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I will be describing recent work with J. Kudler-Flam and A. Biggs.

The background has to do with the question of what sort of
“averaging” is involved in wormhole contributions to the
gravitational path integral. In the SYK model, for example, we
average over a lot of coupling parameters. But holographic
theories in higher dimensions generally depend on only a very small
number of parameters, in some important examples (like
AdS7 × S4 or AdS4 × S7) only a single integer N.
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Can “averaging over N” account for what we see in wormhole
physics?

The idea is not that we are supposed to average over N
but that the theory might do so spontaneously. More specifically
let aN be some observable that depends erratically on N; for
example the complex time partition function

aN(t) = Tr e−(β+it)HN

(here HN is the Hamiltonian for given N) is believed to vary
erratically with t (or N) if t is large enough. The same is true of
its absolute value squared |aN(t)|2, which is known as the spectral
form factor. Can we claim that what gravity computes for us, with
the help of wormholes, is a smooth approximation of some sort to
these wildly N-dependent functions?
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Though this is tempting, there is a serious problem: N doesn’t
have enough values.

To explain this, let us recall that based on the
double cone wormhole it is argued (by Saad, Shenker, and Stanford
1806.06840) that aN(t) behave like Gaussian random variables
with zero mean, while on the other hand the double cone wormhole
gives us an answer with a non-trivial 1/N expansion for its modulus

|aN(t)|2 = b0(t) +
1

N2
b1(t) +

1

N4
b2(t) + · · · .

If the numbers aN(t) really are a sequence of Gaussian random
variables (maybe with a variance that has an expansion in powers
of 1/N2) then we could define the limiting average value

b0(t) = lim
N→∞

1

N

N∑
N′=1

|aN′(t)|2.

But we wouldn’t be able to define the higher order terms b1, b2, · · ·
in the 1/N expansion, since the partial sums

∑N
N′=1 |aN′(t)|2

would actually have fluctuations of order 1/
√
N, much too big to

allow us to define the desired 1/N expansion of |aN(t)|2.
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Trying to find a way out, Kudler-Flam and I suggested in
2605.15180 that somehow the theory generates for us aN(t) as a
function of a continuous variable N.

Moreover, assume that aN(t)
does fluctuate wildly for large N, so wildly that the “correlation
length” δ(N), defined by saying that aN(t) and aN+δ(N)(t) are
effectively independent, vanishes for large N faster than any power
of 1/N. Then the number of independent values of aN′(t) for
N ′ < N would be much bigger than N. The statistical power of
“averaging over N” would be greater and it might be possible to
define a 1/N expansion.

I’d like to stress that there isn’t much evidence for the proposal
Kudler-Flam and I made. We only made this proposal because we
couldn’t see what else the averaging that appears to be implicit in
wormhole physics could mean.

For related perspectives on averaging over N, see H. Liu,
2512.13807, 2608.02743.
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For this idea to make any sense, field theories that have
holographic duals must have natural analytic continuations in N.

So we (J. Kudler-Flam, A. Biggs, and I) wanted to investigate this.
However, that is hard. What we were able to do is to find what
appear to be natural analytic continuations of certain matrix field
theories – or, as in the title of my talk, certain theories with planar
diagram expansions.
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By way of background, I should point out that vector theories –
theories with fields that are in fundamental or “vector”
representations of SU(N), SO(N), or Sp(N), generally have
straightforward analytic continuations in N.

For example, consider
a vector φ4 theory with real scalar fields ~φ in the vector
representation of SO(N):

I =

∫
dnx

(
1
2(d~φ)2 + 1

2m
2~φ2 +

λ

2N
(~φ2)2

)
This can be analyzed as follows. Include an auxiliary field σ,
replacing I with the equivalent

I ′ =

∫
dnx

(
1
2(d~φ)2 + 1

2m
2~φ2 + 1

2σ
2 + i

√
λ
Nσ

~φ2
)
.

Integrating out σ brings us back to I ; on the other hand
integrating out ~φ gives an effective action that depends only on σ
in which N appears only as a parameter. In that form analytic
continuation in N is no problem.
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Of course, this is related to the fact that vector theories can be
solved in the large N limit.

Matrix field theories – theories with
planar diagram expansions – are another matter. Anyway,
analytically continuing holographic field theories has seemed too
hard so what we’ve done is to analytically continue some matrix
theories – basically certain theories of matrix-valued scalar fields in
2 or 3 spacetime dimensions, and also 2d Yang-Mills theory.
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In all cases, what we’ve done is to find a way to analytically
continue a lattice theory, hopefully in such a form that it is
possible to take the continuum limit.

I will start by describing the
“principal chiral model” in two dimensions, which in the continuum
is a sigma-model with target a group manifold. For us the group
will be U(N) or SU(N). In the continuum the action is

I =
1

2λ

∫
d2x Tr(U−1∂µU)(U−1∂µU).

On the lattice, we have to decide what regularization we want.
The most obvious idea is to introduce a group element Ux on each
lattice site and take the argument of the path integral to be a
product over nearest neighbor pairs:∏

x ,y

e−βTrUxU
−1
y .

