. This ensures that the full
list of vectors can be independent and that n; > 1. The formulas are derived on the interior,
where the inverses and square roots exist. Boundary contributions and singular integrals are
understood by a common regulator and analytic continuation, rather than by dividing by a
vanishing minor.
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2.3 The parallel-coordinate Jacobian
Choose the ordered basis

(ulw'wuai) - (ki-i-h' "7klap17"' 7p€)

of V; and expand

a;
ki =Y (cilvus,  (Ti)a = ki g (2.10)
b=1
Since k; | - ug = 0 and (Git1)ap = —Uq - Up,
(Ti)a = — Z(Ci)bub U = Z(Gi-i—l)ab(ci)b, 7 = Git1¢;. (2.11)
b b

There is no extra minus sign in this relation. It follows that

daiTi = ‘ det Gi+1| daici == hi+1 daici. (212)

Let z; be the components of k; | in a Minkowski-orthonormal basis of V;. If the columns of J;
are the components of the u; in that basis,

€T, = Jici, Gi+1 = —JiTnHJi, 77H = diag(l, —1, ey —1). (2.13)
There is one time direction and a; — 1 spatial directions, so
det Gi+1 == (—1)% (det JZ‘)Q det 77H = —(det Ji)z. (2.14)

Consequently
daik’i’H = | det JZ‘ daici = hi+1 daici. (2.15)

Combining this with (2.12),

daiT 3
Vhiz1
This step separates two different Jacobians: one from an orthonormal coordinate system to the
generally nonorthogonal coefficients ¢;, and one from ¢; to the projection scalar products 7;.

d%k;) =

(2.16)
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2.4 The transverse measure and one-step formula
Set & = —kZ2. By (2.11),
—k'z‘ == CzTGiJrlCi = TZTG;rllTi. (217)

The orthogonal decomposition therefore gives
Pi :fz'—TlTGi__i_llTi. (2.18)

With the other loop momenta held fixed, the transformation (&, 7;) — (pi, 7;) has a block
triangular Jacobian whose diagonal is (1, I,,). Hence its determinant is 1. Introduce the block
of scalar-product measures

l

dp; = d& d%m = d(=k7) [ d(—ki- ko) ] d(=k: - pa).- (2.19)
r=i+1 a=1

The transverse space has dimension n; and is spacelike. After its angular integration,

1,1 P(nl/Q) Pi Pi- .
The arrow denotes a measure reduction inside an angular-invariant integral. Define
n; D—-l—-e+4+i-2
i =——1= . 2.21
gi=" : (221)
Using (2.16) and (2.18),
dPk; — L dy. 2.22
L T e 22
Substitute (2.9) and keep the original loop normalization:
dei /2 Bi.—Bi—1/2
— ——h;"h. | dps;. 2.23
i7TD/2 — iF(?’LZ’/Q) i Vi1 i ( )

The factor 1/i remains because this is a real Minkowski coordinate calculation. At this stage
no complex rotation of the energy variable has supplied a compensating factor. The scalar
integrand is invariant under rotations of k; | that fix V;, since every remaining momentum lies
in V;.
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2.5 Telescoping products and the final formula

The successive powers satisfy ;11 = ; + 1/2. For an interior factor hj, 2 < j < [, its total
exponent in the product of (2.23) is

Bj— Bj—1— 3 =0.

Thus

l
BB B2 BB/

_ [—B] (D—l—e—l)/ZA(—D+e+1)/2'

All intermediate Gram determinants cancel. The remaining combinatorial factors are

l l !
Zaizel+l(l;1)=Nv—l, [[T(ni/2) = H <€+1_J> (2.25)
i=1 =1

Each independent scalar product occurs once in (2.19), and hence

dMvz
]detC’|

Hduz =d%Wo
i=1

(2.26)

Substituting these identities into (2.3) gives the direct real-Minkowski Baikov representation:

— _—(Ny—=1)/2[_ . (=D+e+1)/2
Ia _ 1T [l d€t(p1, 7p€)]
D - 1—j
et C| ] r(“j)

i1 2 (2.27)

X dM 2 [-B(2)] (D—l=e— 1/2H —10)~

Cm

The polynomial convention is still B = det G(ki,--- , ki, p1,- - ,Pe), whereas the real radial

factor appearing in this Lorentzian region is —B > 0. The full prefactor includes i~ from the
normalization of the original [ loop measures.
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2.6 Domain, boundaries and continuation

For a description independent of the chosen nested order, split all loop momenta relative to the
external space P and write

G = (;T g) , Aij = —k; - kj, Hij,=—ki py, T=A- HE'HT. (2.28)

Appendix A.5 proves
Tij = _ki,J_P : /{?"J_p, T >~ O, B = (det E) detT = —AdetT. (2.29)

Here 1 P refers to the common external orthogonal complement, rather than to the stage-
dependent VZ-J-. Thus, in the starting integer dimension,

Cy={zeRM : T(2) = 0}. (2.30)

The rank condition rank T < D — e is automatic when D — e > [. In smaller integer dimension
it becomes an additional constraint, which is why the full-dimensional coordinate proof starts
with D > e+ 1.

