Parameter representations

JIA ZHANG

1 Propagator representation
The basic identity underlying the Alpha-parameter representation is
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Recall the Gamma-function identity
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which was derived in Eq. (212). We make the substitutions

t— a, z — a, ¢ —i(A—10) (3)
we find
Re[i(A — i0)] = — Im(A — i0) > 0 (4)

Therefore, the Gamma-function identity gives

> a—1_—ia(A—i0) __ F(a) _ F(a)
A Male(Am_ﬁm—mW_wm—mw ©)

Now that the study of the preceding mathematical part is complete, we next examine the Feynman
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integral :

For the j-th propagator, we set

A=—g+m? (6)
in Eq. (1). This gives
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Thus, every propagator is replaced by one integration over a positive Alpha parameter.Then one can
see that the expression for each loop momentum appears in the exponential, and all of them are in a
form that can be squared. Therefore, we can use Gaussian integrals to integrate out all the momentum

variables, leaving only the o parameters, and these parameters are all greater than 0.

Next, let us look at a few examples following this line of thought.



1.1 Examples

1.1.1 One-loop vacuum

We begin with the one-loop vacuum integral shown in Fig. 1.
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Figure 1: One-loop vacuum diagram

D
d=/ (8)

1
2y
Ly (m™) = 57 / (=02 +m?2 —i0)m

D
Here, why do we put im2 in the denominator? In principle, it would not matter what number is in

the denominator, but in the calculations that follow we will find that using im2 saves a lot of repeated

writing.

From the original integral to the Alpha representation

Applying Eq. (1) to the single propagator,
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In the second line, the momentum dependence is separated from the mass dependence. In the third

line, the Gaussian momentum integral is evaluated.

In Minkowski spacetime, the squared momentum is
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Therefore, the D-dimensional integral factorizes as
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We now use the ordinary Gaussian integral
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For the timelike component, we set a = —ia, whereas for each spacelike component we set a = ia.

/oo ae° eia(EU)Q _ eiﬂ-/4\/?’ /OO 4 efia(ej)2 _ em/4\/?v j=1,...,D—1 (13)
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Substituting these one-dimensional integrals into Eq. (11), we obtain

D-1
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Hence,

Using i” = exp (i%p), the phase factor becomes

exp [I;T <1 - 1;)} = il=D/2 (15)

/dDg eiaZ2 _jl-D/2.D/2,~D/2 (16)

Consequently,

With the normalized loop measure used in the Feynman integral, this gives
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This yields the Alpha representation in Eq. (9) for the original integral in Eq. (8).

The parameter integral is
> a1—D/2—1 _—ia(m?—i0) _ :D/2— D 2 .D/2—
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Here we can easily see Re[i(m? — 40)] > 0. The final result is

I'(ay — D/2)

m2) = (m2 — i0)P/2—a
I, (m?) = (m? — i0) )

(19)

The direct parameter integral converges initially for Re(a; — D/2) > 0. The final meromorphic

expression defines the result outside this region by analytic continuation.

From Alpha parameters to Feynman parameters

To convert the Alpha representation into a Feynman-parameter representation, we insert

1:/0°°dA5(A—a)



into Eq. (9) and define

o=\t

The integration measure and the delta function transform as
1
da = Adz, d(A—a)=0A1—2)) = Xd(l—x)
The two factors of A\ therefore cancel:

dAdad(A —a) =drdz (1 —z)

Thus, the Alpha representation becomes

I, (m?) = @ /00 dA /OO dad(\ — ) a®~D/2-1gmia(m?~i0)
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Because Re[i(m? — i0)] > 0, we then use the Gamma-function identity

/ AA NVl M0 — =V p() [2(m? —i0)] Y, Rew >0
0

Substituting this result into Eq. (20), the phase factors cancel, giving the Feynman-parameter repre-

2y _ Lla = D/2) [ B gu—D/2-1
I, (m ) - F(al) /0 dz 5(1 33) [x(mz _ iO)}“l_D/z (21)

sentation

Since there is only one propagator, the constraint fixes z = 1, leaving no independent Feynman

parameter. Thus,
F(a1 — D/2)

Izz1(m2) = F(al)

(m2 _ io)D/Q—al
in agreement with Eq. (19).

1.1.2 One-loop bubble

Next we consider the one-loop bubble integral shown in Fig. 2.
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Figure 2: One-loop bubble diagram
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Here both internal propagators are massless, while the external momentum p is kept off shell in

general, s = —p?.

From the original integral to the Alpha representation

Applying Eq. (1) to the two propagators in Eq. (22) gives

2 jrta a1—1 a 1 dDE : 2 : 2
Loya, (02) = / dal/ dag a® Ll / Y exp{ion £* + ica(p — €)* — 0(a1 + a2) }
(23)

Here, —0(a; + a2) is the damping factor generated by the —i0 prescription of the two propagators.

Expanding the quadratic form gives

al? + as(p — 6)2 = (g + a2)€2 — 2009p - £ + aap?

2
(0%) a1y o
= (a1 +ag) (£ - + 24
(a1 a2) < o +a2p> o +a2p ( )
We therefore set
=022, 4Py =dPy 25
a1 + Oézp (25)

and use the Minkowski Gaussian integral
/dDﬁ/ eilartaz)t® _ ilfD/ZWD/Q(Oq + a2)7D/2 (26)

Thus, the Alpha-parameter representation of the original integral is

CL1+(12 D/2 a1 laag 1 Py
Tayay (P%) = / dOél/ dOé2 2D/2€ p[‘ -2 pz—O(m—I—o&)]
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From the Alpha representation to the Feynman representation

To obtain the Feynman-parameter representation, we insert
[0.9]
1:/ d)\é()\—ozl—ag)
0

into Eq. (27) and, as before, define
oy = )\IL'Z

Since A = ), o, the integration measure and the delta function transform as

1
qu deQ = )\2 da;l d:CQ, (5(/\ — Q1] — 042) = Xé(l — 1 — 5132)

Therefore, one factor of A remains:

d)\dOzl dag (5()\ — 1 — 042) = /\d)\dxl dxg (5(1 — 1 — 3;2).