Such a lattice theory is expected to converge to the continuum
theory if β ∼ N log(1/a) as the lattice spacing a→ 0. However,
we were not able to analytically continue this version of the theory.
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we were not able to analytically continue this version of the theory.



A version that works better is to take the argument of the lattice
path integral to be ∏

x ,y

| det(1 + UxU
−1
y )|2h.

This is expected to have the same continuum limit if
h ∼ N log(1/a). Notice in particular that near the continuum limit,

h� N. Since | det(1 + UxU
−1
y )|2 = det(Ux + Uy ) det(U†x + U†y ),

an equivalent form is∏
x ,y

deth(Ux + Uy ) deth(U†x + U†y ).
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The model has U(N)× U(N) global symmetry acting by
Ux → AUxB

−1 for A,B ∈ U(N).



We can represent all the determinants by fermion integrals. For
each edge e =< xy > and each “flavor” a = 1, · · · , h, introduce
complex fermions ψe,a, ψe,a transforming as (1,N) and (N, 1)

under U(N)× U(N). (Despite the notation, ψ isn’t the complex
conjugate of ψ.) Then

(det(Ux + Uy ))h =

∫
dψe,a,kdψ

j
e,a exp(ψe,a,k(Ux

k
j + Uy

k
j )ψj

e,a).

Similarly we introduce another family of fermions χ, χ with

(det(U†x + U†y ))h =

∫
dχe,a,kdχ

j
e,a exp(χe,a,k(U†x

k
j + U†y

k
j )χj

e,a).



For any given lattice vertex x , the dependence of the integrand on
Ux is

exp

(∑
e

h∑
a=1

(ψe,a,iU
i
x jψ

j
e,a + χe,a,iU

†
x
i
jχ

j
e,a

)
.

To simplify the notation, we combine e, a to an index α that has
Fx = h deg(x) values,where deg(x) is the number of edges that
end at x .

So we have the integral over all fermions of

exp(
∑
α

(ψα,iU
i
x jψ

j
α + χα,iU

†
x
i
jχ

j
α).
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A remarkable “color-flavor” transformation of Zirnbauer (for a
review see 2109.10272) lets us replace the integral over U with an
integral over an Fx × Fx complex matrix Zx :

exp(
∑
α

(ψα,iU
i
x jψ

j
α + χα,iU

†
x
i
jχ

j
α)

= CN,Fx

∫
d2F

2
x Zx

(det(1 + ZxZ
†
x ))N+2Fx

exp(
∑
αβ

(ψ
α
i Zαβχ

β i − χα,iZ †αβψi
β)).

Since the fermions appear only quadratically in the exponent, the
fermion integral gives a determinant again. And since the index i
in these formulas takes N values, we actually get a determinant
raised to the Nth power.
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Finally, and crucially, the determinant that we get here is positive.
(Some superficially similar things that we’ve tried failed because of
getting a complex determinant here.) So finally the lattice path
integral is

∏
x

CN,Fx

∫
d2F

2
x Zx

(det(1 + ZxZ
†
x ))N+2Fx

(detM)N ,

where detM > 0 is the determinant produced by the fermion
integral. In this form, analytic continuation in N is manifest.



There are a few easy variants of this. Instead of det(Ux + Uy ), we
can introduce a constant b and take det(b + Ux + Uy ).

This
explicitly breaks the U(N)× U(N) global symmetry to a diagonal
subgroup. It has the effect of perturbing the sigma-model by a
relevant perturbation.
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On a lattice, all this works in any dimension, but the sigma-model
only has a continuum limit in d = 2 (or d = 1).

However, one can
get a matrix φ4 theory in 3 spacetime dimensions by starting with∏

s

| det(bs + Ux + Uy )|2hs

with suitable (positive and negative) constants bs , and suitable hs ,
adjusted so that the φ2 coefficient that is produced is small and
does not dominate over the less relevant φ4 coupling. The hs are
taken large enough so that the group manifold U(N)
decompactifies and reduces to RN2

, giving a theory of
matrix-valued scalar fields.
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As far as we know, all this is only good for analytic continuation.
It does not shed light on the dynamics, because the dual theory in
terms of Z is (as far as we understand) strongly coupled.



We have not found anything as nice for lattice gauge theory.

Some
attempts at a construction similar to what I explained fail because
the analog of detM is complex, and hence (detM)N is only
well-defined for nonnegative integer N. Some attempts work, but
only if N > h, while a continuum limit requires h� N. In two
dimensions, Yang-Mills theory without matter fields is solvable, and
by manipulating the exact formulas, it is possible to demonstrate
an analytic continuation. I won’t be explaining the details today.
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It would be nice to believe that N = 4 super Yang-Mills – at least
in the strong coupling region g2N � 1 – can be analytically
continued in N, but we certainly have not found a way to do that.

It is conceivable that one could say something interesting about
the spectral form factors of the theories that we have been able to
analytically continue, but we also have not done that as yet. Of
course, I don’t really have any idea if any of this has anything to
do with gravitational wormholes and their interpretation.
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