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Cosmological Motivations

Cosmological perturbation theory provides the fundamental framework for
describing the evolution of the matter-energy density field in an expanding
Universe and serves as the basis for understanding the formation of large-
scale structures within the ACDM paradigm.
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Cosmological Motivations

Cosmological perturbation theory provides the fundamental framework for
describing the evolution of the matter-energy density field in an expanding
Universe and serves as the basis for understanding the formation of large-
scale structures within the ACDM paradigm.

1

({1 )iy fgWR n L S S (1)

Of @0ink 0f of
i — (O (2)

ot ' Ea(t) 0z op
To describe the evo-
e lution of fluctuations
Inflation  10° 0 el in baryonic matter and
] E E cold dark.matter within
g cosmological perturba-
pa g tion theory, using ana-

CMB lytical tools.

Diego Fernando Fonseca M. PhD(c) CoCo: Cosmology in Colombia 2026



P(k) [h~3Mpc?]

Wavelength A [h~! Mpc]
5 104 1000 100 10 1
10 b i i LU oy | - 1

=t

3 ]
10° E
u Cosmic Microwave Background 3

¢ 2dF galaxies 1

10F * Cluster abundance 3

n Weak lensing
4 Lyman Alpha Forest
|

|
0.001 0.01 0.1 1
Wavenumber k [h/Mpc]

—
o

0406081012
Redshift z

=300 -200 -100 0 100 200 300

6000
5000
4000
3000
2000
1000

LK)

600
300

ADIT
o

-300
-600

L

4-60

2 10

30

500

1000 1500

CoCo: Cosmology in Colombia 2026

2000

h
2500

Diego Fernando Fonseca M. PhD(c)




Wavelength A [h~! Mpc]
104 1000 100 10 1

105 F— TErmTy Tt T B
e &
. P L e

How can we extract cosmological information directly
from density and velocity fluctuations without
explicitly computing the matter power spectrum?

n Weak lensing
4 Lyman Alpha Forest
1 1 1 L |

0.001 0.01 0.1 1 10
Wavenumber k [h/Mpc]

P(k) [h~3Mpc?]

6000
5000
4000
3000
2000
1000

LK)

600
300

-300 ‘_ |
-600 e . . . . 3-60

h
2 10 30 500 1000 1500 2000 2500

ADIT
o

=300 -200 -100 0 100 200 300

Diego Fernando Fonseca M. PhD(c) CoCo: Cosmology in Colombia 2026




Standard Cosmological Perturbation Theory

Following Peebles (1980) and inspired by Komatsu (2009), we have
the Vlasov equation

of p

ot m “Vxf—=mVx¢ -Vpf=0 (3)

where m is the mass of a CDM particle, and ¢(¢, x) is a generalized
potential. Our goal is to describe the distribution of matter (both

dark and baryonic) and its dynamics in terms of deviations from the
homogeneous and isotropic universe model. Therefore,

%5.:(7, x)+V, - [(1 + 6C(T7w)>uc(ﬂ w)} =0, (4)

%53(77-’6) AV [(1 i 53(7’,26))“3(77 ‘B)} =0 (5)
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Standard Cosmological Perturbation Theory
And Euler equations, for CDM

%uc(n x) + H(T)uc(r,z) + (uc(T,x) . Vm>uc(7',ac)

and baryonic matter,

R Lot e (uB(T, o Vm)uB(T, )

or
noboloall Vo o U i
pe(T,x) TR A
———

Poisson’s Equation
Pressure Effect

With V2¢ = gH(T)Q(T)(S(T,w). Here, the fluctuation field is de-
scribed by % %
ari)) = &&(T,w) -+ p—Bég(T,w), (8)

m m
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Standard Cosmological Perturbation Theory

0 ~
579c(k,7) + + Oc(k,T) Komatsu (2009)
mE / /d?’k d°k, 22 P(k, +k, — k)oc(k,,7)0c(k,,T),
(9)
U (k,7) + 0s(k, T)
87‘ B s T B s T
bR 3, 3 K-k, r 7]
i 7(271-)3 / d kld k Az 5D( +k2 o k)53(k1,T)93(k2,T),
(10)
Ga ; B
Eﬁc(kﬂ') + H(7)0c(k,T) + ﬁ(s(kﬂ')
el //d?’k ek R0 Lk Rk, T (Ryy )
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(11)
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Standard Cosmological Perturbation Theory

o . e
E@g(kﬂ') e ’H(T)Qg(k,T) =+ ﬁé(k, T)
e 7 7d3k B2 B 50 4k R)Ba(k,, 7)o (R, 7)
(27’(’)3 ; it 2% 2]\5}?22 i 2 B\t g B\ o
B e 77 N o
T cdGE [53(16,7') R d’k,d’k,6°(k, + k, — k)og(k,,7)
x 0 (k,,T) s / / /d3k d3k,d’k,6°(k, + k, + k, — k)
x 8g(k,, )0 (K } (12)
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Analytical Approach to First-Order Solutions