Combining the remaining factor of A from the measure with the powers in the integrand gives

\ (A:m)al;\;(/);xz)m_l _ pwrtea=D/2-1 a1 a1

Thus, the Alpha representation becomes

a1+a2 D/2 alflaagfl a
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(28)
We then use the Gamma-function identity
/ AA N le A @ 0] — =YD () [— gy 20p? — 107V, Rew >0
0

Substituting this result into Eq. (28) gives the Feynman-parameter representation

F(a1+a2—D/2 air1gge—l
2 1 T
Ia1a2 (p ) N F / dxl/ dzs 6 L—a - 132) [—xlxgp — 10}a1+a2—D/2 (29)

Since there are two propagators, the constraint leaves one independent Feynman parameter. Inte-

grating over x3 and writing z1 = x, we obtain

I'(ay +as — D/2) /1 zM (1 — )]
Ia a %) =
1 2(]9 ) F(al)F(GQ) ) dx [_3:(1 —:v)p2 _10]a1+az—D/2
—a— F(a1+a2—D/2)/1 e o
— (_p2\D/2—a1—az d D/2—az—1 1_ D/2—a;1—-1 30
(—p%) T(a)T(as) ; TT (1—2) (30)

The delta-function constraint removes one Feynman-parameter integration, leaving a single indepen-

dent parameter.

Using the Beta function identity
! [(u)l
/ dgcac“*I(l—x)”*l:M Reu >0, Rev>0
0

the final result is

D/Q_al_a2f(a1 + ag — D/2)F(D/2 — CLI)F(D/Q — ag)

Tayas (pg) = (—p2 —i0) I'(a1)(a2)I'(D — a1 — a2)

(31)

For the displayed parameter integrals to converge literally, one may work initially in a domain
where Rea; > 0, Re(a; + a2 — D/2) > 0, and Re(D/2 — a;) > 0. The Gamma-function result is then

continued meromorphically beyond that domain.
1.1.3 Double box

Then we study the two-loop massless double-box integral, whose topology is shown in Fig. 3.
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Figure 3: Double box diagram
Here we assume that all external momenta are massless and impose momentum conservation:
pL+p2=ps+ps,  p;=0, i=1,2,3,4
We choose s and t as the independent Mandelstam invariants, with u = —s — ¢:

s=(p+p)’,  t=@1-p3)’, u=(p—ps)=-s5—t

Following the momentum routing shown in Fig. 3, we define

q = {1, @ =p — 0, g3 = p2 + 1, qa =0y
g5 = p1 — {1 — {2, g6 = p2 + {1 + L2, gr=p1—p3—4{1— 4

The corresponding two-loop integral is

dPe, dez 1
Ia1~--a7(5’t):/iﬂ-D/Z/lﬂ'D/Z C] 710

For later convenience, we define

1L

From the original integral to the Alpha representation

Applying Eq. (1) to all seven propagators gives

a1 dPe, dP s,
11[ H/ daj i /17TD/2/i7rD/2 Z: qj +1i0)

-~

Ioy.a-(s,t) =

Substituting the momenta defined in Eq. (34), we obtain

D ajq) = arli + az(pr — 1) + as(p2 + ) + 0uls + as(pr — b — )
=1

+ 046(]72 + 01 + 52)2 + a7(p1 —p3— 1 — 52)2



We expand each square separately:

(pr — €1)* = pT —2p1 - 01 + 43,
(p2 + 01)* = p3 + 2p2 - (1 + 41,
(p1— Ly —£2)* = pf —2p1 - (1 + €2) + (7 + (5 + 20, - Ly,
(2 + 01+ £2)* = p5 + 2pa - (1 + €2) + 07 + (5 + 20, - Ly,
(p1 —p3 =l —£2)” = (p1 — p3)? + 07 + 054+ 201 - Lo — 2(p1 — p3) - (01 + Lo) (39)

Using p? = p3 = 0 and (p; — p3)? = t, and then collecting equal powers of the loop momenta, Eq. (38)
becomes

7
Z ajq) = (a1 + g + a3 + a5 + ag + a7)6;
=1

+ (044 —+ a5 + ag + 047)63 + 2(0{5 + ag + a7)£1 -l
+2[~(a2 + a5 + a7)p1 + (a3 + ag)p2 + arps] - 11
+ 2 [—(as + a7)p1 + agpa + a7ps) - Lo + art (40)

Equation (40) allows us to identify the matrix M(®);

M@ — ap +az +as+as +ag +ag as +ag +ar (41)
a5 + o + oy a4 + a5 + ag + ay
The two linear coefficients in Eq. (40) define the vector B(®):
—(az + a5 + ar)p1 + (a3 + ag)p2 + a7ps
B — (42)
—(as +a7)p1 + aep2 + azps

Indeed,



Therefore, the completed square can be written directly as

7 T
41 )\ ! pa a b AN
;ajqf- = [<€2> + (M( >) B >] M@ K@) + (M< )> B@

+oagt — (B@)T (M(O‘)>7l B@

(44)

After shifting the loop momenta and relabeling the shifted integration variables as ¢, {5, the two

normalized Gaussian integrals become

T
/d% /df% AN
i M
inD/2 | igD/2 Uy o

B / aPe, [ aPe

2
D2 D2 exp 041 + g + a3z + as +a6+a7)£1

+ 2(045 + o + 047)51 . 62 + (044 + a5 + ag + 047)@} } (45)

We first complete the square in ;. The quadratic form in the exponent can be written as

