On the Linear Regime of the Characteristic formulation of General relativity
in the Minkowski and Schwarzschild’s Backgrounds

Carlos Eduardo Cedefio Montafia! José Carlos Neves de Araujo?
Bishop, for a Schwarzschild’s background, and Médler, for a Minkowski’s background, were able to show
that it is possible to derive a fourth order ordinary differential equation, called master equation, for the
J metric variable of the Bondi-Sachs metric. Once 8, another Bondi-Sachs potential, is obtained from
the field equations, and J is obtained from the master equation, the other metric variables are solved
integrating directly the rest of the field equations. In the past, the master equation was solved for the
first multipolar terms, for both the Minkowski’s and Schwarzschild’s backgrounds. Also, Médler recently
reported a generalisation of the exact solutions to the linearised field equations when a Minkowski’s
background is considered, expressing the master equation family of solutions for the vacuum in terms of
Bessel’s functions of the first and the second kind. Here, we report new solutions to the master equation
for any multipolar moment [, with and without matter sources in terms only of the first kind Bessel’s
functions for the Minkowski, and in terms of the Confluent Heun’s functions (Generalised Hypergeometric)
for radiative (nonradiative) case in the Schwarzschild’s background. We particularize our families of
solutions for the known cases for [ = 2 reported previously in the literature and find complete agreement,

showing the robustness of our results. Finally, we apply this formalism to a binary point particle system,

obtaining the Peters and Mathews gravitational radiation formula.
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1. Eth formalism

e Originally based on the stereographic projection.!

e Regularises the differential angular operators, e.g. the Legendrian.

e It is a variant of Newman-Penrose formalism.

e Here, spin-weighted scalars are constructed by projection on tangent
vectors to the unit sphere.

e Here differential operators that inherits the properties of the covariant
derivatives are constructed.

e These operators are capable to rise or lower the spin-weight of the spin-
weighted functions.

'E. T. Newman and R. Penrose. Journal of Mathematical Physics. T 5 863-870 (1966) ; J. N. Goldberg
et al. Journal of Mathematical Physics. 8 11 2155-2161 (1967) .



1.1. Non-conformal projections on the sphere

e The finite coverage of the sphere removes the coordinate singularities in
the angular differential operators.

They are non-conformal transformation R? — R?

They help to improve numerical calculations providing quasi-regular grids.

Ideally they must be light, i.e., with an adequate geometry in order to
minimise interpolation schemes.

Discretisation schemes used originally in weather studies.?

There are infinite discretisation schemes, however two of them are the most
used in general relativity. The stereographic projection in two charts and
the gnomonic projection in six charts.

2C. Ronchi, R. Tacono, and P. Paolucci. Journal of Computational Physics. 124 1 93 —114 (1996) ; R.
Sadourny, A. Arakawa, and Y. Mintz. Monthly Weather Review. 96 6 351 —356 (1968) ; R. Sadourny. Monthly
Weather Review. 100 2 136 —144 (1972) .



Equatorial Plane /

South Pole
Figure 1: Stereographic coordinates construction: the equatorial plane is projected from the

south pole to the surface of the unit sphere. The interior points to the equator are projected
to the north hemisphere, whereas the exterior points are projected to the south.

e Stereographic coordinates defined from

pztan(g), (=pe?, q=R()., p="S(C), (1)

e The relationship between north and south charts is given by

(v = (5! (2)



e Unit sphere metric dQ? = q4pdz®dz” in diagonal form

df* + sin” Od¢* = ﬁ (dg* + dp®) . (3)

e and it supposed that the metric can e decomposed as

g = qadpy, with gpg” =2, gpg” =0 (4)
e [t is found that
2

(8%, +i6%)  Tu= e (8%, — i)

qA = (1+CC)

2
(1+¢Q)
qa=0,°%+1isinfhj,* Gy =0, —isinf,*

e The transformation rules for the dyads result as.?

qN - eZQQ§7 eia = _C_Sa (5)
Cs

3Newman and Penrose, see n. 1; Goldberg et al., see n. 1; J. M. Stewart. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, 1993. 1SBN: 9780521449465.



1.2. Spin-weighted Functions and Spin-weighted Differential Operators

e The spin-weighted functions 4W with spin-weight s can be constructed from
a tensor W', in the tangent space to the unit sphere, as

U =Ag Admghie (6)

where
b ) b i
A NAay _ A; Bim  _ qyBiBm
Ajy=[Taa A=Al =0y o @)
1=a i=a
and A, and A% can take the values ¢, or q,, and q% or g% respectively.

e The spin-weight s of the functions ;¥ depends on the number of g, q,,,
q“ or g% used to construct the functions.

e If m,s,n,r are the number of vectors ¢*,q", q4,,q,, respectively, used to
construct the spin-weighted scalar W, its spin-weight is given by

s=2(m+n)—(r+3). (8)



e O and 0 operators are defined from

0 W =qPAy Amghm 5,0 =g"A,; Advpln

Aln|D7 Aln‘Dj

e They result, after some algebra, in
0 =q" Up+sQ,U, 0.V =g",VUp—sQ,V,

where

1
)= §C]A§BQAB-

e In stereographic coordinates they take the form

_14¢?

0 2

(0g +1i0,) +5C, 0=

e In spherical coordinates they take the form

0=0y+icschOy—scotf and O = dy—icschO,+ scotb.

(9)



e Eigenvalue equation for the commutator

[0,0] U =25 ,U

e Spin-weighted spherical harmonics
3 Y = (I +1) — s(s + 1)"* 411 Vi,
Y =—1+1)—s(s—1]"* ,_ Y.

[
( o I 1/2
(=) 0% oYim for
Y, — 4 (I +s)!
sLim ) (l —|—8)' 1/2__3
(—1) (=) 0 oY, for
[
(1
ﬁ ((_1)m SYEm + 81/2 —m)
sZim = 4 sYim
1
E (SYEm + (_1)m 3Y2 —m)
Ver*

4Y. Zlochower et al. Physical Review D. 68 8 084014 (2003) .

for

for

for

m <0
m=20,

m >0

(14)

(17)



2. Linear Regime

2.1. Bondi-Sachs metric

e The Bondi-Sachs metric,’ reads as

28
ds®> = — (Ve ) du? — 2e2Pdudr

.
+ r2hap (UAdu — da) (UPdu — daP) (19)

where

2hapdrida® = (€¥ + €*) db? + 4sin O sinh(y — 6)d0dg
+sin6 (e + e ) do”. (20)

and ||hag|| = sind

e (V/r)e?? corresponds to o, U* corresponds with the shift vector in ADM
formulation, 3 is the redshift, hyp is the metric of the angular 2-manifold.

