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Motivation

• SYK: solvable at large N, nearly conformal in the IR, Schwarzian, maximal chaos.

But the couplings are random.

• Tensor models get melons without disorder [Gurau–Witten; Klebanov–Tarnopolsky], but

are hard to diagonalize numerically.

• Here: fermions in spin j rep of SU(2), coupled by the 3j symbol. Similar models
were studied as bosonic field theories in higher d [Amit–Roginsky ’79; Benedetti–Delporte

’20].

• no disorder

• melonic at large j

• symmetry blocks are small, so exact diagonalization up to j = 11 (N = 23 fermions)

• Exponentially many BPS states, and for large SU(2) charge they have a simple

description.
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The model

N = 2j + 1 complex fermions ψm, m = −j , . . . , j , in the spin j rep (j odd).

Q =

√
2JN

3!

∑
mi

(
j j j

m1 m2 m3

)
ψm1ψm2ψm3 , H = {Q,Q†}

• N = 2 SUSY, symmetry SO(3)× U(1)R , with R = Nψ/3.

• Picture: lowest Landau level on S2 with N flux quanta (fuzzy sphere). H is a

strange non-local interaction on this sphere.

• Witten index (plus numerics): 3j BPS states at each of R = ±1
6 , spread over a

wide range of spins.
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Melons

At large j , ψm behaves like a classical spin pointing along ~n ∈ S2. The 3j symbol

forces ~n1 + ~n2 + ~n3 = 0 at every vertex.

This equation should hold at any vertex. This resembles momentum conservation equations
in Feynman diagrams. However, each vector is on the unit sphere, n⃗21 = 1, etc. Since they
are points on S2 these three vectors should have a relative angle of 2π/3, see figure 4(a).
But, of course, they can be rotated inside the sphere.

From the quantum Hall point of view, the interaction is very strange and non-local,
and not particularly natural. Any two fermion interaction can be decomposed in angular
momentum channels called Haldane pseudopotentials [13]. For our particular interaction,
we have only the spin j Haldane pseudopotential, and it is associated to an oscillatory
potential between the fermions.
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Figure 4: (a) Three unit vectors summing to zero determine an equilateral triangle. (b,c) In a
bubble diagram, taking n⃗1 fixed, the angular-momentum-conserving configurations for n⃗2 and
n⃗3 sweep out a circle (highlighted red) on the surface of S2, leading to an order

√
j enhancement

for such a bubble appearing in any diagram. (d) The non-melonic diagrams do not have as much
freedom for the angular momenta of the internal lines and thus do not receive an enhancement
compared to melonic diagrams at the same order in the coupling J.

Something special happens for the simplest bubble diagram, see figure 4(b,c). In this
case, we see that the orientation of the incoming and outgoing arrows should be trivially the
same. However the arrows for the particles in the bubble could be rotated around the axis
defined by the external arrows. This means that there is an enhancement for this diagram
which is proportional to the total number of states that we sweep out by this rotation.
This number scales linearly with the size of the sphere, so we expect that the enhancement
factor scales like

√
j. This is the enhancement factor relative to a diagram where the arrows

cannot be rotated.
An example of a diagram where the arrows cannot be rotated as much as in a melonic

diagram is the one in figure 4(d). (This is not a diagram that actually appears in our theory,
but it is useful to consider it to understand the SU(2) algebra and the extra suppression
due to non-melonic diagrams.) In this case, we can check that the equations for angular
momentum conservation have only a discrete set of solutions. To see this, note that we can
first use our freedom to rotate all vectors uniformly inside the sphere to fix n⃗1, n⃗2, and n⃗3.
We now use the following fact. Consider three unit vectors â, b̂, ĉ where â and b̂ are fixed
and non-collinear. Fixing the angle subtended by â and ĉ and the angle subtended by b̂ and
ĉ, then there are at most two possible discrete solutions for ĉ. In our diagram, n⃗4 shares a
vertex with two of the fixed vectors, namely n⃗2 and n⃗3, which means that the angle between
n⃗4 and these two vectors is fixed at 2π/3. So there is only a discrete set of solutions for n⃗4.
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• In a melon the inner arrows can still rotate (b,c); in other diagrams they are stuck

(d). So melons dominate.