(a1 + ag + ag + a5 + ag + 047)6% +2(as +ag + ar)ly - la+ (g + a5 + ag + 047)63

2
a5 + ag + oy
=(1+as+ag+as+as+ar) |+ 14
(1 +aztastas tastar) | b+ o e e T a7 2]
as + ag + ar)?
+ |ag + a5 + ag + a7 — (o 6 7) }62 (46)
a] + ag + a3+ as + ag + ay
We now perform the shift
a5 + ap + «
0 =0 + I > (47)
al + a2+ a3+ as + ag + ar
For fixed #5, this is a translation of ¢1, and its Jacobian is therefore 1:
dPe, = dPe
Eq. (45) therefore becomes
dPe
/mD/2exp[(a1+a2+a3+a5+a6+a7)€1]
dPr, (a5 + ag + ar)? 2
X | —=—=exp{i|as+ a5+ ag+ar — L 48
/i’]‘(’D/2 p{ |:4 > 6 ’ ay +ag + a3+ as + ag + ar 2 (48)

Using the normalized Minkowski Gaussian integral, the first integral is

ape, - )
/ i7TD/12 exp [i(a1 + az + az + as + ag + ar)lf] =17 (a1 + as + a3 + as + ag +ar) P (49)



and the second integral is

dPe, (a5 + ag + a7)? 2
expi i |y + as +ag + ar — ¢
/i?TD/2 p{ [4 > 6 7 a1+ ag + a3 + as + ag + oy 2

—D/2
. as + ag + ar)?
=i D2 a4 + a5+ ag + ay — (a5 6 ") (50)
a1 +ag + a3+ as + ag + ar
Multiplying Eqs. (49) and (50), we obtain
2 —D/2
D _D/2 (a5+a6—|—a7) ]
1 a1 +as+ a3+ a5+ ag + « oy + as + ag + ay —
( ! 2 3 > 6 7) |:4 > 6 7 a1+ ag + a3 + a5 + ag + ar
-D/2
=i (1 + a2 + a3+ a5+ ag + ar)(as + a5 + ag + ar) — (a5 + ag + a7)2} (51)
On the other hand, the determinant of the explicit matrix is
dot M@ — det a1+ o+ a3+ as + ag + ar as + ag + ar
as + ag + ag a4 + a5 + ag + ay
= (051 + oo + a3+ a5 + ag + 047)(054 + o5 + ag + 067) — (Oé5 + ag + 047)2 (52)

Hence,

del dD€2 El (a) £1 .—D (a) _D/2
/WD/Q/WD/Q o) ML) = (det M) (53)

We therefore define U(a) = det M), so that

Ula) = (a1 + as + a3+ as +ag + ar)(ag + as + as + ar) — (a5 + ag —|—a7)2
= (a1 + as + a3)(ag + as + ag + a7) + as(as + ag + ar) (54)

In the present massless case, the only nonvanishing invariant r]z is
2 2
r7 = (p1 —p3)” =t

Therefore, we can first define Fy(ov) :

T —1
Fola) = —artUt(@) +U(e) (B@) (M) B (55)
Using
Z/[(Of) (M(a)>_1 _ a4 + a5 + ag + ay _(a5+a6+a7) (56)
—(a5+0z6—|—a7) a1 + ag + ag + a5 + ag + ar
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we obtain
Fo(a) = — artU () + (a4 + a5 + ag + a7) [~ (e + a5 + a7)p1 + (as + ag)p2 + a7p3]2

—2(as + a6 + o) [~ (a2 + as + ar)p1 + (a3 + as)p2 + arps] [—(as + a7)p1 + agp2 + arps]
+ (a1 + a2 + az + as + ag + ar) [—(as + a7)p1 + agpz + 017]?3]2 (57)

The first square is
[—(a2 + a5 + a7)p1 + (a3 + ag)p2 + a7p3]2

= —2(a2 + a5 + ar)(as + ag)p1 - p2 — 2a7(az + as + ag)p1 - p3 + 2az(as + ag)p2 - p3

= —s(ag + a5 + a7)(as + ag) + taz(as + as + a7) + (s + t)az(as + ag)

= —s(az + as)(as + ag) + taz(ae + as + as + ag + ar) (58)

The second square is

[—(as + a7)p1 + aepa + arps)’
= —2a¢(as + az)p1 - p2 — 2a7(as + az)pr - p3 + 2a6a7p2 - p3
= — sag(as + ay) + tar(as + ar) + (s + t)agar
= — sasag + tar(as + ag + ar) (59)

The mixed scalar product is

[— (o2 + a5 + a7)p1 + (a3 + ag)p2 + a7ps] - [—(as + ar)p1 + asp2 + arps]
= —ag(az + as + ay)pr - p2 — ar(ag + a5 + a7)p1 - p3
— (a3 + ) (s + ar)p1 - p2 + a7(as + ag)p2 - p3

— (s + ar)p1 - p3 + asarpa - p3

S ta
=5 (eas + agas + 2as506) + 77 (2 + ag + 2a5 + 206 + 2007) (60)

The terms proportional to s are

Fola)|, = — 8{(@4 + a5 + ag + a7) (o + as)(as + as) — (as + as + ar) (cwas + azas + 2as06)
+ (a1 + a2+ a3+ as+as+ a?)asaﬁ}

= —s [a5a6(a1 + as + as + aq) + asas(ag + as + ag + ar) + azagas + 042044%} (61)

The terms proportional to ¢ are

Fola)|, = ta7{—1/{(a) + (g + a5 + ag + ar)(ae + az + as + ag + az)
— (Oé5 + g —1—047)(062 + a3 + 2a5 + 206 + 2047) + (041 + a9 + a3z + a5 + ag + 047)((15 + g —1-047)}

= —tajogar (62)
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Combining these terms, we finally obtain