SH. Bondi, M. G. J. van der Burg, and A. W. K. Metzner. Proceedings of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences. 269 1336 21-52 (1962) .

SR. K. Sachs. Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering
Sciences. 270 1340 103-126 (1962) .




e I/ is re-defined as
V=r+w (21)

e and it is introduced the spin-weighted quantities

J = hapa?d®, T=hapq'7®, U=Uqu, U=U"%, (22

e Bondi’s gauge
1=K*—JJ (23)

e Bondi-Sachs Metric in terms of the spin-weighted functions J, J, K, U, U
ds® = — (625 (1 + E) — 7“2(JU2 +U?J + 2KUU)> du® — 2¢* dudr
r
2rt (K + J)U + (J + K)U)

— dad
1+ [ e
2ir2 (K — YU + (J — KU 2 (J+2K +J
_ L (( ) +2( ) )dpdu—l— r ( + 2;’_ )qu
1+[¢] (1+1¢P)
dir® (J —J 2r? (J —2K +J
it ( )dqdp— al i )dp2. (24)

(1 +[¢?) (1+[¢?)?



2.2. Linear Regime for the BS metric

(U+U)
1+ [¢[?

ds? = — (1 + % + 25) du® — 2(1 + 28)dudr — 2r* dqdu

(25)

e or for Minkowski’s background

4r? w
ds? = — du* — 2dudr + —————— (d¢* + dp*) — ( — + 28 du’
i (O )~ (2

—4Bdudr — 1 JQrT\QQQdu (U +U)dg —i(U —U)dp)
_ ) _
—4'2Mdd wdQ_dQ 26
TR ey ) o



e Making
V=r+w-2M (27)

we obtain perturbations to Schwarzschild’s background from the Bondi-
Sachs metric in the linear regime

2M
ds? = — (1 — —) du® — 2dudr + (alq2 + dp2)

o
r (L+[¢P)°

w o (J—=1)

— (— +28) du® — 48dudr — 4ir* —"——_dqd
(r+ 5) U Bdudr zr(1+‘cl2)2qp
22

_T\C!Qdu (U + U)dg —i(U — U)dp)
272 (J+7)

do? — dn?
ey W) )



2.3. Field Equations
The Einstein field equations reads
By = Ry = 87 (T = 227) = 0
In this formalism, we decompose this system of equations as

Ey»y =0, E, AqA =0, FE ABhAB =0 Hypersurface
Eupq?q® =0 Evolution
EFi1=0, FE;,=0, ElAqA =0 Constrain



2.4. Field Equations

87TT22 =

15,
-

26ﬁ (r'Us),

2r2

— 0B, +

87Thaq” =

87 (WP Typ — r*T) = —2000 +

0% +5°J . (r* (U +3U)) ,

2
+48 - 2w,

2r2

r87TTABquB = —20°8 + (r*0U) =~ (r*J ) + 2r (rJ) u]

2
2B,
— " :
T 093 (r* (OU+3V)), w,,
87T( T12> = ) :

9 r2 Ar? or '

f 5 53 (93U +3U
8m (T +T11> = 00w + 008 _ ( )u g

2r3 r? 2 * r2

(29a)

(29b)

] (29¢)

(29d)

(29e)

(29f)



3J, U 80U 1 [Bw (r'v),
Srliag" = 5% ==+ +§(_) ~0Put
: ,
L g“ +U. (29¢)
%) l o
S =33 R (fine) & Zi, (30)
=0 m=lI

where f = {8, w, J, J,U,UY, Zipy = 0Zim, b = qg(u), m € Z, m € [—[,1] and

[ > 0. In previous works similar expansions were performed, where ¢ = vu’
2T 5
Bimy = 27 / dQ Z, / dg e ImIerTy,, (31a)
9) 0
2= Doy 2B (r*Uimyr)
2 o r 2r2
Zim | dd e ™7, g4 31b
m / l / ¢ 244 (31b)

"N. T. Bishop. Classical and Quantum Gravity. 22 12 2393 (2005) ; M. C. Babiuc et al. Physical Review D.
79 8 084011 (2009) ; N. Bishop, D. Pollney, and C. Reisswig. Classical and Quantum Gravity. 28 15 155019
(2011) ; C. E. Cedeno and J. C. N. Araujo. Classical and Quantum Gravity. 33 105010 (2016) .



(1 +1) (r* (Unm)),

201 + 1)Bim + (= I+ )1 + 2) Jim + r

27 N
+ 4Bim — 2Winy = 877/ dQ2 7lm/ de e~iImie (hABTAB — 7“2T) , (31c)
0

Q

— 2B+ (FPUi) , — (Pimg) , + 2ilmlr (i),

s — o
— dQ Z,, / dp e ™ pgq®, 31d
¢(z—1)z(z+1)(z+2>/g e S Apt (31d)




[+ Dwye 11+ 1DBy . lm|
D D s il
2r3 r2 r2

Wim,rr 2tm q;ﬁlm 2/81771,7“ ~
+ 9 - ‘ ‘ + + Blm,rr - 2¢51m,r
r T r

L 2t o 1T
:&/ﬁﬂam/ MEWW<—+EO, (31e)
0 0 2

I+ D)8 WD) (Um) . wpp
(+)5l+ ( ),+wz,

r2 2r2 2r
. 2t (T
:&/ﬁﬂam/ meﬂw(—+ﬂa, (31f)
Q 0 2

(T4Ulm,r) r

' [ — Jm m . ~
il 2= Dng 2(“L) — ilmldh +

r

ijm|r*¢

0 U+ Ui = e ﬁ / 00 Zom / 4 e MO gh | (31g)




3. Master Equation and its solutions

1
= - 32
v (32
L 2t o
Alm = 2’/T/ df? Zlm/ dgb €_Z|m|¢ZCT22, (33&)
Q 0

1 2 B . ~
By, = \/i dQ Ziy, / do e MOy 4q™, (33b)
Dy, = o /dQ Z /27T dd e 10Ty pgqP. (33¢)

VIE=DIl+1)(1+2) Ja 0
— 2x4']lm,a:mxx — 41’2 <2$ + Z|7n|§5> Jlm,x:cx

+ o <2i|m\g5 +a(l+2)( — 1)) Tmwe = Him(2), (34)

where the source terms is given by

Hlm<37) = QZCBlm,x + 2$2Dlm,:ﬂx - 8xﬁlm,x - 2Blm - 4Dlm (35)



If jlm = Jlm,xx
— 2:L'4jlm7m — 4a? (21’ + z\mkﬁ) jlmw
np. (2z'|m\$ o+ 2)(1 - 1)) Jom = Him. (36)

known as master equation for the Minkowski background.®”'’

For a Schwarzschild’s background®:

Jlm,mmle(QMx — 1) + Jinsze (23:3(7Mx —2)— QingZ |m\>

+ Jimae (2@:1;5 m| + (1 — 1)( + 2)a® + 16M:1:3> = Gim(), (37)
where =
i (a) = ) (39)

8Bishop, see n. 7.
9T. Médler. Physical Review D. 87 10 104016 (2013) .
10C. E. Cedefio and J. C. N. Araujo. Physical Review D. 92 12 124015 (2015) .