• The Schwinger–Dyson equations are exactly those of N = 2 SYK [Fu, Gaiotto,

Maldacena, Sachdev ’16].
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Low energies, small charges

Same IR as N = 2 SYK [Fu, Gaiotto,

Maldacena, Sachdev ’16]:

∆ψ = 1
6 , ∆b = 2

3

Egap(R) =
J

8NαS

(
|R| − 1

2

)2
αS ≈ 0.0084 [Heydeman, Turiaci, Zhao ’22]
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Figure 10: Spectrum vs. spin of the j = 11 model. The red and green points correspond to
the maximum spin states at fixed |R| also shown in Figures 8 and 9.
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Figure 11: Convergence of the energy gaps as j increases. The blue curve is the Schwarzian
prediction (4.4). We see that the numerical points are approaching the Schwarzian prediction,
and the agreement is better for small |R|, as expected.

find a small number of “sporadic” BPS multiplets with |R| ̸= 1/6. They are sporadic in the
sense that they do not appear where one would naively expect them from the Schwarzian
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2d CFT description near maximal spin

• Filled northern hemisphere, chiral edge

modes on the equator. Bosonize, ψ = e iφ.

• For |m| � j the 3j symbol couples points

2π/3 apart:

Q ∝
∫

dϕ e i [φ(ϕ)+φ(ϕ+
2π
3
)+φ(ϕ− 2π

3
)]

S2

edge modes
on equator

filled
hemisphere

interaction between points
separated by 2π/3
along the equator

(a) (b)

Figure 7: (a) State with maximal angular momentum with a given number of fermions. (b)
Fermions on a sphere in a state with maximal angular momentum fill the northern hemisphere.
There are edge modes along the equator that generate the Hilbert space of a chiral 1+1 dimen-
sional CFT. The interaction couples states whose positions differ by 2π/3 along the circle on
the equator.

In such a system, we have edge modes along the equator. For this reason, for small
excitations, the Hilbert space looks like we have a 1+1 dimensional chiral CFT. This is
even before we put any interactions.

Interestingly, some of this simplicity remains after we include the interactions. The
reason is that the interactions involve fermions that are separated by 2π/3 along the circle.
Therefore, we can describe the system in terms of three fermions living on a smaller circle
with a local interaction. These fermions should have appropriate boundary conditions on
the smaller circle.

In fact, it is a bit more convenient to bosonize the fermions and to think in terms of the
boson. The supercharge involves a product of three fermion fields evaluated at positions
that differ by 2π/3 along the circle, which only involves boson momentum modes that are
zero modulo three. Then the Hamiltonian turns out to be the usual Hamiltonian for a
boson on a smaller circle. This Hamiltonian lifts parts of the states and leaves others with
zero energy. The ones with zero energy are the BPS states. In this regime, we get a very
simple and explicit description of the BPS states.

Let us now provide a more thorough analysis of this. Let us start with some observations
about the structure of the Hilbert space around states with maximal J3. There are two
states with maximal J3

|0̃⟩− = ψ†
1ψ

†
2 · · ·ψ

†
j |0⟩ , |0̃⟩+ = ψ†

0ψ
†
1ψ

†
2 · · ·ψ

†
j |0⟩ , (7.1)

which have R charges R = ±1
6 and J3 = j(j + 1)/2. We can get other states by acting

with ψm and ψ†
m on these states. As long as |m| ≪ j we can think of these states as acting

on a completely filled relativistic Fermi sea. Then, the operators act as usual fermionic
operators on the Ramond ground state. More precisely, define

χ̄m = ψ†
m , χm = ψ−m . (7.2)

– 20 –

• Write φ = φz + φ± with φz =
∑

k α3ke
i3kϕ, φ± =

∑
k α3k±1e

i(3k±1)ϕ.

Then H ∝
∫
dϕ (∂φz)2. The φ± cost no energy, but they change J3.

• BPS states = ground state of φz ⊗ anything in φ±:

TrBPS q
Jmax
3 −J3 = 2

∏
k≥0

1

(1− q1+3k)(1− q2+3k)
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Chaos

Spectral form factor of the

non-BPS levels in one (R, `) block:

SFF(t) =
∣∣∣∑

i

e−λ
2
i /w

2
e−iλi t

∣∣∣2

Ramp and plateau, as for a

chaotic system.

However, too low j to determine

Thouless time O(1) vs O(N).
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j = 11 model: R = 1/6, spin-16 sector

Figure 14: Spectral form factor (SFF) in the R = 1/6, ℓ = 16 sector of the j = 11 model
(with a Gaussian filter of width J), plotted on log-log axes. There are 1078 non-BPS multiplets
in this sector. We overlay a line of unit slope in dashed blue for comparison. We find a
ramp and plateau behavior in the SFF, suggesting that the model in this sector is chaotic. If
one assumes GOE (Gaussian Orthogonal Ensemble) statistics, one should find log[SFF(J t)] =
log(w J t) − log

(︁
2
√
2π
)︁
. The blue line compares the slope, but not the intercept. Because

N = 2j + 1 = 23 is not particularly large, and because this is the smallest j for which there
are enough states to get a sensible SFF, we are not able to decide whether the ramp starts at
J t ∼ O(1) or ∼ O(N).