.7:0(01) = — 35 a5a6(a1 + a9 + a3z + 044) + 042043(&4 “+ a5 + ag + Oz7)

+ azauas + a2a4a6] —tojogoy (63)

Restoring the Feynman prescription, we define the full polynomial by

7
Fla) = Fola) —i0U(a) Y aj. (64)
j=1

After performing the two Gaussian integrations, the Alpha representation becomes

iA_D

Ioyoar(s,1) lﬁl/ooo doy a;?j—l Ula) P/ exp [—15(0)} (65)

ﬁf(aa’) 7 )

j=1

From the Alpha representation to the Feynman representation

We insert
0o 7
1:/ AAG | A=) ay (66)
0 -
7j=1

and define
Ozj = )\xj (67)

Then x; > 0 and Z;’:l x; = 1. The measure and delta function give
7 7 7 7
dM | [T day |6 [ A= oy | =28 | []dz;|o[1-> = (68)
j=1 j=1 j=1 j=1

From Egs. (63) and (54), the two polynomials satisfy

UNz) = NU(x),  Fx)=\F(x) (69)
Combining the measure, the propagator powers, and the factor &/ ~P/2, the dependence on the overall
scale is
7 7
AT Oa)Ua) P2 = AP TP | U(z) P2 (70)
j=1 j=1
The remaining scale integral is
> A D G F@)] Fa)] 74P
dA AP~ Lexp [—1)\ } =i~U=D)p4 - D) [ (71)
/0 Uz) U(x)

12



The phase in this expression cancels the phase in Eq. (65). We finally obtain

7 7
I(A—D © U(x) 3P/
liean(5,8) = "2V ] /0 daja ™ | 6 | 1= a5 .7(-'(313)A—D (72)
[Ir) V- =
j=1

Here U(x) and F(x) are obtained from Eqgs. (54) and (63) by replacing every «; by z;.

Here we can see that D appears only in the determinant and the gamma function, so we can

naturally analytically continue D to non-integer values.
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2 General Feynman integral
We now consider a general integral family with L independent loop momenta and N propagators:
L

D N
(L) d~e, 1
Iy = - - 73
1an / <H 17TD/2> I1 (—Z + m2 — 10)® (73)

r=1 j=1

The momentum of each internal line can be written as

L
q; = Z erﬁr + 1 (74)
r=1

where the ¢;, are real numbers determined by the momentum routing, typically 0, £1, and r; is a fixed

vector constructed solely from external momenta.

From the original integral to the Alpha representation

Applying the parameter-integral identity to each propagator gives

N
iijl a;j N

@) 0o . N L dD€ N
o a;— . 2 . T . 2
Iill"'CLN = W(E/O dOé] O[jj )eXp —1 E oz](mj — 10) / <H i7rD/2> exXp|1 Oé]qj

j=1 r=1 j=1

(75)

Substituting Eq. (74) into the quadratic form in the exponent gives

N L N L N N
Z ozjqu = Z Z a;jcjrCis | br - ls + 2 ZET . Z ajciry | + Z ozjr?- (76)
J=1 r=1 j=1 j=1

r,s=1 \ j=1

This is an ordinary multivariable quadratic form. To avoid repeatedly writing the same sums, we

denote the coefficients of the quadratic and linear terms by
N N
M) =" ajejecis, B =Y ajejr; (77)
j=1 J=1

Here, M is an L x L real symmetric matrix with the explicit form

N N N
§ :O‘Jle E :O‘JCJlCJ? E :%CﬂCJL
j=1 j=1 Jj=1

N N N
@ E :aJcJQCﬂ E @jCy2 E QCj2CiL 73
- 7j=1 7=1 7=1 ( )
N N N
. . . . . . .« .. . 2
E :O‘JCJLCJI E :OCJCJLCJZ E  0Cj,
=1 =1 j=1
It satisfies
N N
o (63
M) =3 ajejseir = Y agejeeys = MY (79)
j=1 j=1
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Its inverse is defined by

> Mp(M ey =06,  mu=1,...L (80)

The corresponding column vector is

N
Z Oéjlerj
By 3;1
By Z Q;jCjoT;
. =1 j=1 (81)
B, N
Z QGCiLTj
j=1
We perform the shift
L L
O =4+ Z:(M_l)rsBS and, equivalently, ¢, = £ — Z(M_l)rsBs (82)
s=1 s=1
Substituting Eq. (82), we first consider the quadratic term:
L
Z ]\47“5Z f - Z Mrs [El Z( - )ruBu g{g - Z(M_l)szv
r,s=1 r,s=1 u=1 v=1
L
= Ml -0, - Z Mg (M) g £, - Z Mo (M ™)y By - £
r,s=1 r,s,u=1 r,s,u=1
L
+ Z Mrs(M_l)ru(M_l)szu : Bv (83)

r,s,u=1 rau=1
L
— > Mpo(M)puBy - £ = Z OsuBu -ty ==Y U, B,
r,s,u=1 s,u=1

15



Finally, consider the terms involving only B:

Therefore, the complete quadratic term can be written as

Z Mol - £y = Z M, oL, - £, —QZE’ - By + Z » - B (84)

r,s=1 r,s=1 r,s=1

On the other hand, the linear term becomes

L
2Ze - B, _QZ[e’ > (M~"),sBs| - B,
s=1
L
:224- —22 YsBs - B, fzze’ B,—2> (M ").sB,- B, (85)
r=1 r,s=1 r,s=1

Adding Egs. (84) and (85), we see that the cross terms involving ¢, - B, cancel:

ZMTJ e+2Ze . B,

r,s=1
L
Z M, 0. - 0, —225’ B, + Z Y,sB, - By +2Ze’ —2 3 (M™),.B, - By
r,s=1 r,s=1 r=1 r,s=1