3.1. Minkowski’s case, non-radiative solutions

em=0,H(z)=0
(k—=1+1)(k+1+2)=0, = Jyo(x)=Cra'™ 4 Cor~ 2,

then
Jlo(aj) = Cle—l + Cgﬂf_l + 0356 + 04. (39)

em=0,H(z)#0

H -1
Jio(z) =C1:Ul+1 + ng_l + Csx + Cy + dv / dw w2 / dy 4(;/192
a b c

/d@/ dw w'™ 1/ (T;Q (40)

where a,b,--- € R



3.2. Minkowski’s case, radiative solutions

em#0, |m|<lforl>0 H(x)=0
This solutions can be expressed as linear combinations of the first and
second kind spherical Bessel’s functions.'

Jim = (- 1)l
G282 5T (14 3) (Ky + Ly )

I 2 2 , A1
(I+1)(1+2) (41)

where J, := J,(2), .

mlé
— 42
- (42
K =—i(l(l—1)+ 2iz) — 22(l — i2), (43a)
L=—-2z(z—1), (43b)
S=1-1)+ 2iz. (43c)

HMsdler, see n. 9.



iCl2%*21$2 ‘m‘2 S—1/2%i(ml+22) (% — l) (_QZJ%_Z + §J_l_§>
22 —-1)
Cy22+5 52 ‘m’2 »—1/2p—3i(ml=22) (l + %) (22Jl_é + §Jz+;>

10+ 1)2(I + 2)

Jlm:_

olm|

+C3+ Oy :
2

(44)



em#0, lm| <lforl>0, Hz)#0

€2 mf? Al () 1) (207,051 )

i = —
z 2(12-1)
Co2P 32 [m|? 2121290 (14 3) (22, + Sy )
- I(1+1)2(1 +2)
93-2 3/2D16“”+zzr (% _ l) (KJ_Z_l + LJl_l)
el -
(1—1)
+
(+1)(+2)
+C3+Cy \m\ (45)




/mgg/z 921=3 3=1/2p—5i(ml+22) (1+3) (KJH; - LJl—%)
Dy = —
|

. dz B H,
mié (I+ 1) +2)62 )’
(46a)
\m|q~5/z 2_21_%2—1/2€%i(7rl—22)r (_l _ %) <KJ—Z—1 + LJl_l)
Dy = — Z/ . dz z 2 —H,
(46D)
and

z

H:=H <(5 fn) (46c)



3.3. Schwarzschild’s case, non-radiative solutions
em=0,Gx)=0

Jim =(=2)"2C, M2 2 Ry (2 — 1, —1; 21 2M x)
+ (=2) oM T Ty R (T 1,1+ 3,20+ 2;2M ). (47)

then
; CCy(-1) 2T (M) s By (—l = 1,2 = 1, —1;1 — [, —21; 2M )
m [(I+ 1)M2
N Co(—=1)H2 e (Ma) 3 By (1, 1+ 1,1+ 3;1 + 2,20 + 2;2Mx)
I+ 1)M
+ Csx + Cly, (48)
where ,Fy(a1,---ap;by,--- ,by;2) are the generalised hyper-geometric

functions.



em=0,G(z)#0

jlm :(_1)17127172M472x7172 (AQ(_1)2l221+1M21+1x21+1
oF (141,14 3;20l + 2;2Mz) — A1 o F1(2 — 1, —1; —21;2Mx)
+ C (=2 P M2 T2 (2 — 1, —1; =21 2M )
+ Co(=2) M ey By (T4 1,1+ 3520 + 2; 2M ), (49)

where A; and As are given by

T (=2 H (y) My (L4 1,1+ 3;2(1 + 1); 2My)
A=—| d !
T (=) H(y) My (2 — 1 =1 =21, 2My)
Ay = d , 50b
’ /b / B; + B, (50b)

and the functions By and By are

By =2My — 1)1 —2)2F1(3 =1, —1; —21;2My)
o (141,14 3;2(l+ 1); 2My), (5la)
By =9F1(2 —1,—1; =21;2My) (2. Fi (1 + 1,1+ 3;2(l + 1); 2My)
+(+1)oFi(l+2,1+3;2(l +1);2My))). (51b)



3.4. Schwarzschild’s case, radiative solutions
e m 7é 07 G(.CIL') — 0
jlm :ClLG%x_‘l i CQK (2M§C . 1)4@—2 x_2_4a€§7§2’

with

L= HC (_40476;77 57 6777) and K = HC (_4047 _6777 57 6777) )

where He (o, 857, 9, €,m) are the confluent Heun’s functions and

a:iggmM, £ =2—4a,
v =2, d =8a(a—1),
_ 2Mzx -1

e=—(1+2)(l—-1)—8afla—1), 7 e

(52)

(53)

(54a)
(54Db)

(54c¢)



em#0,G(z)#0

Jim = — 8Medts (= LMz + M?2*L + L/4) Az~ (2Mz — 1)
+2Mett g1 (2 M — 1) A K2t (2Mz — 1) 72
+ ClLe%x_4 + 02K6%$_2_4a (2Mz — 1)_2+4a , (55)

where A; and A, are the integrals

4 - / s P2H(Z)e i K
. —4LKMi+8LKaM% — LS +2LMiS+ KR —2KMEZR
(56a)
4, / s A'e s H(%) (M —1/2)° (2Mz — 1) L
y  —ALKMi+8LKaMz— LS +2LMiS+KR—2KMZR’
(56b)

where S = K'(z) and R = L'(z) and all functional dependence were
suppressed.?

12Cedeno and Araujo, see n. 10.