To first order, the equations of motion are written as

2 be(r.@) +V, - uc(r,@) =0, (13)

EdB(T7 .’13) + vm 3 uB(Ta .’1}) e 07 (14)

%uc(r, z) + H(T)uc(r,z) + V_é(1,2) = 0, (15)
2u b T)ug(T, 7VE[PB(pB)] == i

7 s(r. @) + H(r)ua(r,@) +~= L =V g(rz).  (16)

In Fourier space, these equations can be written as:

9 ~ 9% b e
g&c(k,'f) e ;QC(k,’r) aF ﬁ(s(k/r) = 0, (17)
2 ~

9 - 5.1 6 [-
geB(k;T)+;oB(k77—)+ﬁ 5(k77—)7k_7253(k77—) :0 (18)

il

We have used the Jeans wavenumber, defined as k(1) =
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Analytical Approach to First-Order Solutions

Then, to solve for the baryonic fluctuations, we introduce the Jeans
filtering function. 547
gk, 7) = ~B( ’T). (19)
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Analytical Approach to First-Order Solutions

Then, to solve for the baryonic fluctuations, we introduce the Jeans
filtering function. 3s(k,7)

gk, 7) = m (19)
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Analytical Approach to Second-Order Solutions

To obtain an analytical approach to second order, n = 2, in the
density field and velocity divergence, we introduce the Jeans filtering
functions.

B 6 (kT
plin) e S )
6, (K, 7') 0 (k, 7')

n,C

9.k, 7) = (21)

The equations of motion can be solved through the following pertur-
bative expansion,

Za S Bernardeau (2002)

Za 5, a(k) = a™(r)g,(k, )8, . (k),

=1l
= Za(T) )Y, c(k)7
Za o Za h, (k,7)8, &(k).

n=1
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Analytical Approach to Second-Order Solutions

After some algebra, we obtain

- 10 . 1 k2
Gl + 20,7+ 7 |20+ 035 | 0 (k)
J

6 1000 _ 4B.(R)

5,c(k) 6,(k)

e =0. (22)

With 6°(k, + k, — k) = é°, and

5 © oo k;k: i y
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Analytical Approach to Second-Order Solutions

Therefore, the general solution is

< g i 2 A ot ) i
950)(’677—):617 ( 8< kZJ) teT

Decaying Mode
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2
(1— 1- & (20+6]’:—2]>>

6 odiga=a S0, (k)
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20 + 64
J

+

o

Growing mode

- 1 :
with &, (k) = W/quf '(q,k — )8, ((9)), c(k — q), where

F, is a symmetric, homogeneous function of the wave vectors {q,, q, }
of degree zero.

k- -k k, -k
ak, , k,) =—=2, Bk, k,) =k—2. (3.30)
e Al
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Analytical Approach to Second-Order Solutions

For the Jeans filtering function of the velocity divergence field, we

can demonstrate that
dk,d’k,6°(k, +k, — k
27T / / g )

— 00 —O0

1
hg‘))(k) 9(0)
2 C
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Semi-Analytical Modeling of Baryonic Fluctuations

We describe the behavior of the field S2,B(k) using Sz’c(k) as a
tracer at the zeroth-order iteration, through the JFF g,(k,7). We
then compare its evolution with the corresponding first-order solu-
tion, considering only the growing modes.

10k (1 019 (k)
60 (k) B 5 (k)
2,B e () i 2:&
5(0) k = (k) T 10 k2 ¥ (24)
2.C( ) — + —
' Sk
Where
Y 1
5 0) x s [ daFL(a.k = a) v/ Fua) Pnll = ).
> [
S0 (k) & o3 / dqF) (. k — @)/ Pin(0) v Pin([k — q])-
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Semi-Analytical Modeling of Baryonic Fluctuations

Therefore, the second-order JFF can be written as

(0) 1 T Fonseca, Castafieda & Garcia (2026)
04U e g
3 k?
3r + 7z — 10722 k2 St
1 3/2 G ) 2 _ 9,0 \1/4,5/2 |\ T(k
[ < R o o O o W S (&, 7, 2)

//dxdr 2 12
a1 <1+r2k2) <1+( +7‘2—2rx)k2>

i

3r + 7z — 107>

3/2

( )//dxd 1+7’2727’x)3/4T(k7r7$)
oF=

Defining the product T'(k,r,z) = T(kr) T (kV1 4 r? — 2rz)
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Semi-Analytical Modeling of Baryonic Fluctuations

We must compute the nonlinear density field,

1o (k) +3,, (k)

Wi | R

S| O

o(k,7) =06, (k,7)+6,(k,T) ~

Therefore,
©) (k) o 9O (k)/Pin (k) + 9 (k) C(k)Z (k) -
9115 \/m + C(k)Z(k)
Where

Bo !

3r+ 7z — 10rz? —
L 3/2
Z(k) = //da;drr e 2rx)3/4T(ki,T,sc).