L L
- Z Mrsé;ﬂ 'E; B Z (M_l)TsBT - Bs

r,s=1 r,s=1

Thus, we obtain

N L
Z an] Z Mrse/ el + ZOZ] i Z 71)7‘5BT - By (86)
Jj=1 r,s=1 r,s=1

The general matrix Gaussian integral derived in Appendix A.1.1 contains no Lorentz-space dimension.
We now apply that result separately to each Lorentz component. In the interior of the Alpha-parameter

domain, o; > 0. For any nonzero real L-component vector v,
I 2
v Mo = Z v Mysvs = Z a; (Z c]rvr> (87)

r,s=1

provided that the routing matrix cj, has rank L. Thus M is positive definite, as required by the
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matrix Fresnel formulas. For every p, introduce the L-component column vector

o

I
=1 (88)

4

With the mostly-minus Minkowski metric,
L D—-1 7 )
SO Ml f = (€°) Me® — 37 (9)" Mg (89)
r,s=1 j=1

The original integral therefore factorizes into one L-dimensional matrix Fresnel integral with a positive

phase and D — 1 such integrals with a negative phase, we find

L L
/ <Hd%> exp (i) Myl - £,

r=1 r,s=1
i D-1
— / a"e" exp(i (E’O)TME’O)] I1 [ / a"e exp(-i (ﬁ’j)TME’j)]
L j=1

_ D-1
— | iLm/4 wl/2 o—iLm/4 nl/2
vdet M vdet M

:iL(lfD/Q)ﬂ_LD/Q(det M)*D/Q (90)

For dimensional regularization this result is first obtained for integer D and then analytically continued
in D. Substituting Eqgs. (86) and (90) back into the integral gives
iyaj-LD/2 N

(L) o aj—1 _
B, = / day o) (det M)
o H;V:lf‘(aj) ]1;[1 0 ’
L

N
X exp{—i [Z aj(mg — rjz —10) + Z (M_l)TsBT - By
j=1

r,s=1

D
2

} (92)

To make this common structure explicit, we define

N
LD
A;Zaj, wEA—7 (93)
j=1
For the Alpha parameters a = (a1, ..., ay), we define
U(a) = det M), (94)
Fla) _ 5 S @\ g . g
Ta) = ; Oé] (m] — T] — 10) + Tgl (M ) y BT BS (95)

17



The general Alpha representation in Eq. (92) takes the compact form

cA-LD/2 [ N = roo B
I oy = 1N7 11 / dajaf ™" | U(e) "% exp [—i Zg;ﬂ (96)
_14J0
HF(a i=
j=1

From Alpha Parameters to Feynman Parameters

For the Feynman parameters = (z1,...,2y), we define
N N N
a; = axj, a= Zozj, M®) = ijcjrcjs, B@® = Zﬂfjcjﬂ“j (97)
j=1 j=1 J=1

with z; > 0 and Zé\le xrj =1
Since M and B are both linear in their parameters, one has
M@ (az) = aM@ (x), B (az) = aB®(x) (98)

and consequently

<M(a)(a:c))7l — (M(w)(m)) . det M@ (az) = ol det M@ (z) (99)

The term containing the inverse matrix therefore scales as

r,s=1
L -1
~a [(M(x)(:c)) ] B@(z) - B () (100)
r,s=1 rs
It follows that
N L 1
S aj(m? 12 —i0)+ > [(M(O‘)) ] B . B
j=1 r,s=1 rs
N L 1
=« [Z x; (m? — Tj2- —i0) + Z [(M(x)) } B® . B(®) (101)
j=1 r,s=1 rs
Thus, the homogeneity relations are
Ulax) = olU(x), Flax) = ot F(x) (102)
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where

U(x) = det M@, (103)
Flz) < 52 . 3 @\ | @ .p@
ji= r,8s=

The integration measure on the positive orthant decomposes as

N N N
Hdaj = oV lda Hd:rj 01— ij (105)
j=1 j=1 j=1

Combining this Jacobian with the powers of the parameters and with the homogeneity of U, the

dependence on the overall scale becomes

N N

oVt l_I(ozacj)“J'_llxl(ozar:)_D/2 = oA~ LP/2-1 f;j_l Z/{(m)_D/2 (106)

J=1 J=1

The remaining scale integral is

/OOO da o Lexp [—mﬂ‘”)] =T (w) r(m)] Coaoal P (107)

Uz) U(x)

Here Re[i 553] > 0 is always right, so just need to stasify Rew > 0.

We therefore obtain the general Feynman-parameter representation

N 0 N
PO r(zjxv— LD/2) H/ dry e | 6 (12 0y | x i) [f(w)
[Ire@) VvV ’ o
j=1

) N | N A—(L+1)D/2
_ w 11 /0 drjaP ™ ) o { 1= u(}n()x)ALD/2 (10%)
[T V™ "~
j=1

Thus, once U and F /U are known, the desired parameter representation follows directly from the

corresponding change of variables.

Previously, if we directly defined D as a non-integer, we would easily become quite confused about
D-dimensional integrals. For example, for D = 3.8, what is d*>®¢? But when we change the Feynman
integral from the momentum representation to the alpha and Feynman parameter representation, the
whole integral becomes integer powers of the parameters multiplied by powers of the polynomials ¢/ and
F, and the dimension D appears only in the Gamma functions and in the powers of the polynomials
U and F. Since U and F are both polynomials, their non-integer powers are also reasonable, so after
using the parameter representation we can more naturally accept Feynman integrals after dimensional

regularization.
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3 Lee-Pomeransky representation
The Lee—Pomeransky representation is
N

T(D/2) o )
Lgf.)..al\, = | |/ dIL’jJI-] g(w) D/2 (109)
J
r(5 - a+ 22) T T(ay) \j=i /0

where

G=U+F

First, we insert a delta function, which does not affect the result:

N
— xixqiil 7D/2 — T xixq{iil 7D/2
(g/d w7 / o -3 (H/d )+ )

We then factor out the overall scale by defining

N
Tj=py;,  p=)
j=1

Since z; > 0, we also have y; > 0. Using the homogeneity of U and F, we find

G(py) =U(py) + F(py) = p"U(y) + p" T F(y) = p" U(y) + pF(y)]

It follows that

vl

D
2

Glpy) 7 = p~ 7 Uly) + pF(y)]”

Therefore, the integral becomes

I’z/o dp— 51—2% (H/dyzy ) N2 4N G (py) =P
= [ ap R (H / dyz-yf”)m = 2w PR + pF )
=1 i

N

N 00 o)
(H/O dy; y?i_1> S{1-"y /O dp p=i = EP2T U (y) + pF ()] PP
i=1 j=1

N oo N (1+L) LD s~ g
o L a — 2)1(- N AR
= ||/ dyjyi | 81D, = DZ <u> U
j=170 2)

j=1 I

(110)

This reproduces the Feynman-parameter representation and therefore verifies the Lee-Pomeransky

representation in Eq. (109).
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A Gaussian Integral, Gamma Function and Beta Function

A.1 Gaussian Integral

We begin with the standard Gaussian integral

I:/ e~ da (111)

—00

. . _ 2 .
Since the function e™®" is even,

I= 2/ e dx (112)
0

First, we need to ensure that this integral is well-defined, that is, that it converges, before we can
proceed to integrate over them. On the interval [0, 1], the function e~ is continuous, so fol e da

is finite.

For z > 1, we have 22 > z, and hence

oo
0<e™ <e™", / e Pdr=e! < o0 (113)
1

Thus, floo e dx converges. Therefore, I is finite and positive, and we may square it:

I? = </ e dx) </ eV’ dy>
:/ / e eV dy dy
o e
:/ / e~ @) da dy

Because x and y both range from 0 to infinity, over the entire two-dimensional plane we can define

polar coordinates well, and their ranges can also be specified well:

x =rcosb, y =rsinf (114)
with
0<r<oo, 0<6<2rm (115)
SO
2?2+ 9% = r?cos® 0 + r?sin? 0 = (116)

The Jacobian determinant of this transformation is

Ox Ox
o(z,y) _lor 90| _ c.os 60 —rsinf (117)
a(r,0) @ @ sinf  rcosf
or 00
=rcos® 6 +rsin®0 =r (118)
Therefore, the area element satisfies
dxdy = rdrdf (119)
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Therefore,

Let
=1 du = 2rdr
Thus
& 1 [ 1 1
/0 re ’"2d7“:2/0 e “du_§ [—e‘“}go 9
and hence

1 o0
I2:27r-2:7r,—>/ e*IQda::\/E
—00

We now consider the more general integral and complete the square in the exponent:

) b\? b b\? b2
—ax” +bxr = —a (x_2a> ~ i :—a(ﬂs—2a> +@

SO
e—ax2+bm — ebQ/(4a)e—a(r—%)2
and
/ fax2+bmdx — ebz/(4a)/ e—a(x—;a)z dr
— 00 —0o0
Let
(%)
u=+a|x— =—
2a
For a > 0,
d
du=ade,  dr= \/%
As x — —o00, u = —o0, while as z — 400, u — 400. Since a (:U — %)2 = u?, we obtain

> —az?+bx _ b%/(4a) /oo —u? du
e dr =e e —
—oo o Va

b2/(4a) oo
S e du

Vo Jos

_ \ﬁ o/ (4a)
a
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(123)

(124)

(125)

(126)
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A.1.1 Gaussian integral for a general quadratic form

Let
I bl
T b
o= |7 b= (129)
‘TTL bn

For any real matrix A, only its symmetric part contributes to the quadratic form because

T
2 Az = 2" (A +2A ) x (130)

We may therefore take A to be real and symmetric. For the ordinary Gaussian integral we further

require A to be positive definite, so all its eigenvalues are positive and the integral converges.

We first complete the square. Since AT = A, one has

1. " 1.
—(x—=A""b) Alxz—=-A""b
2 2

1 1 1
=z Az + ~z"b+ 5ng.: - ZbTA—lb

2
1
=zl Az +bTx - ZbTA’lb. (131)
Consequently,
T T L, * L Loy,

—x Az +bx=— w—iA b A az—iA b +1bA b. (132)

With the translation )
y=1x— 5A—lb, d"z = d"y, (133)

Eq. (132) gives
/d":v exp(—mTAzc + bTa:)

= exp<ibTA_1b) /d”y exp(—yTAy) . (134)

Because A is real and symmetric, it can be diagonalized by an orthogonal matrix S:
A= STAS, A = diag(A, Ao, ..., M), Ao >0, STs=588T=1 (135)

Set
z =8y, y=5Tz (136)

Since S is orthogonal, | det S| = 1 and therefore

d"y = |det ST|d"z = d"z (137)
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The quadratic form becomes

yTAy = yTSTASy = 2TAz = Z Na2?

a=1

Hence the n-dimensional integral factorizes into n ordinary one-dimensional Gaussian integrals:

/d”y e Y Ay — /d"z exp <— Z )\az2>
a=1

:H/m Qe = [ |5
a=1 ) i a=1
= 7"/? (H )\a>
a=1

On the other hand,
det A = det(STAS) = det(ST) det(A) det(S)

= (det S)* ﬁ Ao = ﬁ A
a=1 a=1

Combining Egs. (134), (139), and (140), we obtain the general matrix Gaussian integral

n/2 1

™

d"z exp(—ar;TAm + bT:c) = exp( =bTA b
Vdet A 4

A.1.2 Fresnel integrals

We now evaluate the Fresnel integrals

o . 2 oo . 2
/ dzx e'**", / dze ™, a>0
—00 —00

Unlike the ordinary Gaussian integral, these integrals are not absolutely convergent because

‘eiia:pz _

Their convergence instead comes from the rapid oscillation of the complex exponential.