3.5. Comparison

e Minkowski’s case, | = 2, H(x) = 0 the family of solutions for the master
equation is given by

" (626 [m| — 6626 P’ — 426 | + 206" m" + 3"

Jom = Bra+ z
42367 [m)”
(57)
Now, substituting [ = 2 in the family of solutions (41), one obtains
j iCh gb3 im|” e i 40 gb?’ Im|” e g G ¢2 Im|” e )
2m 6x3 a3 | 3$2
800 79 2 2z¢|m| 21¢m|m\ 120 O 21¢m|m\ 1 i
2¢ |T;L| B n 3 2¢\m|e Lt Ce ¢Z| |
x 2x x
2ilm  1C xewm‘ WGz 60iC xewml 60:ix
—120Che = + — + = 2 . (58)

16lm| 46 |m)| & |m| ¢|m|



Both families of solutions, (57) and (58), are completely equivalent. Note
that, the transformation between (57) and (58) is given by

i (Cy 4 240Cy)

! (C) — 240C5) &t [m|*. (59)
4 [ml

)

1
) E2 - §
e For the Schwarzschild case, | = 2, H(z) = 0, the master equation is reduced
to

?(2Mz — 1) Jopgw + 20(TMz — 2) Jop o + (16 M2 4 4).J5,, = 0, (60)

whose families of solutions are

i O G (16M*a* + 32M32® — 44M?a? — AMx +7)
S 6AMBzA(1 — 2Mx)?
12C5(1 — 2Mz)*log(1 — 2M )

64M>z4(1 — 2Mx)?

(61)

Now, specialising the solutions (47) for [ = 2, we find a totally equivalent
solution, i.e.,



G Dy 5D, (2Mxz (2M32? + 4M?*2* — 9Mx + 3))
TV 8Miz4 (1 — 2Mz)?
15D5(1 — 2Mz)?log(1 — 2Mx)

62
8MAz4(1 — 2Mx)? (62)
A series expansion of both solutions shows
6401M5 — 702 02
= Dy = — :
D, i and Do TOM (63)
e For Schwarzschild’s background and [ = 2, the solution was shown by

Bishop!® were power series around r = 2M were used.

e We expand the radiative family of solutions for the master equation (37)
for [ = 2. The He(—4a, B;7,d, €,n) function is expressed as a Taylor series

13Bishop, see n. 7.



for the parameters (54) around n = 0, namely

(da+12*=5+(1-1)(1+2)n

HC(_40576;77576777) ~ ] +

—3+4a
1 4 3 2 (12 -
+—8(a__])(4a__3>((256a +192a® + 32a” (I° + 1 — 5)
+ da (47 + 41 — 39) + 1* +21° — 171 — 181 + 72) °) (64)

and for Heo(—4a, —3;7, 9, €,n) function one has

(da+2+10)n (120 — 1" =2 + 2+ 20) ?
C’( Q, 57 s 57 €, 77) da — 1 8@(4@ — 1)

(65)

Then, from (64) and (65) we obtain that around r = 2M, (52) at first



order for | = 2 reads

) (16640‘(404 + 12)npM* N 1664O‘M4>
dov — 3
24020t (1602 + 16a + 2) o () 77
N da —1
2la—1Cyete (2560 + 57607 + 38402 + 1320 + 24) e (L) 777
alda —1)
210t Chete (2560 + 8960 + 1056a7) platt (L)
B 3a(da — 1)
2l et (63602 + 228 + 72) et (L) T
a 3a(da — 1)
4o+-2 da, da—2 1 e
+ 274 Che™ (M) : (66)

that are just the family of solutions for the master equation obtained using
power series around 7 = 2M .M

4 Cedeno and Araujo, see n. 10.



4. Applications

4.1. Thin Shell

15
L,

£ Bishop considers a static thin shell,”” with a matter distribution given by

p = pod(r —10) 0Z2m. (4.1)
& We reproduce this example in details.
& This system can not produce gravitational radiation.
£ Here it is supposed that the metric variables are decomposed as
s =R (fo) 0° Zam, (4.2)
where f:= §,w,U,J and sf, =0 .

15Bishop, see n. 7.



2 The field equations are strongly simplified

. y
% — (4.3a)
dJy AUy 3d*Uy
Y Pl = 4.3b
47“dr-|—47“ dr+ d2—|—4ﬁo 0, (4.3b)
Uy d
3220 L 0 49 70+ 120U — 88, = O, (4.3¢)
dr | dr
dhy  2dUs ‘
— 2r— — — 2 — 2By = 4.3d
Tt =2t rUp — 25, =0, (4.3d)
T + 6wy + 1215, = 0, (4.3¢)
dU d*wy
612 dro g — —|— 12rUy — 125, = (43f)
dU dw L d2U,
3 0 0 @Yo 2
— — ) = 0. 4.
4r = +Tdr + 7 —2 +2r*Uy —wp =0 (4.3g)




e The master equation is strongly simplified

d?J. d.J
3 2 2 (2 _
£ Family of solutions:
C! C
Jo(r) = Cy+Cor® + 73 + r—;l (4.5a)
B(r) = P, (4.5b)
3Cy C5 204 203
U()(?“) = — i — 3,3 2 + 2C5r + Cy + T, (45(3)
wo(’l”) = —6027“ — 6067“ - 7 + 12017“ — 7 + 07 - 10T60(45d)
£z From the constraints
C
6Cer° + — =0, (4.6a)
r
9 2C%
12067” - 36017" + T - 307 + 247“50 = 0, (46b)
4C%

—4Csr* + == Cr =0, (4.6¢)



(4.3f) is satisfied identically.
& Solving C5 in (4.6a) and replacing it in (4.6b) and (4.6¢)

C5 = —6067’3,
C7 +4(3C) — 2B)r = 0,
—12067“2 — 07 = 0.

& Substituting C5 into equations (4.5) we obtain

3C 2C! 2
Uo(T’) = ——44 + 306 + —23 + 2027’ + ﬂ,
T T T
6C
wo(T’) = —6027’3 — —4 + 12017’ + C7 — 107‘50.

r2

(4.7a)
(4.7b)
(4.7¢)

(4.8a)

(4.8b)



& We consider two separate regions of the space-time formed by the world
tube which binds the matter distribution i.e., r < ry and r > ry.

Central geodesic

r=To

Worldtube
J T Null Infinity

Null cone

Thin shell

Figure 2: Sketch of the world tube generated by the thin shell. Here we note the two regions
(r <ro and r > rg) in which the space-time is divided.



& The family of solutions for the interior region can be written as

Bo-(r) =Bo-, (4.9a)
Cs-  Cy
Jo-(r) =Ci- +12Cy + == 4 = (4.9b)
30 _
Uy_ (7“) = 1 + 3Cs— 2 — +2rCy_ + 60 (49(3)
ré r r

wy_(r) = — 6r°Cy_ — + C7_ — 10rSy—. (4.9d)

& It is imposed convergence of the metric functions given in (30) at the
vertices of the null cones.