For completeness, every matrix 1" = 0 can be realized as the Euclidean Gram matrix of [ vectors
in RP~¢ when D — e > [, for example by a Cholesky or spectral factorization. Their parallel
components are determined by H and E. This shows that (2.30) describes precisely the scalar-
product image of the real momenta in the starting dimension. The interior has T > 0; the
closure includes the degenerate boundaries.

Positive semidefiniteness means b Tb > 0 for every real b; it does not mean T;; > 0 entry by
entry. Moreover, the single determinant condition —B > 0 is necessary but, at several loops, is
generally not sufficient.

The real-coordinate derivation is first valid wherever a common regulator permits the angular
integrations and changes of variables. The Feynman prescription is kept during this calculation.
Dimensional regularization is then understood as meromorphic continuation of the regulated
formulas, not as a literal Euclidean sphere in a noninteger-dimensional real vector space.

Comparing with a Wick-rotated textbook formula requires a consistent choice of contour orien-
tation and branches of complex powers. Do not replace (—B)Y by BY while dropping its phase,
or remove i~ without a corresponding contour rotation. For purely spacelike or degenerate-null
external spans, the same algebraic Gram identities may remain useful, but the real transverse
spherical proof does not automatically apply.

10
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A Gram determinants, areas and orthogonal projections

A.1 Euclidean geometry and the induced metric
For Euclidean vectors vq,...,v,, define

H,p, = v4 E Up. (A.1)
The parallelotope X (t) = >, tqVa, 0 < t, < 1, has

dX ‘5 dX = Hgdt, dty. (A.2)
a,b

Thus H is the metric in the coordinates supplied by the chosen edge vectors. Its Euclidean
volume is vdet H. At two vectors,

det H = |ul?|v]? — (u g v)? = |u|?|v|?sin? § = (base x height)?. (A.3)

Y

Figure 3: Euclidean illustration only: det H = |u|?|v,|?. The Minkowski sign is treated sepa-
rately below.

More generally, if the edge list is changed by an invertible matrix M, then H = MTHM and
det H' = (det M)?det H. This is precisely the square of the corresponding volume scaling. A
shear has determinant one and preserves it.

A.2 Wedge products and how the metric acts

The exterior product u A v represents a directed area element. It is antisymmetric and bilinear,
with uAu = 0. It can be constructed without a metric; assigning it a squared magnitude requires
the metric induced on bivectors:

(uNv,aNb)g = g(u,a)g(v,b) — g(u,b)g(v,a). (A.4)

In particular,
(u Av,u Av)g = u?v® — (u-v)2. (A.5)

The wedge retains the plane and its orientation; its squared magnitude does not retain that
orientation. Also, u A (v + cu) = u A v: adding a parallel component shears the parallelogram
without changing its directed area element.

11
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A.3 Minkowski signs and the tensor contraction
Write the bivector as W = %W“l’eu A ey, where
WH = ytov” — u”oH, Wy = guagl,ﬂWaﬁ. (A.6)

The metric acts on both indices. Since summing over both ordered pairs counts each coordinate

plane twice,
<VVa W>g = %W'LWW;U/
= L(u"v” — u"v") (uuv, — upvy) (A.7)
= (u-u)(v-v) — (u-v)2

For a general exterior degree r, the induced metric satisfies

(@A Narsqi A AN gr)g = det(9(gas b)) (A.8)

Our Gram convention has an additional minus sign in each row, so

detG(q1, ..., q) = (D)@ A Ngryqi N AN Gr)g- (A.9)

At r = 2 that extra factor is +1; at odd degree it must not be omitted. Unlike the positive
Euclidean squared norm, the induced Minkowski square can be negative. For W = p A k in the
rest frame of a timelike p,

WO =/sy", WP=0, Woo=-W"  IWHW, =-s> (y*)?=-sp. (A.10)

The nonnegative area magnitude in this nondegenerate two-plane is therefore /| det G(k,p)| =
V/5y/p. Its metric square is —sp. This sign is caused by the timelike-spacelike signature, not by
reversing the orientation of the wedge.

In Euclidean space, zero Gram determinant is equivalent to linear dependence. In Minkowski
space an independent list can span a degenerate subspace. For example, in signature (+, —, —),
u = (1,1,0) and v = (0,0, 1) are independent, but u? = u - v = 0, so their Gram determinant
vanishes. Their wedge is nonzero but has zero induced square. For the bubble with timelike p,
by contrast, det G(k,p) = —sp = 0 forces k; = 0 and hence & || p.