For R > S > 0, we use
d . .
= elar® _ 9jqp elor?

dx

to write

Integration by parts therefore gives

R L eiaﬂﬁ2 R i R eiaﬂﬁ2
dz e = | = - dr —;
IS 2iax S 2c0 Jg z
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(140)

(141)

(142)

(143)

(144)
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Expanding the boundary term in Eq. (146), we have

: 2 10 G2 . iax?
R coa? elaR elaS i R elax
dze = — _——— — dzx 5
g 2icR 2SS 2a Jg x

Taking the absolute value and applying the triangle inequality gives

R iaR? iaS? R iax?
. 9 e e e
dz e | < — dz
/S ~ |2iaR 2iaS | 2« /S x? ‘
Since
o’ =1, i =1,
the first two terms become
eiaR2 1 eia52 1
%iaR|  2aR’ %S|~ 208"

For the remaining integral, the integral triangle inequality gives
iax?

/R q eiax2 _ /R q e /R dz 1 R 1 1
X €T = —_— = —_—— —_ - — —
g 2 |7 Jg x? g x? r|l¢ S R

Combining these results, we obtain

R c 2
S

1+1+il_l_1+1+1_1
~—2aR 208 2a\S R) 2aR 2aS 2aS 2aR
1

oS

Notice that the two terms proportional to % cancel. Hence

(147)

(148)

(149)

(150)

(151)

(152)

(153)

This bound is independent of R. Therefore, the tail of the integral can be made arbitrarily small

for every R > S, which proves the convergence of fooo dz eioe? by the Cauchy criterion. The same

argument applies to e~197” We now calculate their values.

o0
/ det eit2
0

and then recover the general parameter o > 0 by a simple change of variables.

Our strategy is first to evaluate

Step 1: A constant combination For x > 0, consider the expression

x ) 2 1 iz? (14+t2)
/dtelt2 +i/ s
0 0 1+1¢2

We shall prove that this expression is independent of x.
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The derivative of the first term is

d z 't2 2 z 't2 d z 't2
— te' =2 ! — !
d$</0de > </0 dte )dx</0 dte

= ¢l /m dt elt”.
0

Here we have used the fundamental theorem of calculus:

i </ dteit2> = el@”
d.’E 0

For the second term, we first note that

d . .
@6112(1“2) = 2iz(1 + 12) e (1+17),

Therefore,

d 1 eix2(1+t2)
4 / s
dﬂ? 0 ]. "‘ t2

: /1 2iz(1 + 2)el’ (1+1%)
=i/ dt
0 1422

1
= —Qx/ dt ele” (1+8%)
0

1
= 2xeir2/ dt elz’t?
0

For z > 0, we make the change of variables
u = xt, du = z dt.
When ¢t = 0, we have u = 0, and when t = 1, we have u = x. Hence,

1 T
s 242 i, 2
x/ dte®™ :/ due™ .
0 0

Substituting Eq. (161) into Eq. (159), we obtain

d 1 eim2(1+t2)
4 / s
dx 0 1 + t2

z ") r 2
/ dte' :/ due™ .
0 0
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X
a2 102
= —2e%” / due™
0

The symbols ¢ and v are only dummy integration variables. Consequently,

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)



Adding Egs. (156) and (162), we find

x N2 1 iz?(14+t2)
a4 / dt et +i/ s
dx 0 0 1 + t2

— ¢l / : dt el” — 2¢i7” / ’ dt e’
0 0

=0.

Thus, the expression in Eq. (155) is independent of z.

(164)

To determine its value, we set x = 0. The first term vanishes, while the exponential in the second

term becomes 1. Therefore,

0 N2 1 i02(14-¢2)
/dte1t2 +i/ s
0 0 1+t2

./1 dt { [arctan f]. im
=1 ——= = 1l|arctan = —
o 1+1¢2 0 4

Step 2: The second term vanishes as x — oo We now prove that
L i (1487)

A e

Since |’ = 1, we have

242

1 iz?(1+12) 1 iz
/&e_/me.
0 1+ ¢2 o 1+1t2

For x > 1, we split the integration interval at t = 1/x:

242 242

1 iz 1/z iz2t2 1 ix
/dt62:/ dt = 2+/ dt —.
o 1ver ), 1+ Jip 140

For the first integral,

242

1/x ix
/ dt ~
o 1+

For the second integral, we use

%eix2t2 — 211’2t eix2t27
which implies
ix2t2 _ 1 geithQ
2ix2t dt

Integration by parts then gives

1 & eiz2t2 eix2t2
/W 1+12 | 2i22t(1 + t2)

27

1/ dt 1/z 1
§/ é/ dt = —.
0 1 +t2 0 X

1

1+412)

|

(165)

(166)

(167)

(168)

(169)

(170)

(171)

(172)



At the upper endpoint ¢t = 1, the boundary term is

a2 s a2
1 1
e e

2iz2(1)(1+ 1)  4diz?

Therefore,
eiz” 1
4ig? |~ 422
At the lower endpoint ¢t = 1/z, we have
eix2t2 ei962(1/1‘)2 ol

2ic2t(1+ 1) |,y ), 202(L/x)(1+1/22)  2ix(1l + 1/a?)

It follows that

el

2iz(1+1/22)

1
= <
2¢(1+1/22) —

1
2z

where we used 1 +1/2% > 1.

It remains to estimate the integral in the second line of Eq. (172). First, we calculate

d 1 1.4 1
dt | 2ix2t(1+1¢2)|  2iz2dt [t(1+12)]"

The remaining derivative is

d 1 —i(t+t3)_1——1+3t2 143
dt [t(1+¢2)] dt (132 2(14+12)2
Using
| _ L_ 1
’ 2iz2| 222’
we find

/1 dteix2t2£ 1

1z dt | 2iz2t(1 + t2)
1 ! 1 2

< / dt i
202 [y, 2(1+2)?