& We expand the metric functions in power series of r around the vertex of
the null cones and impose convergence at this limit.

¢ Substituting (4.9d) into (26) one obtains

6C o0, - % + 1260 +1, (4.10a)
3

Gi2- =—1-=25-, (4.10b)

g1 =6r*Cy_ +



_ 2 2 4 04_
g33— —(1—|——CE)2 [% (T Cio+r°Co_ +1rC5_ + T) X
(62 + 52> 0Zam + 21 ] : (4.10c)
_ 2t 2 4 C4—
g34— = — m% (’I“ le +r Cgf —+ 7"03, + T) X
(52 — 52) 0Z2m; (4.10d)
2 9 4 Cy
ga4 ——m [?R(T Ci_+r CQ_+7"03_+T> X
(82 + §2> 0 Zam — 21 ] . (4.10¢)



£ Thus,
lim g;;- = lim (67“202_ —12(C1- + Po-) + 1) ,
r—0 r—0
= —12(Cy_ — Bo_) + 1. (4.13)

£ Then, if we expect a flat space-time at the null cone vertices, we must have

Ci_ = Bo_. (4.14)

& The convergence of Jy_ is required at the vertex of the null cones. Thus,
from (4.9b), (4.9¢) and (4.14) one has

Cy =0, (4.15)
/60— =Y, (416)
Ch =0, (4.17)

% It implies that (4.7b) is satisfied identically, whereas from (4.7c) one obtains

G = 0. (4.18)



& Substituting these constants in the families of solutions (4.9) we obtain for

the interior region that

BO—(T) :Oa
Jo_(T) :7”202_,
Up—(r) =2rCsy_,
wy_(r) = — 6r°Cy_,
& For the exterior region
Bo+ (1) =Bos+,
C C
J()_|_() Cl++7“02++j+ﬁ
_3C
Uo+(r) = 7"4+ 3C6+
6C4+
wos (1) = — 6r°Coy — +12rCi4 + Cry — 10rﬁ0+.

(4.20a)
(4.20b)

(4.20c)

(4.20d)

& For convergent solutions at the null infinity J, we see from (4.20b) that

02_|_ - O

(4.21)



£ Thus,
lim J0+(T) :OH—'

r—00

& We rename this constant as

Cl+ = JOOO)

& Now, it is required that
lim Uy, (r) =0, = Ce+ = 0.

r—00

& Thus, Uy (r) takes the form
3C 2C 2
G 2O Po+
T T r

U0+(7“) =

& The constraint (4.7¢) fixes C7y, i.e.,
C7—|— - 07

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

2z When (4.26) is used on the constraint (4.7b) we find the explicit value for

Bo+, namely

3

BO—I— :§J000-

(4.27)



& Then
Csr | Cuy

J()+(’I“) = JOOO + T + 7, (428&)
3Cy 203, 3Jos

Ups (1) = — Tj+-+ r§+-+ : , (4.28b)
6C

wou (1) = — T;‘* — 3rJose. (4.28¢)

£ The family of solutions for the exterior region depends only on two
constants.

& For [ > 2 the exterior solutions will depend only on two constants.
£ In order to fix Cy_, C3, and Cy,, we impose that at r = rg:

Bo‘izf = 27mropo, Jo’:2+ =0, Uy =0, U)()‘Zzt = —2roBoy,  (4.29)

ro—

where Sy = So(ro+), and

To+

2B+ dJo

= —, —
TG dr
To—

it
dr

-} (4.30)

To—




% From (4.29), (4.19a) and (4.20a) the function S(r) results in

B(r) = Bo+O(r — ro), (4.31)
where O(r) is the Heaviside’s function, namely
0 f <0

o(r) = o= (4.32)
1 for >0

& Evaluating the continuity conditions (4.29) and (4.30) one obtains

C3+ = —ToJ()oo, (433&)
1
Cyp = 5rgJOOO, (4.33b)
1
CQf J()OO. (4330)

— 52
org



2 Finally, the solution for the field equations reads

B(r) = §Jooo@(7’ —19), (4.34a)
J(r) = 5 2J000 (1 —=0(r—r19)) + Joo (1 AU %> O(r —rg), (4.34b)
U(T’) 5 QJ()OO ( @(7‘ — 7“0)) + J()oo (-2—:(3 2:20 + %) @(7“ — 7“0),
(4.34c¢)
613 6rg
w(r) = 5 2JOOO( —O(r —r19)) — Joso (5 5+ 37’) O(r —rg). (4.34d)

& From (4.27) and (4.29) one obtains
4

J()OO = gﬂ'?"()p(). (435)

& We plot the solutions (4.34) in Figure 3, in terms of a compactified

coordinate s,
-

r+ Ry
where Ry is called a compactification parameter.

(4.36)

S =



R0:3 R0:3
3Jn I T :
3Jm |
Joo | 4
= o
£y S
el I
4
0 To ry 3ro 2rg 5o 3ry Tro drg 0 o g 3ro 2rg 570 3ry Tro drg
2 2 2 2 2 2 2
s s
(a) (b)
R0:3 RO:B
Joo F ‘ oF: ; :
| I N
p 1
O % 2],
Joo | = =3
4
0,‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ . 74Joo ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 T rg 3ro 2rg 510 3rg Tro drg 0 70 o 370 2rg 570 3rg Tro drg
2 2 2 2 2 2 2

(c) (d)

Figure 3: Metric variables as a function of the luminosity distance r for a thin shell of r = rg,
centred at the origin. (a) By := Bo(r), (b) Jo := Jo(r) , (c) Uy := Up(r), (d) wp := wy(r)



4.2. Point Particle Binary System with Different Masses

e Bishop et. al. considered particles with equal masses.'°

e We show that the Peters and Mathews result for the power radiated
in gravitational waves'’ can be obtained by using the characteristic
formulation and the News function.

e We consider that these two particles are in a Minkowski’s background, in
exactly the same way Peters and Mathews did in their paper of 1963 and
Bishop et. al. did in their paper

e Such a system allows one to explore in full detail the boundary conditions
across the hypersurfaces generated by their orbits (see Figure 4).

e The density that describes the binary system is given by

p= W_—f/” (M3 (r — 1)8(¢ — vu) + Mad(r — 12)8(¢p — vu — 7)) ,

-
(4.37)
where, r; (M;) are the orbital radius (mass) of each particle and r; < rs.

16Bishop, Pollney, and Reisswig, see n. 7.
17p. C. Peters and J. Mathews. Physical Review. 131 1 435-440 (1963) .