One could also look for signatures of chaos in the BPS sector via the LMRS criterion
[32]. We did not attempt this because at j = 11, the most populated fixed-charge sector
only has O(100) multiplets, which makes it difficult to see chaos.

9 Conclusions and Discussion

9.1 Conclusions

We considered a supersymmetric model with a supercharge given by a 3j symbol of SU(2)
for large j, inspired by the models discussed in [4, 5]. The model has a global SU(2)

symmetry.
An interesting aspect of these models is that their free energy is dominated by melon

diagrams (for small enough chemical potentials). In section 3.1, we gave an intuitive ex-
planation in terms of a certain kinematic enhancement for melon diagrams, once we take
into account the SU(2) angular momentum constraints. We have also given an estimate of
the leading corrections to the melonic expansion which are suppressed by an extra factor of
(log j)/j. It would be nice to give a more intuitive explanation for the appearance of this
log j prefactor.

One question we can study in these models is the set of BPS states. Given the relatively
simple structure of this theory, one might expect that it could be possible to give an explicit
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Summary and future directions

• Fermions in a spin j rep with a 3j-symbol interaction.

• Same large N equations as N = 2 SYK.

• Near maximal spin it becomes a 2d CFT.

Future directions:

• Most BPS states are at intermediate-sized SU(2) charge, where we have no

explicit description. Are they chaotic?

• Low energy action for SU(2) mode? Can’t be the usual
∫
dt Tr (g−1ġ)2 one.

• Generalizations: other groups, non-SUSY versions, 1 + 1 dimensions...
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Why melons dominate

• The 3j bubble is ∝ δmm′/N, so each melon gives a factor J, independent of N. All

melons agree with N = 2 SYK.

• Count arrow configurations. A vacuum diagram has L lines, V vertices, 2L = 3V .

Nfree = 2L− 3(V − 1) = 3

which is just the overall rotation. A generic diagram has no extra freedom.

• A melon bubble can rotate about the external arrow: a circle on S2, worth ∼
√
j

states. Each bubble gets this enhancement.

• Explicitly: tetrahedron ∼ 6j symbol, down by 1/
√
j (not in our model). The 9j

diagram vanishes. First correction is the cube (12j symbol), down by log j/j .

j,m j,m′

j,m1

j,m2

(a)

=

(b)

=

(c) (d)

Figure 1: (a) Simplest melon diagram. (b) Melon vacuum diagram. (c) Simplest non-melonic
vacuum diagram. (d) Simplest non-melonic diagram that appears in our theory, which involves
oriented lines (we have not distinguished the bosonic vs fermionic lines). It gives a correction of
order (log j)/j and is proportional to the 12j symbol of the second kind.

which follows from the orthogonality relations for the 3j symbols (2.1). Remembering that
each three point vertex has a factor of

√
N
√
J, see (2.2), we find that the bubble simply

gives a factor of J, independent of N . Therefore, the single melon diagram of figure 1(a)
gives us the same result as we would have obtained in SYK after averaging over couplings.
Note that this implies that the same is true for all other melon diagrams, since melon
diagrams are obtained by substituting the simplest melon in all lines of a melon diagram.

In conclusion, if we restrict to melon diagrams we get the same expressions as for the
N = 2 supersymmetric SYK model in [1]4. In other words, the melonic Dyson-Schwinger
equations are exactly the same as the ones for the N = 2 SYK model in [1].

Figure 2: The 6j symbol appears when we use a “crossing relation” to rewrite the contractions
of 3j symbols that appear in these diagrams. In other words, this diagram should be read as a
relation between two sums that are quadratic in the 3j symbols.

However, we should still worry about the non-melonic diagrams and show that they
are subleading to the melons. A simple vacuum non-melonic diagram, a tetrahedron, is
displayed in figure 1(c). This diagram does not actually appear in our theory because the
our lines are oriented and each vertex has either all incoming or all outgoing lines. However,
it is a good diagram to practice the SU(2) algebra. Therefore, let us evaluate the SU(2)
part of the algebra for such a diagram. To achieve this, we can use the properties of the 6j
symbol. Recall that a 6j symbol is defined in terms of a change of basis for the expansion of
wavefunctions in the product of three angular momentum representations. We can think of

4We have chosen conventions so that the final Dyson-Schwinger equations are the same as in [1], where
Jhere = Jthere.
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Operators with SU(2) spin

Bilinears in a spin ` rep,

O`
m ∼

(
j j `
m1 −m2 m

)
ψ†m2 ∂

kbm1 .

Ladder kernel = N = 2 SYK kernel × a 6j ratio,

which goes to P`(−1
2) at large j :

1 = P`(−1
2)κ(h)

• ` = 0: h = 3
2 , the Schwarzian mode.