0, —1

KtA

C(k) = T4
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Nonlinear Shift of the Filtering Scale (Conclusion 1)

Physical interpretation

The nonlinear solution undergoes damping at smaller spatial scales (larger
k) than the linear solution, indicating a delayed suppression of second-order
fluctuations. Consequently, the effective filtering scale k differs from the
characteristic linear Jeans scale k.

k; [hMpc ™ 1 2 3 6
kr/k; £01 1.26 1.69 1.48

|kp/ky ~12-17]

The effective filtering scale is obtained from an exponential fit to the full
scale-dependent suppression function, characterizing the overall damp-
ing profile rather than the precise onset of suppression Gnedin et al.
(1998). )
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Nonlinear Shift of the Filtering Scale (Conclusion 1)

Physical interpretation

The nonlinear solution undergoes damping at smaller spatial scales (larger
k) than the linear solution, indicating a delayed suppression of second-order
fluctuations. Consequently, the effective filtering scale k differs from the
characteristic linear Jeans scale k.

k; [hMpc ™ 1 2 3 6
kr/k; £01 1.26 1.69 1.48

kr =~ 1.4ky, inferred indirectly from the nonlinear matter
T power spectrum using third-order perturbation theory. il
sc Shoji et al. (2009) o-
in., : Y al.
(1998).

v
~—r s
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Physical Implications of the Filtering Scale Shift
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Physical Implications of the Filtering Scale Shift

Baryonic Temperature
)
TB X k’J

1 (1.46 — 2.85)

Relative to linear theory
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Physical Implications of the Filtering Scale Shift

Baryonic Temperature Filtering Mass
ik ol Mrp x kz®
1 (1.46 — 2.85) L = S
Relative to linear theory Relative to linear estimate
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Physical Implications of the Filtering Scale Shift

Baryonic Temperature Filtering Mass
ik ol Mrp x kz®
1 (1.46 — 2.85) L = S
Relative to linear theory Relative to linear estimate

Shoji et al. (2009)
o ~ Ay
Temperature shift: ~ 2 Filtering mass shift: ~ 3
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Semi-Analytical Modeling of Baryonic Fluctuations

At this stage, we focus on the divergence of the velocity field.

0) _I(k) 2 Tl g1
hs (k) o 712(k) L Ly ’“—ib(k) [ }

Fonseca, Castafieda & Garcia (2026)

Diego Fernando Fonseca M. PhD(c) CoCo: Cosmology in Colombia 2026



Semi-Analytical Modeling of Baryonic Fluctuations

At this stage, we focus on the divergence of the velocity field.
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Fonseca, Castafieda & Garcia (2026)
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Semi-Analytical Modeling of Baryonic Fluctuations

To estimate the impact on the velocity power spectrum, we must consider
the total contribution.

ot X 7 n NélB(k)—’—é(k)o(
Ok, 7)=0,(k,7)+0,(k,7) él i é (k) ol Kk (27)
We can write
RO (£)8© (k) + h® (k)FO (k)
(0) 1 o 2 e
) o T e i) o
Therefore,
4O (1) o L2OVERE L HOBCRI® | o,
+ V/Pink) + C(k) T (k)
where

Tz — r — 6rz>
//da:drr e s T Wiear i)

0 =1l
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Nonlinear Filtering of the Velocity Field (Conclusion 2)

Second-order velocity-divergence filtering

B k), A (k)

Direct semi-analytical computation of baryonic pressure effects beyond the
linear regime.

ky [hMpc™!] 1 2 3 6
kr/ky 1.67 1658 1.70 2.03
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Nonlinear Filtering of the Velocity Field (Conclusion 2)

Second-order velocity-divergence filtering

B k), A (k)

Direct semi-analytical computation of baryonic pressure effects beyond the
linear regime.

ky [hMpc™!] 1 2 3 6
kr/ky 1.67 1658 1.70 2.03

Main Physical Result

Nonlinear effects modify the scale dependence of the velocity
field more strongly than that of the density field. Earlier and
stronger suppression relative to the linear velocity solution.
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Future Work

1. General Second-Order Solutions

Incorporate decaying modes and appropriate initial conditions to inves-
tigate small-scale oscillations and obtain more realistic baryonic filtering

functions. |

.
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1. General Second-Order Solutions

Incorporate decaying modes and appropriate initial conditions to inves-
tigate small-scale oscillations and obtain more realistic baryonic filtering
functions.

2. Velocity-Based Cosmological Observables

Compute the nonlinear velocity power spectrum and assess its impact on
the kinetic Sunyaev—Zel'dovich (kSZ) effect.

.
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1. General Second-Order Solutions

Incorporate decaying modes and appropriate initial conditions to inves-
tigate small-scale oscillations and obtain more realistic baryonic filtering
functions.

2. Velocity-Based Cosmological Observables

Compute the nonlinear velocity power spectrum and assess its impact on
the kinetic Sunyaev—Zel'dovich (kSZ) effect.

3. Time-Dependent Jeans Filtering

Extend the semi-analytical framework to a time-dependent Jeans scale,
ky(2), to model the thermal evolution of baryons and its impact on cosmic
structure formation.

V.
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