Figure 4: Binary system with the world tubes of each orbit extended along the direction of the
retarded time, separating the space-time into three regions.

e The orbit of each mass generates world tubes, which are extended along the
retarded time, allowing the separation of the space-time into three empty
regions: inside, between and outside the matter distribution.



e The metric variables are expanded as in (30), taking gg = vu, namely

o =) R(fime"™S 0 Zim
lm

e The families of solutions, for [ = 2, satisfying this system of equations for
the vacuum read

Bom(r) =D1gom, (4.38a)



~2tDigoy  Dippm(vr |m| —1)(vr|m| + 1)

Jom (1) =
2m(7) vr |m)| 673
Do jom€®" ™ (vr [m| +4)* | Dyjam(vr m| — 3i) (4.38b)
7 om0
2 .
2 D159 (vr |m| + 2i) D1 jom (2V27"2 Im|” + divr |m| + 3)
U2m(7n) — ]/7,,2 ‘m‘ . 6r4
‘ ' 2.2, (2
D2J2me2zw’|m|(2yr ‘m| + 32') ZD3J2m (V T ‘m‘ + 6)
v mf IR
(4.38¢)
3D m 2ivr|m|
Wam () = = 10rD1goy + 61 Dsjom (2 + ivr |m|) — 272mC '
4v°12 | m|
iD1jom (1 +d)vr |m| —4) (1 + (1 +i)vr |m|)
B 2 : (4.384)

r



e For the interior region and [ = 2

52m—(r) :Oa (439&)
D3 jom— : : :
Jom— (1) :LE) <2u3fr3 im|* — 3i2r? |m|* 2 — 3?2 |m?
2415713 |m|
6w |m] e2vriml 4 gje2ivriml _ 3i> , (4.39b)
Dy 1o | |
Upp—(r) = — _tRgame = <2y47’4 \m]4 + 6172 \m|2 — Givr |m)| e2vriml
241514 |m|
~12ir [m)| 4 9e2vTIml _ 9) , (4.39¢)
Dsjom— _ .
Wy () =L5 <2zz/47”4 im|* + 4073 |m|* — 6iv*r? |m|* — 6vr |m)
4512 |m|
—3je2ivriml 3@) . (4.39d)

e For the intermediate region, the same structure of the general solutions is
maintained.

e There is no reason to discard any particular term, or to establish any
relationship between the constants as occurs for the interior region.



e For the exterior region, since that regularity is required at the null infinity,
the coefficient of the exponential factor (exp(2ivr|m|)) must be null.

e All constants of the form Dy, with [ = 2,3,---, must be zero.
Therefore, the number of degrees of freedom for the exterior family of
solutions is reduced in one parameter.

e A family of solutions for the field equations (29a)-(29g), with eight
parameters to be determined, for describing the whole space-time is
obtained.

e To fix these eight constants, it is necessary to impose additional boundary
conditions in particular across the time-like world tubes generated by their
orbits.

e These boundary conditions across the world tubes, i.e. when r = 7,
1t = 1,2, come from imposing discontinuities on the metric coefficients,
le.,

lg11,, = 0, g12],, = Agual,,, [914],, = 0. [g22],, = 0,
[gQA]ri = 07 [g?’ﬂ]ri = 07 [94M]ri = O, (440)



and on their first derivatives,

9] = NG, v =1,---4, (4.41)
’I‘i-l-é - f(/r)
From (25), (4.40) and (4.41), the coefficients By, Jim, Ui and wy, satisfy

(Wi (17)] = Awjim,  [Bun(15)] = ABjim,
[Jim (r7)] = 0, (Ui (rj)] = 0, (4.42)

where the brackets mean [f(7)],. = f(r)

r,—€’

and their first derivatives satisfy

[wzm(rj)] - Aw;’lnw [ﬁl/m(r])] - Aﬁ;’lma

[Jl,m@ﬁj)] = A‘]}lrm [Ul/m(TJ')] - AU]/'ZWU (443)
where j = 1,2, and Awjim, ABjim, Awjy,, ABjy,,, AJy,, and AU, - are

functions to be determined.

Equations (4.42) and (4.43) were solved simultaneously for both world
tubes
Aﬁjlm = bjlma ijlm = _Qijjlm, (4443)

where bj;,,, are constants. Note that, this last fact implies that Aﬁé‘lm = 0.



e We obtained the jumps for the first derivative of the J;,, and U, functions
B 8U27bjim |m|2
™ (=DI+ D)1+ 2)

1 4iv|m)|
AU, = 2bijm | 5 — ———— . 4.44
jtm : (7’3 Il + 1)1“2-) (4.44c)

AJ), (4.44D)

e Then, it is possible to write 4 f;,, as

sfim(1) = sfum(r) (L = O(r —r1)) + sfam(r) (O(r —r1) — O(r —r3))
+ s f31m(r)O(r —12), (4.45)
where s fim = {Bim, Jim> U, wim}, with the first subscript on the right

hand side terms indicating the interior (1), the middle (2) and the exterior
(3) solutions.

e These solutions depend explicitly on two specific parameters, b, with
=12

e The specific form of these relationships is obtained by just integrating (29a)
across each world tube

bitm = 277 Pjim (1 + 0]2) , (4.46)



Re(B2(s))

where, pji, are given by

1 — :
Pijtm = —/d(uu)/dﬂ/ dr oZ e mvep, (4.47)
TJs Q I;

in which S = [0,27), v; is the physical velocity of the particle j in
the space, and I; is an interval e around r; that is given by I[; =
(r; —€/2,r; +€/2), with € > 0.

M=1 M=% n=3 n=% R=2 y-L M=1 M=% n=3 n=% R=2 ,-L
6 4
i % 3F
41 NI
[ 2 of
[ cCICJ r
2 ik
ol ‘ ‘ ‘ ‘ ] o | ‘ ‘ ‘ ]
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0



_ -1 -2 4 — 3
M=t Memg n=f nsg Ros2 vodp M=t M=t n=2 p=t R=2
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4 % 0
@ 3t § —5*\
S 2 g ?&%-10*
~ &
o 1t @) -15¢
|
0 = -2
0.0 0.2 0.4 0.6 0.8 10 o 02 04 06 08 10
s S
(c) (d)

Figure 5: Real part of some components of the metric functions ( [ = m = 2 ) versus the
compactified coordinate s (see the text) for a binary system with M; = 1/2, My = 1. The
angular velocity is computed by means of Kepler’s third law. Here r; and r, are referred to the

center of mass of the system.

e My =1/2, My =1, Ry = 2, and 7 and ry are referred to the centre of

mass of the system

r; = ﬁdo, j=1,2, (4.48)
J

where g is the reduced mass of the system and d; is the distance between

the masses.



e v is computed by means of Kepler’s third law, i.e.,

BN ITESTA w19
dO

e Figure 6 illustrates the behaviour of 3, J, U and w. We present them as
functions of s and ¢ for a particular value of the retarded time wu.