• ` = 1: h = 1
2 , multiplet of the SU(2) current.

• Large `: h→ ∆ψ + ∆b, two separate particles.

Not like KK modes on an S2.

As an aside, note that κ̃(ℓ) involves essentially the same group theory applied previously to
determine κ(h) in (4.2), discussed more explicitly in [26]. The large j expression for (4.7)
is

κ̃(ℓ) = Pℓ(−1/2) , for j = ∞ , (4.8)

where Pℓ is the Legendre polynomial [27]. Some special values are κ̃(0) = 1 and κ̃(1) = −1
2 .

In addition, κ̃(ℓ) decreases for large ℓ.
Using this, we find that operators with angular momentum have dimensions, h, which

are given by the equations

1 = κ̃(ℓ)κs(h) , 1 = κ̃(ℓ)κa(h) , (4.9)

where κs(h) and κa(h) are the same as in (4.2). In general we find that as ℓ becomes large
κ̃(ℓ) goes to zero and then the dimensions go to their naive generalized free field value given
by the sum of the dimensions of the elementary operators. See figure 6(b). For example,
for the operator in (4.5) we get

hsℓ,k ∼ ∆ψ +∆b + 2k + ϵℓ,k , ∆ψ =
1

6
, ∆b =

2

3
, (4.10)

with small ϵℓ,k when ℓ or k are large. This means that operators with large ℓ behave as two
independent ψ and b operators whose conformal dimension is approximately independent of
ℓ. As an aside, note that this is very different from what we get for Kaluza Klein modes for
a compactification on S2. However, this is similar to what we expect for fermions moving
in a magnetic four dimensional black hole [28], which also involves fermions in large SU(2)

representations.
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Figure 6: (a) In red, values of h for the solutions of the first equation in (4.9) for the ℓ = 0

case. The black line is the asymptotic limit (4.10) with ϵ set to zero. The first red point is at
h = 3/2. (b) The dimension of the first operator as a function of ℓ. Note that for ℓ = 0 we
get 3/2 and for ℓ = 1 we get h = 1/2. For large ℓ we asymptote to the value in (4.10) with
k = 0, ϵ = 0.

The case ℓ = 1 is special because we expect to find the conserved SU(2) current in this
multiplet. As we mentioned after (4.8), κ̃(1) = −1

2 . Inserting this into (4.9), we get that
h = 1

2 . This mode has superpartner operators at h = 0, 1 which appear in other ladder
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Exact diagonalization near maximal spin for j = 11
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Figure 9: (Left) Spectrum restricted to relatively large angular momentum ℓ ≥ ℓmax− j, so as
to compare with the CFT results. Note that this is a stronger restriction at large |R| because
ℓ
(R)
max decreases as |R| increases, see (6.2), hence there are fewer black points at larger |R|. We

also restrict |R| < j/6. The green points are the states with ℓ = ℓ
(R)
max, which follow a nonlinear

trajectory (6.5). The thick pink line shows the CFT prediction (7.17) for the energies of states
near the overall maximum spin ℓ = ℓmax. The CFT predictions (7.12) with Ñ = 1, 2, 3 for
the higher energy states with J3 ≥ ℓmax − j are shown by the thin orange lines (recall that
Ñ ↦→ Ñ + 1 corresponds to J3 ↦→ J3 − 3). One can see that in many places the black points
appear to clump around the CFT lines. The remaining sparse black points far above the orange
lines are likely an artifact of small j and are not predicted by the CFT.
(Right) We zoom in on the clump of points circled in blue, which are clustered around the
maximum spin R = −1/2 state. We show the distribution of those states with respect to spin.
The pink + is the CFT2 prediction for the maximum spin state (green point), which in the
CFT is degenerate with many lower-spin states. In other words, in the CFT limit, all the states
shown in this plot should be at the pink energy. The states spread further out from the pink
CFT prediction as we decrease the spin, signaling that the large degeneracy of CFT states is
increasingly broken.

term (log j)/j, while in SYK all of the non-melonic diagrams are suppressed by 1/N , so we
should expect slower convergence. It is also possible that in figure 12 we are following a
state that will become BPS at some larger value of j (in the R = 1/6 sector in particular),
rather than a state that approaches the Egap predicted by (4.4).

Recall that the Schwarzian prediction for the gap (4.4) formally closes for |R| = 1
2 , but

we cannot tell from the Schwarzian approximation whether it is really zero or not. The
numerical result shows that there are O(1) BPS multiplets at this R-charge for j = 7, 9

but not j = 3, 5, 11. This probably has a symmetry based explanation, which would be
interesting to find. It is a different situation from the N = 2 SYK model, where the R = 1/2

sector has O(1) BPS multiplets for N = 1 mod 4 [1]. More generally, at some values of j, we
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