Equation (178) implies

! 1+ 3t2 bod 1
/ d’f2+322:—/ dt{z]
Ve (L2 Vet [H(TF )

1 1
T (/)1 +1/22)  1(1+1)
B T 1
T141/22 2
Since
S S <
1+1/22 2= 14+1/22 =7

(173)

(174)

(175)

(176)

(177)

(178)

(179)

(180)

(181)

(182)



Eq. (180) gives

/1 w2 d 1 1 T 1 1
TR Lt R—— [ Iy (A
1z dt [2iz2t(1+¢2) || ~ 222 \1+1/22 2) ~ 2z

Combining the two boundary estimates (174) and (176) with Eq. (183), we obtain

/1 FPRCa P S S SO B
e L+t3] 7 422 2z 20 x  4x?

Finally, combining this result with the short-interval estimate, we find

1 Gie(142?)
/ as
0 1+12

1 ir2t?
/ PP
0 14 ¢2

1 1 1 1

x  4x2 2z 2«
2 1
x  Adx?

Because

here proves Eq. (166).

(183)

(184)

(185)

(186)

Step 3: Evaluation of the half-line integral Taking z — oo in Eq. (165), the second term

vanishes. Since the Fresnel integral converges, we obtain

0 \2 in
it _
</0 dte ) =1

Using
i — ei7l'/2
we have .
17T m i7‘('/2
— = —e /"
4 4
Its square roots are
iﬁeiﬁ /4
5 .

The standard alternating-lobe argument for the real and imaginary parts shows that

o o
/ dt cos(t*) > 0, / dt sin(t?) > 0.
0 0
We must therefore choose the root with positive real and imaginary parts. Hence,

0 2
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(188)

(189)

(190)

(191)

(192)



Step 4: Restoring the parameter @ Let

u=+ oz, do = , a> 0.

BH

Then

/00 dg elo®” = L /00 due’ = Lﬁei”/‘l = 1ei”/4 T
0 \/& 0 \/a 2 2 (6

. ioz? - .
Since €'“*" is an even function of x,

e : 2 > ; 2 ; T
/ dy elor” — 2/ dy elor” — e17r/4 [
—0 0 «

Finally, the integral with the opposite sign in the exponent is the complex conjugate:

/ dz e—iozx2 _ |:/ dx eiou:2:| _ e—i7r/4\/?
oo oo Q

Combining the two cases, we obtain

o 2 : T
dz e:l:la:c — e:|:17r/4 =, a>0
oo Q
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A.2 Gamma Function

The Gamma function is defined by the following integral:

I'(z) = / t* et dt, Re(z) >0
0

(198)

Using the change of variables ¢ = 22, the Gaussian integral can be written in terms of the Gamma

function:

o0 2 o0 2
/ e ” da::2/ e ¥ dx
—00 0
o0

Therefore,

For Re(z) > 0, integration by parts gives
oo [o¢]
I'z+1) = / tre tdt = [—tze_t]go + z/ t*le~tat
0 0

The boundary term vanishes because

lim t?e~t =0
t—o0

and, for Re(z) > 0,
lim t* =0
t—0+

Hence, the Gamma function satisfies the recurrence relation

[(z+1)=2zI(2)

For a positive integer n, repeated use of the recurrence relation gives

I'(n+1) =nl'(n)
=n(n—1)IT'Mn-1)
=n(n—1)(n—2)I'(n—2)

=nn—1)(n—-2)---2-1T(1)

Since

we obtain
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(200)

(201)

(202)

(203)

(204)
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Now let

and therefore
I'(1+¢€) =el(e) (208)

Since the Gamma function is continuous at z = 1,

ImI(1+¢)=T(1)=1
e—0

Therefore,
limel'(e) =1 2
lime (€) (209)
It follows that 1
I(e) ~ - (210)
€

This shows that the divergent behavior of the I' function near 0 is %, and that it has only one pole.

Next we consider

I(a,z) —/ t*~temat dt, Rea >0
0

and set

Because Rea > 0, and

When ¢ varies from 0 to oo, u also varies from 0 to co. Therefore,

= [

oo
— a(zl)al/ uzflefu du
0

I'(z)
= 211
B (211)
Thus, we obtain the identity
o r
/ t#lem dt = CEZZ), Rea >0, Re(z)>0 (212)
0
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A.3 Beta Function

The Beta function is defined by the following integral:

1
B(z,y) :/O t" 11 —t)»"tdt,  Re(x) >0, Re(y) >0

Now we set

By the definition of the Gamma function (198), we write

F(a):/ u® e " du, F(ﬂ):/ VP le ™ du
0 0

Thus

(a)D(B) = </Ooo u*temv du) </OOO P lev dv)

= / / u® 1B L= (ut) quy dy
o Jo

We make the change of variables

U
r=u-+v, t=
u—+v
The inverse transformation is
u=rt, v=r(l-1t), 0<r< oo, O<t<1
The Jacobian determinant is
0(u,v) t T
= = —T
8(T7 t) 1—t —r
Thus
dudv = rdrdt
and

uoz—l,UB—l _ (Tt)a_l(?”(l _ t))ﬁfl
_ TaJrﬁthafl(l _ t)ﬁfl

33

(213)

(214)

(215)

(216)



Therefore

_ (/OOO potBlg—r dr) (/Olta—lu t)ﬂ—ldt) (217)

Because -
/ B le" dr = D(a + )
0
and .
/ 11 — 181 dt = B(a, §)
0
Therefore,
I'a)T
B(a, B) = F((O;) +(§)) (218)
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