() (d)
Figure 6: Snapshots of the metric variables as seen from the equatorial plane (0 = 7/2), as a
function of s and ¢ for u = /2. Here M; = 16, My = 4/3, r1 = 1/13, ro = 12/13, Ry = 1/2
and v = 2/T3/3. (a) (s, 9), (b) J(s,6), () U(s,6) and (d) W(s, ) = w(s, 6)(1 - s2) /(2 F2).

— These functions are constructed by using Equations (30) , and the
solutions for the coefficients for each [ and m. In this case, we use
[ <8.



— Since the first field equation for the vacuum g, = 0 implies that 3,
are constants along r, as sketched in Figures 5, and that 3 is a gauge
term for the gravitational potential.

— Then, ¢ can be redefined as ® = w/(2r). These facts make the choice
of the angular velocity v as obeying Kepler’s third law, completely
consistent and natural.



Gravitational Radiation from the Binary System

4.2.1. Gravitational Radiation from the Binary System

— The Bondi’s News function in the weak field approximation'®

2 2
N = lim <—T ‘2]’“7" + 0w - 626) : (4.50)

r—00 2

— Explicitly for [ > 2 and —[ < m <[, this takes the form

. i|m|VT2 (Jlm)r [(l+1 Jm ilm|ru
N}g&?@?((— 5 ’ -l-ﬁm-F% e'lml 0% 0 Zim.-

(4.51)

— Substituting the coefficients of the metric variables for the exterior

18Bishop, see n. 7.



region, one obtains

N _ _?:VS 2521 B 47:\/?”3 2522 B iy4 2S31 8’5\/ V 2.532
V6 3 V30(v—3i) 2w —3i
92\/71/ 2833 Z'V5 25'41 B 82\/71/ 2542
v—1i 310 (V2 —Tiv —14) 322 =Tiv = 7)
81ir° 95,3 256@\/7V 2544
V10 (902 — 21iv — 14) 3 (8% — 14iv — 7)
N /0 9551 N 16 I/ 9559
V210 (iv3 + 1202 — 54iv — 90) ~ 4iv® + 24u2 — 54iv — 45
27\/7V 2353 1024 10 V 2554

3w3 + 1202 — 18iv — 10 + 32iv3 + 9612 — 108iv — 45

6251 / EV 2S55
+

e 4.52
+25@'1/3 + 602 — bdiv — 18 ’ ( )




where we define the spin 2 quantity 2.5}, as
(R(D1gim+ ™) 82 0 Ziy + R(D1j1—ms€™) 82 021 )
VIE=DIT+1)(1+2) '

ZSlm —

(4.53)

— Since the binary system is confined to a plane, then a natural choice
to simplify the problem of expressing the News function, without loss
of generality, is to put the masses to move on the equatorial plane
0 =m/2.

— Then, symmetry of reflection for the density of matter and,
consequently, for the space-time.

— This choice restricts the components of the density, obtained from
(4.47), to have the following form

(M3 (r — Mir3é (r —
Pim 219 (r —r2) ;_2 10 (r = 71) if [, m even

Mir25 (r — 1) — Mor25 (1 —
i M0 (7 “)2 — =72 6 m odd,
. riry

Pim = 3 (4.54)

where py,;,, are constants.



— Therefore, for binaries of different masses, the News function (4.52) is
simplified to

N=  —4i]20? .8, — ! 59 92\/7V 2533 B 82\/” 2542
N 37 V30(v — 3i) v —1 3(2v2 — Tiv —T)

256@\/71/ 2544 /0 25’51
— . +
3(8v2 —14iv —7) /210 (iv3 + 1202 — 54iv — 90)

27@/ I/ 2553 625\ / EVG 2355
4.+ (4.55)

3@1/3 + 1202 — 18iv — 10 + 25iv3 + 60v2 — bdiv — 18




— When the explicit solutions are used,

27 1. /x
N = 8\/ 5 9 L9y (Mo + M22) 52\ / 35 oLg1 (Ms; — Mag) v
3T 8
— % - o L33 (M3 — M) v* + a3V 2 9 Lyy (Myy + My) VP
128 /27 1
- VT oLy (Myy + My) V° @Z\/ 154 oL51 (Msy — M) 1/°
27 /3w 625 5%
-0 \/ o L5z (Msy — M) V° + gl 33 oLss (M5 — M) 1/°
Lo (4.56)
where,

My = My (v} + 1), (4.57)

and 9L, are defined as

oL = (220 R~ RGN 22,) - (458)



— As consequence of (4.54), for My = My = M, the terms with [ odd
disappear from the News function (4.56). Thus, as expected, one
obtains immediately

/2 16
N = 16 ?WVSM()T(% (‘/02 + 1) 2L22 + @\/ 27TI/5M07’E4) (%2 + 1) 2L42

27
256 [27 32435
—_—— —Z/5M07°§ (%2 + 1) olyq + I/7M07’8 (%2 + 1) oL

9 7 1485
8192 [T = o,
—E 1—95V M()’T’O (‘/b + 1) 2L64
2592 /2w
‘|—T mV7M07’8 (%2 + 1) 2L66
L (4.59)

where Vj is the physical velocity of the masses, which is obviously
tangent to the circular orbit.

— The energy lost by the system dFE/du is related to the News function,

19Bishop, see n. 7.



via

d& 1 —

* which results for M; # Ms in

dE 32 ) 2734 )
Ju 5 (M21 Mao)™ + e v° (Mszy — Msg)
57376 10 » 4010276 .,
* 3069 7 (May + Ma)"+ 155925 (Ms1 = Mia)”
NI (4.61)

* Notice that the first term on the right side of the above equation
is nothing but the power lost obtained by Peters and Mathews*
for circular orbits.

x The other terms stand for the octupole, hexadecapole, etc
contributions.

20Peters and Mathews, see n. 17.



4.3. Eccentric Point Particle Binary System

x Here it is introduced the eccentricity in the binary systems in the
characteristic formulation, generalising the study of the previous
section.

x From the density of energy and from an angular velocity that is
variable in time, we deduce boundary conditions at the orbits,
generalising those boundary conditions found for circular orbits.