12
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A.4 The one-vector Gram-ratio identity

Let V = span{uy,...,us} be nondegenerate and set S = G(uq, ..., uq). Define
£ = —k?, bo = —k - ug, k= catla.
Orthogonality of k; =k — k| to V implies
b= Se, c=S"1b, —kj = c'Se=b"S5"1b.

Thus
—k2 =¢c—-bT's .

T
G(k,uy,...,uq) = (g %)

Multiplication on the left by a determinant-one block matrix gives

1 —bTs-1\ (¢ »T\  [e-bTS b 0
0o I b S|~ b s/

Taking determinants proves

The full Gram matrix is

det G(k,uq,...,uq)
det G(uy, ..., uq)

=¢—blS = k2.

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

This is an algebraic identity for any nondegenerate V. The nonnegativity of its right-hand side

additionally requires that V1 be spacelike.

13



BAIKOV REPRESENTATION

A.5 Several transverse momenta and the Schur complement

Use the common external decomposition

ki =k p+kiLp, kijp =Y _(¢i)aPa- (A.17)

a

The matrices in (2.28) satisfy, in row notation,
Hi=c¢E, ¢=HE",  kjp kjyp=—(HE'H");. (A.18)
Subtract the parallel scalar products from the full scalar products:
Tyj = Aij — (HE'H" )i = ki1 p - kj Lp. (A.19)

For every real column b € R,
2
bI'Th = — (Z bik; LP) >0, (A.20)

because P is spacelike. This proves T = 0 as a matrix statement. For instance, (_11 *11> =0

has negative off-diagonal entries. It is therefore incorrect to require 7;; > 0 entrywise.

Finally, block elimination yields
I -HE™Y\( A H T 0
(0 I ) (HT E) B (HT E) (A.21)

|B=det EdetT = —AdetT. | (A.22)

Taking determinants,

This factorization explains both the real-domain sign of B and the external Gram factor. It also
separates two kinds of degeneracy: a singular external Gram matrix E prevents this projection,
whereas a singular 7' describes a boundary of the transverse Gram domain when F remains
invertible.

14
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B Hyperspherical measures

This appendix fixes the angular convention used throughout the notes. Let n be the ambient
Euclidean dimension. Its unit sphere is S !, and dQ,,_; denotes the surface measure on that
sphere. The subscript counts the angular dimensions, not the ambient dimensions.

Radial and angular coordinates

For y € R”, write

y =ru(h), r=ly| >0, u-u=1. (B.1)
For integer n > 2, one possible parametrization uses 61, ...,0,_2 € [0,7] and ¢ € [0, 27):
j—1
Yy =r Hsin@a cos 8, 1<j<n-2, (B.2)
a=1

n—2 n—2
Yn_1 =1 (H sin 0a> cos @, Yp =T (H sin 9a> sin ¢. (B.3)
a=1

a=1

Empty products equal one. In the Jacobian matrix, the radial column is 0,y = u, whereas each
of the n — 1 angular columns has the form 0p,y = r 9y, u. Factoring out one r from each angular
column gives

n—2
d"y =" Ldr dQ,_1 |, dQ,_1 = [H (sin@,)" 17 dﬁa] do. (B.4)

a=1

This is a coordinate change; it does not require rotational symmetry of the integrand. Rotational
symmetry is needed only to perform the angular integral independently.

Introducing p = r? yields

dp 1 _
dr = dy = =p"2 1dp dQ,_q | B.
r NG y=3p p 1 (B.5)

The radial transformation preserves orientation for r > 0. The origin is a coordinate singularity,
rather than an additional sign choice.

15
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Total solid angle from a Gaussian integral

Evaluate the same Gaussian integral in Cartesian and radial coordinates:

d'ye v = H/ dyg e Ve = 7/2, (B.6)
R7 _1J—00
n, —y> o n—1_—r2 Qn n
d"ye™? :Qn—1/ drr" e = rf=). (B.7)
R™ 0 2 2
Consequently,
27Tn/2
dQ,_1 = i (B.8)
S At 0
For a function depending only on y?, equations (B.5) and (B.8) give
Iy F (0 / dp 21 F B.9
L VVEW) =1 /2 pp (). (B.9)

The derivation starts at integer dimension. Subject to the usual convergence and regularization
conditions, its final integral formula can then be continued in the dimension. For n = 1, the
same result uses S° = {—1,+1} and Qg = 2.

Example: the transverse space at D =4

In the rest frame of a timelike external momentum, write k; = (0,y) and p = —k% = |y|%. At
D =4, the transverse dimension is n = 3. Explicitly,

y = (rsinfcos ¢, rsinfsin¢, rcosh), det 8(7’,8;’,@‘ = r2giné. (B.10)
Thus 1
Bk =r?dr dQy = §p1/2 dp dQa,  Qy = 4. (B.11)
For general D, replace n by D — 1:
1 or(D—1)/2
AP~y = ZpP=3/2qp dQp Qp 9= . B.12
L=5P dp dQ2p-o, D=2 = [(D=1)/2) (B.12)

16
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