* Also, we found the expression for the power emitted by the binary
in gravitational radiation from the characteristic formulation, in
agreement with the Peter and Mathews expression.?!

x We consider in the News, those terms related to the angular
velocity, disregarded in the circular case.??

x In this case, the density that describes the point particle binary is
given by
p= O (0~ r1)o(6 — 6) + Mai(r — 12)o(6 — & — )

(4.62)

N———

)

21 Peters and Mathews, see n. 17.
22C. E. Cedeiio and J. C. N. Araujo. General Relativity and Gravitation. 48 45 (2016) .



where, r; (M;) are the orbital radius (mass) of each particle, r; < rs
and ¢ := ¢(u) is the angular position as indicated in Figure 7.

AU
s e N
,/” -~ N AN
\\\ N, L7 4
S~y ‘:=*=: """"""" i
M,
<®9 2 M T
L22:
- - : 1
b=z [ T 1
7 e N AN
\\\ \\ _ 4 // /\ iz 1
(a) (b)

Figure 7: (a) Eccentric binary system with the world tubes of their orbits extended along the
central time-like geodesic. (b) Top view of the point particle binary system, where the angular
position ¢ is indicated.



* The instantaneous radius of the particle’s orbits r; and the
separation between the masses d read

d M M
= IU/—) /’L = #’ p— 17 2j d — -~ (463)
M; My 4 M, 1 + ecos ¢

in which e represents the eccentricity, and a is the semi-major axis.

1_2
N a(l - &)

x For Keplerian orbits, the angular velocity reads

< Va(l —)(M; + M)

¢ ¥ , (4.64)
* We obtain the following boundary conditions:
A5ﬂm — Yjlm, (465&)
Awﬂm = —erbjlm, (465b)
8627 ;bjim [l
AT, &7 sbjim | (4.65¢)

m =D+ D1 +2)

1 4ig|m|
AUjl'lm = 2bjim (7"_3 - m) ) (4-65d)

where ¢ := ¢(u), rj := rj(u), bji, are constants. ABY,, = 0.



x The constants D, depend on two parameters, namely by, and

b2lm-
As an example, we show D1 jo,,4 for |m| # 0, i.e.

—2i7‘1qi;)|m|

’L'T%blgme_%rlé‘m‘ Z'T%blgm 2T1b12m€ 2T1b12m
D1J2m+ - < — Tz + z 9 z 5
Sml - olml @l &lml
3ib12m€_2irl¢|m| 3b12m€—2ir1¢>|m| 3b12m 3ib12m
& [m|’ r1¢* [ml* rotiml* 3¢ m)”
3@b12me*2i7‘1¢~5|m| 3ib12m 4 irgb22me*2ir2g§|m| B iT%bQQm
< < 3 < <
1% ml” 6P ml olm| $lml
2rgbggme~2ir2olml n 2robogm  3ibag, e 2irzélml 3baom,
¢? |m)* ¢ Im|” ¢ m)” ragp* [ml*
3b22m€—2ir2¢~5|m| 4 Sibggme_%w&'m' Sibggm 4 Sibggm
ragt|m|’* r3¢d m/|’ r3Sml” @3 |m|’

(4.66)



* The parameters bj;,, j = 1,2 are determined directly from (4.65a)
and (31a). In particular for the binary system,

2T —i|m|(57m 2 p Oo
bt = 2Mj/ dé - l (”é 0+ ™oy (4.67)
0

Ty

* sZ1m € R on the equatorial plane § = 7/2, but in general these
functions are complex.

* Specifically the non-null bj;,,, for the firsts [ and m, are given in
Table 1.

Table 1: First non-null values for the constants bj,.

l 2 2 3 3
m -2 0 -3 -1

ap(€? — 1)bjim, i/ 157 N i [3bm i 21w
7T —_— — —_— —
M? 2 2 2 2 2

J




x These coeflicients are written only for m < 0, because
Zim = (=" 2y - (4.68)
* For m # 0, one has
bjim = ibji—m)y J=1,2. (4.69)
4.3.1. Gravitational Radiation Emitted by the Binary

* The power emitted in gravitational waves is given by

. ir2§g|m‘Jlmr TZQZ‘]lm or
N =D limR| | - 2
l,m

l(l + 1)Jlm
4

+ ﬁlm) eilml5> O Zy,  (4.70)

* The coefficients .J;,,, depend directly on the source angular position,
represented by ¢. For this reason the retarded-time derivative J,,
is re-expressed using the chain rule.



3 When the solutions to the field equations, for » > ry are substituted
in (4.70), for | = 2, one finds,

N 22\/7¢ ¢¢3D2J22+) 929 9 + %(62i¢D2J2—2+) 949 —2>

4 5\/;5 R(e* Db 1yy,) 222 2+ R(€¥° Dby 5.) 225 —2> )
(4.71)

where the prime indicates derivation with respect to ¢.

¥ Dyjims depends on ¢ and given that ¢ := ¢(¢), then they are
functions of the retarded angular position.

*+ The absence of terms for |m| = 1 in the News expression is because
bjo1 = bjo—1 = 0 as indicated in Table 1.

* Despite bjo # 0 for [ = 2,3, - -, the terms for m = 0 do not enter
in the News, which indicates that they are non-radiative terms.

* In the limit of low velocities, 7“145 < ¢, rggz; < c and for [ = 2, we



find that the power lost by gravitational radiation emission reads

-\ 6
dE  32MPM3 (M + M) (1 + € cos gb)
du 5a’(1 — €2)°
8M1 M2 (M, 4 M,) € sin® (1 + € cos ¢)*
15a°(1 — €2)°

* This corresponds to the Peters and Mathews expression for the
23

L (4T2)

energy lost by binary systems.

* The agreement between our results and those by Peters and
Mathews is in fact expected, since the system under study is the
same.

* This agreement shows that characteristic formalism in the linear
regime has been properly applied in the present text.

* Winicour in the 1980s decade showed that the Bondi’s News
function in the Quasi-Newtonian regime® is just

N=0Q, (4.73)

23Peters and Mathews, see n. 17.
24R. A. Isaacson, J. S. Welling, and J. Winicour. Journal of Mathematical Physics. 26 11 2859-2868 (1985)
; J. Winicour. General Relativity and Gravitation. 19 3 281-287 (1987) .



with
Q =q"7"Qus. (4.74)
* The first term in the power expression (4.72) represents
approximately 97% of the power emitted by the source.

* Thus, for € < 0.5 a reasonable approximation is just given by the
first term of (4.72).

* For the case of circular orbits, the two first terms in the News
(4.71), lead directly to

dE  32M2M2 (M, + M)
du 5a®

which corresponds in fact to the first term of (4.61).

. (4.75)
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